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AUTHOR'S PREFACE 

Thx scope of this book is limited to the consideration of 
condensed systems which include only one liquid phase, and 
that the only phase of variable composition. I am convinced 
that a thorough study of the condensed system offers the 
easiest path to a true understanding of the methods of the 
Phase Theory, and I have therefore ventured to call this 
book "The Principles of the Phase Theory." It does not 
give a S3?cstematic development of the Phase Theory in its 
general application to heterogeneous systems in equilibrium, 
since the book is written primarily for the reader who is un- 
familiar with the subject. A systematic treatment would 
involve, for example, a comparatively early discussion of 
the effects of variations, both in temperature and pressure, 
on the two-component system with liquid and vapour phases 
of variable composition ; such a discussion must appear 
extremely difficult to the reader who is unfamiliar with the 
methods of the Phase Theory owing to the great number of 
the possible variables. 

I have chosen throughout to illustrate the theory by means 
of condensed systems formed from salts and their aqueous 
solutions, since the majority of published experimental 
investigations fall within this category ; the theory is, of 
course, equally applicable to all condensed systems. 

If my treatment is not everywhere rigid, may I again advance 
the plea that I have written for readers unfamiliar with the 
subject ; for the same reason, the treatment is not mathematical, 
nor have thermodynamic methods been used, either analy- 
tically or graphically. 

I feel myself deeply indebted to Professor Schreinemakers 
for his volumes " Die temaren Gleichgewichte " in Rooze- 
boom's work on Heterogeneous Equilibria, and for his publi- 
cations in the chemical literature. I wish to express here 
Day gratitude to him, and my admiration both of his beautiful 
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viii AUTHOR'S PREFACE 

and lucid theoretical work, and of his systematic experimental 
investigations. 

My sincere thanks are also due to Mr. F. A. Freeth, whose 
pupil I was. I have been favoured with the opportunity of 
seeing a large number of his unpublished experimental re- 
searches, and of watching the development under his hand 
of many systems of great theoretical complexity. I owe 
it entirely to the inspiration of Mr. Freeth if I have succeeded 
anywhere in this book in conveying to the mind of the reader 
something of the beautiful generality which lies hidden beneath 
that hard-worked formula P + F = C + 2. 

Finally, I wish to thank Miss Josephine Farrell for very 
valuable help in the preparation of the diagrams. 

In addition to Professor Schreinemakers' publications, I 
have found Janecke's book '' Gesattigte Salzlosungen " and 
van't HofiE's " Ozeanische Salzablagerungen " of great value 
in the writing of this book. 

Douglas A. Clibbbns. 
King's College, 

London. 

Marchy 



CONTENTS 

PAOB 

Author's Preface vii 

iNTBODUCTrON xvii 

CHAPTER I 

THB FHAHB THEORY AND ITS APFLIOATION TO THE STUDY OP CON- 
DENSED BINARY SYSTEBfS 

§ 1. Homogeneous and Heterogeneous Systems — ^Phases . 1 
§ 2. Heterogeneous Equilibria — ^ExtemaJ Conditions of Equi- 
librium — Phase Reactions 2 

§ 3. Internal Conditions of Equilibrium — Components — ^Inde- 
pendent Components 3 

§ 4. The MonoTariant Equilibrium 7 

§ 5. The BiTariant Equilibrium 8 

§ 6. The Invariant Equilibrium 9 

§ 7. The Phase Rule 10 

§8. The Graphical Representation of the Conditions of 

Equilibrium in the Binary System 12 

§ 9. Condensed Systems — ^Restrictions on the Freedom of a 

System 15 

§ 10. The Condensed Binary System formed by Water and 
one Salt, when only the Components appear as Solid 
Phases — ^The System Invariant Point — ^The Euteotio 
Point — Conjugation Lines 18 

1 11. The Polythermal Saturation Curve of the Salt . . 20 

1 12. The Polythermal Saturation Curve of Ice .... 22 
§ 13. Binary Complex Areas — ^Phase Reactions in Equilibrium 

at the System Invariant Point — ^Aspects of the Poly- 
thermal Saturation Curves 23 

§ 14. Effect of Pressure Variations in Condensed Systems . 27 
§ 16. Behaviour of Binary Mixtures under Varying Conditions 31 
§ 16. A Salt Hydrate appeaJrs as a Solid Phase in the Binary 
System — ^The Saturation Curve of the Hydrate — 
The Invariant System formed by the Hydrate, the 
Anhydrous Salt and a Saturated Solution — ^The 
Hydrate possesses a Melting Point — ^The System 
«* formed by the Hydrate alone 34 



IX 



CONTENTS 



§ 17. The Hydrate posaesaeB a Transition Point — ^The Transi- 
tion and the Entectic Points 41 

§ 18. Phase Reactions at the System Inyariant Point, when 

a Compound is present as a Solid Phase ... 45 

§ 19. Behaviour of Binary Mixtures under varying Conditions, 

when a Hydrate can occur as a Solid Phase. . . 48 

§20. Examples 52 



CHAPTER n 

CONDENSED TEBNARY BYBTEMB 

§21. The Condensed Ternary System formed by Water and 

Two Salts with a Common Ion 64 

§ 22. Graphical Representation of Ternary Mixtures by means 

of Bn Equilateral Trisuigle 66 

§23. Graphical Deductions 70 

§ 24. Isothermal Relations in the Ternary System, when only 
the Components can occur as Solid Phases — ^The 
Isothermal Saturation Curves suid the Isothermal 
Invariant Point 72 

§ 26. Ternary Complex Areas . 74 

§26. Isothermal Paths of Crystallisation — ^The Drying-up 

Point .77 

§ 27. The Ternary Isotherm, when an anhydrous Double Salt 

can occur as a Solid Phase 80 

§ 28. The Ternary Isotherm when more than one Double Salt 

can occur as Solid Phases 82 

§ 29. Paths of Crystallisation, when a Double Salt occurs as a 
Solid Phase — ^the System formed by Water and the 
Double Salt — ^The System formed by Water, the 
Double Salt suid one Simple Salt 83 

§ 30. The Double Salt is decomposed by Water — Congruently 
and Incongruently Saturated Solutit>ns — ^Paths of 
Cr3r8tallisation, when an Invariant Solution is Incon- 
gruently Saturated 86 

§ 31. The Ternary Isotherm when a Salt Hydrate can occur 

as a Solid Phase. . . . ' 92 

§32. The Hydrate, stable in the Binary System, suffers 

Dehydration in the Ternary System .... 93 

§33. The Ternary Isotherm, when a Hydrated Double Salt 

occurs as a Solid Phase 95 



CONTENTS xi 



I 
PAOB 



§^. Isothermal Types in low Temperature Ranges, when 
only the Components appear as Solid Phases — ^Iso- 
thermal Transition Forms — ^The Ternary Eutectic 
Point 96 

§ 35. Isothermal Types in high Temperature Ranges . . lOS 

§ 36. The Ternary Polytherm represented within a Triangular 

Prism 106 

§37. Projections of the Ternary Polytherm — ^the Projection 

npon the Triangular Base of the Prism. . . .115 

§ 38. Projection of the Ternary Polytherm upon a Rectangular 
Face of the Prism — Janecke's Method of representing 
the Ternary Polytherm 118 

§ 39. The Ternary Polytherm when a Double Salt occurs as a 
Solid Phase — ^The Transition Point of the Double 
Salt — ^The Transition Point as a Lower Stability 
Limit to the Existence of the Double Salt . . . 12^ 

§ 40. The Transition Point as an Upper Stability Limit to the 

Existence of the Double Salt 126 

§41. The Double Salt possesses no Transition Point — ^The 
System formed by Water and the Double Salt — ^The 
Systems formed by Water, the Double Salt, and one 
Simple Salt 128 

§42. Isothermal Types, when a Double Salt occurs as a 

SoUd Phase 131 

§ 43. The Transition Interval of the Double Salt . . .134 

§ 44. The Ternary Polytherm, when a Salt Hydrate occurs as 
a Solid Phase — ^The Ternary Transition Point of the 
Hydrate — ^Isothermal Types 137 

§46. Examples 145 

§ 46. The Condensed Ternary System formed by Water and 

one Salt which is hydrolysed by Water. . . .162 

§47. Examples 164 

CHAPTER III 

CONDENSED QUATEBNAET SYSTEMS 

§48. The Condensed Quaternary System formed by Water 

and Three Salts with a Common Ion . . . .168 

§49. Graphical Representation of Quaternary Mixtures by 

means of a Regular Tetrahedron 16^ 

§50. Graphical Deductions 171 

§51. The Quaternary Isotherm, when only the Components 

appear as Solid Phases 174 



xii CONTENTS 

PAGE 

^ 52. Complex Spaces in the Quatemary Isotherm . . .17(3 

§53. Projections of the Quatemary Isotherm — Schreine- 

makers' First Method 178 

^ 54. Schreinemakers' Second Method of Projection . . .180 

§55. Quaternary Paths of Crystallisation 183 

§ 56. j£lnecke's Method of representing the simple Quatemary 

Isotherm 180 

§57. The Quatemary Polytherm — ^The Quatemary Eutectic 

Point 189 

^ 58. The Quatemary Isotherm, when a Salt Hydrate appears 
as a Solid Phase — ^The Transition Point of the Hydrate 
in the Binary, Ternary, and Quatemary Systems . 194 

-§59. Jdnecke's Representation of the Quatemary Isotherm 
and Polytherm, when a Hydrate occurs as a Solid 
Phase 202 

§60. The Quatemary Isotherm when an anhydrous Double 
Salt occurs as Solid Phase — ^The Transition Point of the 
Double Salt in the Ternary and Quatemary Systems. 204 

§ 61. Schreinemakers' '* Principle of Similar Isothermal Parts " 210 

§62. Paths of Crystallisation on the Quatemary Saturation 

Surface of the Double Salt 212 

§ 63. The Incongruent Quatemary Invariant Solution . . 216 

§ 64. Janecke's Representation of the Quatemary Isotherm, 

when a Double Salt occurs as a Solid Phase. . . 219 

§65. The Quatemary Isotherm when a Ternary Compound 

occurs as a Solid Phase 222 

§66. The Condensed Quatemary System formed by Water 
and Two Salts having no Common Ion — ^Reciprocal 
Salt Pairs 224 

^67. Graphical Representation, by means of a Square, of 
Ternary Mixtures formed by Reciprocal Salt Pairs — 
Significance and Representation of Negative Concen- 
tration Values 227 

§68. Graphical Representation of Ternary Mixtures formed 
by Reciprocal Salt Pairs, when Compositions are 
expressed in Terms of the Ions 232 

§69. Graphical Representation, by means of a Pyramid, of 
Quatemary Mixtures formed from Water and Re- 
ciprocal Salt Pairs 236 

1 70. The Transition Point of the Reciprocal Salt Pairs . . 238 

J 71. Isothermal Relations in Quatemary Systems formed by 

Water and the Reciprocal Salt Pairs . • . • 240 



CONTENTS xiii 

PAOB 

S 72. The Projection of the Isotherm upon the Base of the 

Pyramid 242 

f 73. J&necke's Representation of the Isotherm. . . 243 

§ 74. Isothermal Types in the System — Compatible and In- 
compatible Salts — ^The Stable- and the Unstable Salt 
Pair— The System formed by Water and One Salt Pair 248 

•§ 75. The Polytherm in the System formed by Water and the 

Reciprocal Salt Pairs 254 

1 76. Examples 257 

CHAPTER IV 

00in)ENSED QUmABY SYSTEMS 

% 77. The Condensed Quinary System formed by Salts and 

WatCT 292 

% 78. Jtoecke*s Representation, by means of a Tetrahedron, 
of Quinary Mixtures formed by Water and Four 
Salts with a Common Ion 293 

1 79. Isothermal Relations in Systems formed by such 

Mixtures 295 

§ 80. J&necke's Representation, by means of a Triangular 
Prism, of Quinary Mixtures formed by Water and 
Salts which contain Three Ions of one Sign, and Two. 
of the opposite Sign 300 

1 81. Isothermal Relations in Systems formed by such 

Mixtures 305 

1 82. Examples — ^van't HoiS's Work on Quinary Systems 

formed by Water and the Oceanic Salts • • .313 

CHAPTER V 

GBAFHIOAIi METHODS. THE PHASE BEAOTION8 IN EQUILIBEIUM 

AT THE INVAEIANT POtin?. 

^83. Relations between the Compositions of Phases in 
Invariant Equilibrium, and the Phase Reactions in 
Equilibrium at the Invariant Point .... 326 

§84. Graphical Representation of the Mixtures of Two 
Phases or Complexes — ^The Binary Invariant Equi- 
librium — ^Binary Eutectic and Transition Points. . 327 

$85. Graphical Representation of the Mixtures of Three 
Phases or Complexes — ^The Ternary Invariant Equi- 
librium — ^Ternary Eutectic and Transition Points • 333 



xiv CONTENTS 

PAGE 

§86. Oongraence and Inoongraeiioe — Ooiignieiitly and In- 

oongmently saturated Invariant SolutionB . • . 33S 
§87. Ternary Polythennal Types, when a Simple Salt 

Hydrate occurs as a Solid Phase 341 

§ 88. Ternary Isothermal Types, when a Simple Salt Hydrate 

occurs as a Solid I^ase 350 

§89. Ternary Polythermal and Isothermal Types, when a 

Double Salt Hydrate occurs as a Solid Phase . . 355 
§ 90. The Ternary Saturation Curve of the Component, the 

Binary Compound and the Ternary Compound . .361 
§ 91. Graphical Representation of Mixtures of Four Phases or 

Complexes — ^The Quaternary Invariant Equilibrium — 

Quaternary Eutectic and Transition Points. . 362 

§ 92. Some Quaternary Isothermal Types 365 

§93. Examples 373 

Index of Figubes 381 

Index of Systems 383 



INTRODUCTION 



BY 



F. A. FREETH, O.B.E., M.Sc, F.I.C. 



INTRODUCTION 

Th£ science of Heterogeneous Equilibrium in its present 
form was developed by Boozeboom, who at the suggestion 
of van der Waals applied Gibbs's Phase Rule to elucidate 
difficulties which he had met in his early researches. 
The fact that this field has been almost entirely developed 
by Dutchmen is in keeping with the striking originality and 
thoroughness which characterise their scientific work in so 
many directions. 

Since, with a few notable exceptions, singularly little atten- 
tion has been paid to the subject in this country, the following 
criticisms may not be out of place. The point of view which 
regards Heterogeneous Equilibrium as the study of the relative 
quantities and compositions of the solid, liquid, and vapour 
phases into which a unit weight of matter is divided when 
subjected to varying pressure and temperature has not received 
sufficient notice in teaching. Far too much attention is 
concentrated on " curves " to the exclusion of the vital principle 
that every point in every diagram, whether on a curve or not, 
has a definite meaning. The fact that all the common forms 
of equilibria can be easily deduced by a system of (rraphical 
therSiodynamics is not generaUy Llised. altho^h van 
Ryn van Alkemade's paper, ^ appealing as it does to the intuitive 
geometrical instinct, can be grasped, and its principles readily 
applied, by those who have no knowledge of mathematical 
analysis. 

In the following survey the theoretical and experimental 
developments of systems up to five components are briefly 
described. 

Since all the more complex one-component systems are now 
considered as at least pseudo-binary, we need not consider the 
true one-component system, as its form is so simple. 

The two-component system is alone among those under 

^ Zeitsch. physikal Chem., vol. xi, p. 289. 

Jcvii h 



xvui INTRODUCTION 

discussion in having received anythiqg like a full theoretical 
treatment, that is to say, a large number of the possible forms 
which may arise over all temperatures and pressures have 
been described. The first complete picture of everything 
that can happen in a simple two-component system is given 
by Roozeboom in the well-known space-model ^ which shows all 
heterogeneous equilibria from the critical temperatures down 
to those below which the type of equilibrium remains un- 
changed. The more complicated phenomena which arise 
when, for example, the solubility curve meets the critical 
curve, or when compounds occur, will be found in papers by 
Smits, Leopold, Scheflfer, etc.^ 

As might be expected, condensed two-component systentis 
are very well developed both theoretically and practically. 
Roozeboom's brilliant paper,' in which he deduced all the 
basic forms of mixed crystal equilibria, is almost the first and 
last word in the matter, and as for experimental examples, 
they literally run into hundreds, as a glance at the two-metal 
alloys, melts of two salts, and *' solubilities/' in Landolt 
and Bomstein's tables will show at once. 

Two-component systems in which two liquid layers appear 
are also very numerous in the literature and have recently 
been dealt with in a special volume of Roozeboom's great 
book,^ which is being completed by his pupils and colleagues. 

The amount of experimental work which has been done 
on two-component systems restricted to liquid and vapour 
phases is enormous. Lecat's recently published book'' contains 
a bibliography in which the names of seven hundred authors 
are mentioned. On the other hand, systems in which we 
have a solid, a liquid, and a vapour, or two solids and a vapour, 
are very few indeed. To sum up on the two-component 
system, we may say that experimental examples of equilibria 
between solid-liquid, liquid-liquid, and liquid-vapour are so 
numerous that the amount of work which has been done 
on solid-liquid-vapour and solid-vapour, both solids being 

^ Roozeboom, vol. ii, part I. 

* See also Boozeboom, vol. ii, parte II. and XXL 

* Zeitecb. pbysikal. Chem., vol. xxz, p. 384. 

* " Die Heterogenen Gleichgewicbte vom Standpunkte der Phasenlebre " 
(referred to simply as " Roozeboom '* in otber places). 

* Lecat, *' Azeotropisme," Brussels, Lamertin. 
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assumed to have vapour pressures of the same order, is by 
comparison negligible. The corollary is, of course, that 
very few two-component systems are completely worked out. 

When we turn to the system of three components we soon 
find that an exhaustive theoretical treatment of form is not yet 
extant. The condensed system has been extensively worked 
out by the distinguished chemist to whom this work is dedicated. 
The simpler type of systems in which vapours appear is the 
subject of a long series of memoirs not yet completed,^ but 
the number of cases which have been worked out theoretically 
is small as yet. The reason is simply that the number of 
possibilities is so great. " Solubilities," as they are often 
called, form a large portion of the experimental work. Three- 
component systems of the alloy and '' melt " type are fairly 
numerous, but are not nearly so plentiful as those comprising 
the more easily manipulated substances like salts and water, 
and the organic liquids. The most surprising feature, however, 
is the absence of systematic research in a field which offers 
such wide possibilities. The reader will find a good deal on 
the condensed three-component system herewith, and in 
Boozeboom, vol. iii, parts I and 11. 

Four-component systems have only been treated generally 
in the condensed form, and that not completely. Schreine- 
makers's paper describing the simpler types' and his '' Law 
of the Corresponding Isotherm " should be read^ by all who 
are interested in the subject. The reciprocal salt pair is 
a special case among four-component systems, developed 
years ago by van't Hoff and his pupils ; the treatment of this 
subject herewith will be found to be very complete. 

Finally, in the five-component system only special cases 
like reciprocal salt pairs in which two of the five four-component 
systems involved have a common radicle have received a 
general treatment. The classical experimental examples are 
found in van't Hoff's work. 

The literature of Heterogeneous Equilibriimi is very scattered, 
and is not always easy to index, many important papers 
being published in journals which are not much read in England. 

The Proceedings of the Royal Academy of Sciences of 

^ SohzeizieinakerB, Veralage Akadamie AzDsterdam 1913 et seq. 
* Schreinemakers, Zeitecb. physikal. Chem., vol. Ixv, p. 653. 
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Amsterdam contain many good papers. Useful bibliographies 
will be found in Jorissen and Ringer's " life of Roozeboom " 
and in a small volume published in connection with the 
inauguration of a laboratory in Leiden in 1909.^ The best 
classified bibliography is in the International Catalogue, 
Section D. 

In conclusion, the writer wishes to put forward a plea for 
some form of standardisation in the tabulation and plotting 
of results. Anyone who has ever tried to unite the work of, 
say, three authors as a preparation for a complicated system 
will know that in many cases a quite unnecessary amount of 
re-calculation of results is required. 

F. A. Frebth. 

Sandiway. 

March, 1920. 
^ " The Inorganic Chemical Laboratory at Leiden. " Jorisaen. Sit j off, Leiden. 
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* 

PHASE THEORY 

CHAPTER I 

THB PHASE THSOBY- AND ITS AFFLIOATION TO THB STUDY 

Olf OONDENSBD BIKABY SYSTEMS 

§ 1. A chemical system is said to be homogeneous when any 
part of it possesses the same chemical and physical properties 
as every other part. 

We can prepare an aqueous salt solution in which the density 
of the lower layers is greater than the density of the upper 
layers. It is, however, an experimental fact that if such a 
solution be left to itself, the denser parts become gradually 
less dense, the lighter parts more dense, until all parts possess 
the same density, when no further change can be observed in 
the properties of the solution. The system is then said to be 
in a state of equilibrium, and it reaches this state when it is 
homogeneous. It is found, in the same way, that any part of 
a gaseous system which is in a state of equiUbrium possesses 
the same physical and chemical properties as any other part, 
and the system is therefore homogeneous. 

These statements are, however, subject to certain limita- 
tions. If the space occupied by the system is of very large 
dimensions, then the weight of the upper layers, acting upon 
the lower layers, causes the density of these lower layers to 
be greater than that of the upper layers ; thus, for example, 
the earth's atmosphere, if it could be in a state of equilibrium, 
would not be homogeneous. On the other hand, if the space 
occupied by the system is of very small dimensions, then the 
effects produced by capillary forces may cause an appreciable 
deviation from strict homogeneity in a Uquid system. 



2- • ■ FBij^?3{*IJES OP THE PHASE THEORY chap. 

/•\:.-lil>ptfa5tfc^^^3i6w©^^r, we always work with masses which 
are sufficiently small to enable us to n^lect the disturbing 
action of gravitational forces, and €ure sufficiently large 
to enable us to neglect the disturbing action of capillary 
forces. 

Let us next consider the system which is f onned by a salt 
in contact with its saturated solution at a certain temperature. 
This system is also in a state of equiUbriimiy and it may remain 
for an indefinite time without the occurrence of any demon- 
.strable change in its properties. Between the sofid salt and 
the liquid solution there exists a physical surface of separa- 
tion, which surface marks a discontinuity in the properties of 
the system. The system is therefore not homogeneous. 
Different parts of it show different physical and chemical 
properties, and it is said to be heterogeneous. Now it is clear 
that the heterogeneity of such a system does not lie in a con- 
tinuous change from point to point in the properties of the 
system. It lies in the co-existence of a number of systems, 
each in itself homogeneous,, but each separated from another 
by a physical surface ; at this surface a sudden change occurs 
in the properties of parts of the system. 

The homogeneous parts of a heterogeneous system are called 
the phases of the system. The saturated solution in contact 
with soUd salt forms, therefore, a heterogeneous system of 
two phases. If in addition water vapour be present, then 
the system is one of the three phases : solution, soUd salt, 
and vapour, each phase in itseU homogeneous, but differing in 
physical and chemical properties from the others. 

§ 2. The equiUbrium in a heterogeneous system depends 
upon certain conditions, such as the temperature, in the sense 
that if these conditions are altered, the system ceases to be in 
a state of equilibrium, and a material change or reaction there- 
fore occurs which results in the establishment of a new state 
of equilibrium. We will consider first the external conditions 
of equilibrium ; these are the temperature and the pressure. 
As an example, we will choose again the heterogeneous system 
formed by a solid salt in contact with its saturated solution at 
a certain temperature T®. If the temperature is raised, let 
us say to the value T + t°, then a transference of material 
from one phase to another will, in general, occur ; such a 
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transference is known as a phase reaction, and it may consist 
in this case in the dissolution of a certain amount of solid salt. 
The original system, which was in a state of equilibrium at 
T^y is no longer in equilibrium if the temperature is raised to 
T + f, and a phase reaction therefore takes place until a new 
state of equilibrium is reached. If the temperature of the 
system in equilibrium at T° is lowered to the value T — <°, a 
new state of equilibrium will again be reached as the result of 
a phase reaction, which consists in the precipitation of soUd 
salt from solution. The equilibrium is seen to be displaced by • 
alteration of the temperature ; at temperatures below T°, 
precipitation of solid salt occurs ; at temperatures above T°, 
the opposite reaction, namely, dissolution of solid salt, occurs. 
At the temperature T® itself, these two opposing phase reac- 
tions are said to be in equilibrium. The state of the hetero- 
geneous system in true equilibrium is not. sufficiently charac- 
terised by the fact that the properties of the system do not 
alter perceptibly in the course of time. It is a further necessary 
condition that the same state shall be reached as the result of 
two opposing phase reactions, one of which takes place when 
the temperature of the system is raised from lower values to 
the value T®, and. the other when the temperature is lowered 
from higher values to the same value. These conclusions 
result from the application of the general theory of chemical 
equilibrium to the particular case of the heterogeneous system. « 

In the same way, the pressure is a determining condition 
of the heterogeneous equilibrium. The effect of alterations in 
the pressure, upon the state of equilibrium of a heterogeneous 
system will be discussed later (§14). 

§ 3. We shall now state two principles of fundamental 
importance for the phase theory. 

First, if a heterogeneous system is in a state of equilibrium, 
then the various phases which form the system must, in 
themselves, be in a state of equilibrium. 

Secondly, the equilibrium in the heterogeneous system is 
not dependent upon the actual amoimts of the phases which 
form it. 

For example, if from the system formed by a salt and its 
saturated solutioii at a given temperature, we remove a part 
of the liquid phase, then the homogeneous part which has 

B 2 
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been removed and the heterogeneous part which remains, still 
represent systems in equilibrium. 

The equilibrium is, however, dependent upon the chemical 
compositions of the phases. The system formed by an 
unsaturated solution in equilibrium with water vapour at 
a certain temperature is under a certain pressure— called 
the vapour pressure of the solution. It is .an experimental 
result that if the salt content of the solution is in- 
creased, the vapour pressure diminishes, and some water 
vapour must therefore condense. If the salt content is 
diminished, the vapour pressure rises and some water must 
therefore evaporate. We see that an alteration of the composi- 
tion of the liquid phase, in a certain direction, displaces the 
equilibrium by causing a phase reaction to occur, whilst an 
alteration in the opposite direction causes the opposing phase 
reaction to occur. The chemical compositions of phases are, 
therefore, also to l>e considered as conditions which affect the 
equilibrium. 

The compositions of the various phases of a heterogeneous 
system can be expressed in various ways. We must, however, 
first choose a certain number of substances in terms of which 
we can express the composition of every phase which is present 
in the system. These compositions can then be given by some 
mathematical form, as, for example, by the weight of each of 
these substances contained by 100 parts by weight of each 
of the phases in the system. Let us consider the case of a 
three-phase system formed by a solid anhydrous salt in contact 
with its saturated solution and water vapour, and let us denot^e 
the salt by' S and water by W, We can then express the 
composition of each phase in terms of S and W by the following 
mathematical forms : 

xS,{lOO '-'X)W (liquid phase), 
100/S, OPT (solid phase), 

OS, 100 W (vapour phase) . 

The total weight of each phase to which these expressions are 
referred is immaterial, since the equilibrium is not dependent 
upon the actual amounts of the phases; for convenience, 
therefore, we have chosen a total weight of 100. The substances 
in terms of which we express the compositions of phases of a 
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heterogeneous system are called the components of the system. 
The choice of components is to some extent arbitrary. In 
the system just considered we have chosen the salt (S) and 
water (W) as components. We might, however, have chosen 
the salt, hydrogen, and oxygen as components, for we can 
express the compositions of phases by the following forms : 



xSy yHj, (100 — X + y) O2 for the Uquid phase, . 
lOOS, OHj, 00a 'or the solid phase, 

OiS, zHg, (100 — t)02 for the vapour phase. 

The weight of hydrogen, j/, in any Uquid phase must, however, 

always be related to the weight of oxygen (100 — x + y), in 
that phase, by the fact that these two components are always 
present in the same proportion in which they combine to form 
water, and the same relation is true of the weights of hydrogen 
and oxygen contained by any vapour phase. The absolute 
amounts of these two components are dependent upon one 
another ; by altering the external conditions of equilibrium in 
this system, we cannot vary the amount of hydrogen in any 
phase without altering the amount of oxygen by a proportionate 
amount. This was not true of the two components salt and 
water. The proportion of salt to water contained by the liquid 
phase varies continuously as the temperature changes. The 
two components salt and water are, therefore, said to be inde- 
pendent components. The three components salt, hydrogen, 
and oxygen are not all independent components ; two only 
are independent components, either salt and hydrogen, or 
salt and oxygen, and the weight of the third in any phase is 
fixed when the weights of the other two are given. Again, 
we might choose water and two ions as the components of the 
system. The absolute amounts of the two ions cannot, how- 
ever, vary independently of each other in any phase. The 
weight of one ion in a given phase is already determined when 
the weight of the other is given. Two 6nly of these three 
compontots are independent. 

P% It must be carefully noticed that the components are said 
to be independent when the abaduti amount of one, in any 
phase, can vary independently of the absolute amount of the 
other ; we use the term " absolute amount " in contradistinc- 
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tion to the term '' concentration/' If the concentration of 
the salt in the liquid phase is x, that of the water is 100 — z, 
and these two concentrations are not independent of each other, 
although water and the salt are independent components. 
This arises from the fact that the concentrations are referred 
always to the same total weight, namely, 100 parts of the liquid 
phase. The weight of salt contained in a liquid phase of 
undefined and varying total weight is in no way related to 
the weight of water in that phase ; these two are independent 
components. The weight of hydrogen is, however, always 
equal to one-eighth that of the oxygen, whatever the total 
weight of the phase may be ; these two are not independent 
components. If we restrict ourselves to the consideration of 
independent components only, we see that our choice must 
still be, to a certain extent, arbitrary. In the system which 
we have considered, we may choose the salt and water, the 
salt and hydrogen, the salt and oxygen, or water and one ion 
as independent components. The number of the independent 
components is, hoT^ver, quite definite, and it does not share 
the arbitrary nature of the independent components themselves. 
Whatever choice we make in the present example, the number 
of independent components is two. 

When we choose certain substances as the independent 
components of a system, we do not imply that these substances 
actually exist as molecular individuals within the phases. 
This may or may not be the case, and is quite immaterial, 
since we are not concerned with the state of homogeneous 
equilibrium within the phases, i.e., with the actual molecular 
state of the constituents of the phases. If in our present 
example we choose the salt and hydrogen as independent com* 
ponents, we do not mean that elementary hydrogen exists as 
such in the phases of the system. We are not prevented from 
choosing the salt and water as independent components by 
the consideration that the salt may be electrolytically dis- 
sociated in the liquid phase, nor are we prevented from choosing 
water and one ion, by the consideration that the ion may not 
exist in the solid phase. 

The only conditions which are attached to the choice of 
independent components are, first, that the compositions of 
all phases shall be capable of mathematical expression in terms 
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of them, and, secondly, that it must be possible, by altering 
the conditions of equilibrium, to alter the absolute amounts 
of these components independently of each other, in at least 
one phase. 

We are to consider as external conditions of equilibrium the 
temi>erature and pressure, and as internal conditions the 
concentrations of the independent components in the various 
phases. Systems of one independent component are called 
systems of the first order or unary systems ; systems of two, 
three or four independent components are known as binary, 
ternary, or quaternary systems, and alternatively. as systems 
of the second, third, or fourth order. 

§ 4. It has already been seen that some kind of relation exists 
between the conditions of equilibrium in a heterogeneous system. 
Thus, when the temperature of the system formed by solid salt 
in contact with its saturated solution is altered, a new state of 
equilibrium is reached in which the Uquid phase possesses a 
composition also differing from the original. We will study 
more closely the relations which exist between the conditions 
of heterogeneous equiUbrium in the system formed by the two 
independent components water and an anhydrous salt. A 
variety of phases may coexist in this system, and 'wb will 
assume in the first place that three phases are present in 
equiUbrium : the salt, its saturated solution, and water 
vapour. It is a well-known experimental result that at a 
definite temperature a saturated salt solution has a definite 
composition and a definite vapour pressure. In other words, 
the conditions of equiUbrium in the three-phase system, soUd 
salt-saturated solution-vapour, are aU fixed when the tempera- 
ture is fixed ; the internal conditions of equiUbrium, given by 
the composition of the Uquid phase, and the external condi- 
tions given by the temperature and pressure, cannot vary 
when the temperature is defined. If the temperature is sUghtly 
altered, the remaining equiUbrium conditions wiU alter, namely 
the composition and the vapour pressure of the solution, 
but they will still be defined by the new temperature and will 
remain unaltered so long as this temperature is maintained. 
We are deaUng here with a clearly characterised type of 
heterogeneous equiUbrium ; the equiUbrium is * said to be 
monovariant, and a system in this state of equiUbrium is said 
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to possess one degree of freedom. It is characteristic of a 
S3rstem in monovariant equilibrium that to every temperature 
there correspond definite values of the remaining equilibrium 
conditions ; the temperature may be arbitrarily chosen, but 
when this has been done, the pressure and the compositions 
of phases become fixed. The binary system in three phases 
is a system with one degree of freedom. Suppose that, at 
constajdt temperature, the pressure is diminished by removing 
some of the vapour phase without altering the volume occupied 
by the system. Since the conditions of equilibrium cannot 
alter when the temperature is fixed, a phase reaction must take 
place which restores the original conditions. In the first 
place, therefore, water must evaporate to restore the original 
vapour pressure. This will, however, alter the composition 
of the Uquid phase, and solid salt must therefore separate in 
order to retain the fixed composition. We see that the displace- 
ment of the equihbrium at constant temperature causes a 
phase reaction to occur which alters the relative weight pro- 
portions of the phases present, but not their actual composi- 
tions. The phase reaction is 

Solution —* Vapour + Solid, 

the vapour and solid phases increase at the expense of the 
liquid phase, but this latter does not alter in composition. 

If now the pressure be permanently diminished, this reaction, 
which tends to restore the original equilibrium conditions, will 
continue until all the water has been evaporated and all the 
salt has been separated in the solid state. It will continue 
until the liquid phase has disappeared, but during the whole 
of this process, and until the final disappearance of the liquid 
phase, the composition of the latter will not alter. 

It is, therefore, a further characteristic of the system in 
monovariant equilibrium that if the conditions of equilibrium 
are permanently altered at constant temperature, a phase 
reaction occurs which results ultimately in the disappearance 
of one of the phases ; during the course of the reaction, and 
until the disappearance of a phase, the relative quantities of 
the phases alter, but not their compositions. 

§ 5. The existence of the system with one degree of freedom 
is limited to a certain temperature range. To every tempera- 
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tare within that range there correepond definite valoee for 
the remaining conditions of equilibrium. If the temperature 
of the three-phase system, salt-solution-vapour, be continn- 
oosly raised, a point may be reached where all the solid salt 
has entered into solution. The solution will then become un- 
saturated, and the system one of two phases only, xmsaturated 
solution and vapour. The following considerations will show 
that the resulting two-phase system is not in a state of mono- 
variant equilibrium. Suppose that we have an unsaturated 
solution in equilibrium with water vapour at a certain tempera- 
ture, and let the pressure be diminished whilst the temperature 
is kept constant. Some water will evaporate, and the composi- 
tion of the solution will alter, since the concentration of the 
salt will be thereby increased. The resulting solution, being 
more concentrated, will possess a lower vapour pressure than 
the original solution, and can therefore remain in equilibrium 
with vapour at the new, diminished pressure. If the pressure 
be further diminished, still at constant temperature, a further 
alteration will occur in the composition of the liquid, and a 
state of equilibrium wiU again be attained at the altered 
pressure. We see here a very different behaviour from that 
of the three-phase system. At a fixed temperature, the 
pressure and the composition of the liquid phase can possess 
an indefinite number of different values, and the phase reaction 
which is induced at constant temperature, by an alteration of 
the pressure, does not result in the disappearance of a phase ; 
the internal conditions of equilibrium readjust themselves to 
correspond with the new pressure. In order, therefore, to fix 
the internal conditions of equilibrium, it is necessary to fix, 
not only the temperature, but also the pressure. A system 
such as this is said to possess two degrees of freedom, or to be 
in a state of bivariant equilibrium. A system is in a state of 
bivariant equilibrium when it is necessary to define two of 
the conditions of equilibrium, in order to fix the remaining 
conditions. 

The existence of the system with one degree of freedom is, 
therefore, limited on the side of high temperatures, in the case 
which we are considering, by the disappearance of a phase, and 
the formation of a system with two degrees of freedom. 

§ 6. We will now consider the lower temperature limit to 
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the existence of the system in mono variant equilibrium. If 
the temperature of the three-phase binary system, solid salt- 
solution-vapour, is continuously lowered, a point will bo 
reached when ice as well as salt begins to separate. Ice and 
the solid salt do not form a homogeneous system, they are to 
be considered as forming two solid phases. At the tempera- 
ture where the separation of ice begins, there are, therefore, 
four phases coexisting in the bmary system, two soUd phases, 
a liquid, and a vapour phase. If the abstraction of heat from 
the system is continued, the temperature will no longer continue 
to fall. Both ice and solid salt will, on the other hand, separate 
from the solution, and this phase reaction is such as to keep 
the temperature, the composition of the solution, and there- 
fore also the pressure, constant. The temperature will not 
alter on the abstraction of heat until the whole of the solution 
has solidified to a conglomerate of ice and solid salt, when 
the system again becomes one of three phases. Similarly, if 
heat be added to the four-phase system, the temperature wiU 
not rise, but the solids will melt in such a way as to keep the 
temperature, the composition of the liquid, and the pressure 
constant, and none of these conditions of equilibrium will 
alter until one of the solid phases, ice or salt, has disappeared. 
We cannot alter any of the conditions of equilibrium of the 
four-phase binary system without removing one of the phases, 
and the system is therefore said to be in a state of invariant 
equilibrium^ or to possess no degrees of freedom. We cannot 
choose arbitrarily any of the conditions of an invariant equi- 
librium, they are perfectly fixed. The equilibrium can exist 
only at one temperature, and if heat be added or abstracted, 
a phase reaction will occur at constant temperature ; this 
reaction will alter the relative amounts of the phases, but will 
leave their compositions and the pressure of the vapour phase 
unchanged. Ultimately the phase reaction will result in the 
disappearance of a phase, and with the loss of a phase the 
system will regain a degree of freedom. 

We see, therefore, that the existence of the system with one 
degree of freedom is limited, in the present case, on the side 
of lower temperatures, by the appearance of another phase, 
and the formation of a system with no degrees of freedom. 

§ 7. We will summarise the results of the last three para- 
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graphs. A study of the relations existing between the condi- 
tions of equilibrium in the binary system has led us to distin- 
guish three types of heterogeneous equilibrium, namely, the 
monorariant, the bivariant, and the invariant. This classifica- 
tion of systems in heterogeneous equilibrium, according to 
the '' variability " of the system, was first made by Bancroft, 
although the terms invariant, monovariant, etc., were first 
used by Trevor. We have seen, further, that the type of 
equilibrium, or the variabiKty of the system, is determined by 
the number of the coexisting phases ; the binary system in 
three phases possesses one degree of freedom, in two phases, 
two degrees of freedom, and in four phases, no degrees of 
freedom. These relations can be expressed in the form of a 
simple arithmetical rule known as the phase rule. If we denote 
the number of independent components in a heterogeneous 
system by C, the number of coexisting phases by P, then the 
number of degrees of freedom F^ possessed by the system, is 
given by the following equation : 

^ = C -f 2 - P. 

The phase rule was deduced from theoretical considerations 
by W. Gibbs, and has been amply proved by subsequent experi- 
mental work. When the number of independent components 
in the system is fixed, the type of equiUbrium is determined 
only by the number of coexisting phases. The system which 
we have discussed was one of two independent components 
and we have seen, in agreement with the rule, that when four 
phases coexist, the system possesses no degrees of freedom, 
i.e. J the equilibrium is invariant. 

It is seen, however, that when the number of independent 
components may vary, this number is also a determining factor 
for the type of equilibrium. 

It follows from the rule that if the number of independent 
components is greater than two, then the coexistence of more 
than four phases is necessary to produce a system in invariant 
equilibrium. In general, the number of phases must exceed 
the number of independent components by two, in order that 
a system of a given number of components may possess no 
degrees of freedom ; the number of phases must exceed the 
number of independent components by one in order that the 
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system may possess ^e degree of freedom, whilst to produce 
a system in bivariant equilibrhim, the number of phases must 
be equal to that of the independent components. 

Systems in heterogeneous equilibrium may therefore be 
classified, first, according to the number of independent com- 
ponents in the system (the order of the system), and, secondly, 
according to the degrees of freedom possessed by he system 
(the variability of the system) ; the latter is determined only 
by the number of coexisting phases when the order of the 
system is given. 

Two gaseous phases can never coexist in one system, for 
it is a property of the gaseous state of aggregation that if two 
chemically indifferent gases be brought together, equilibrium is 
attained only when they have formed one homogeneous system. 
If the gases are not chemically indifferent, a heterogeneous 
system can result, since a solid or a liquid phase may be formed, 
but in no case can two gaseous phases be formed. 

Two liquid phases can, however, exist in equilibrium with 
each other. For example, in the system formed by benzene 
and water there occur two liquid layers in equilibrium with 
each other, each layer in itself homogeneous but differing in 
physical and chemical properties from the other ; each layer 
represents therefore a distinct liquid phase. 

One or two cases only are known in which aqueous salt 
solutions separate into two layers, and we shall deal in this 
book only with heterogeneous systems containing one liquid 
phase. 

y^When two homogeneous and chemically indifferent solids 
are brought together, they form, as a rule, two distinct phases. 
We must except from this rule solids which form together the 
tjrpe of homogeneous system known as a solid solution. Cases 
occur, namely, in which one solid dissolves in another to form 
a perfectly 1 nogeneous solid system ; the best known examples 
of this phouomenon are the isomorphous salt mixtures. We 
shall always assume the absence of isomorphous mixtures or 
mixed crystals, so that every component aud every chemical 
^ combination of the components occurring as a solid in the 
system will represent a distinct phase. 

§ 8. Following the classification given in the previous para- 
graph, we shall now consider in more detail the application of 
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the phase theory to the study of heterogeneous equilibrium in 
binary systems which can be formed from the two components 
water and a salt. For this purpose, the various relations 
existing between the conditions of equilibrium which we have 
discussed in the foregoing paragraphs will be given a graphical 
representation. 

Certain restrictions will, however, first be made. 

We shall always assume that the salt is not volatile, a 
limitation which is justified for the majority of salts withm 
ordinary temperature ranges. The vapour phase in the binary 
system is then of unvarying composition, since it consists 
always of pure water. We have already excluded the possi- 
bility of miscibility in the soUd state, and every solid component, 
or chemical combination of components, will therefore also 
represent a phase of unvarying composition. The only phase 
the composition of which can vary will be the liquid phase, 
and its composition will be expressed by the weight of each of 
the components, water and salt, contained by a total of 
100 parts by weight of the liquid. If x represents the weight 
of salt and 100— x the weight of water contained in 100 parts 
by weight of the liquid, then its composition will be given in 
the mathematical form : 

a;iS,{100- x)W. 

We will call x the concentration of the salt, and 100 — x the 
concentration of the water in the liquid phase. 

We must then consider, as controlling factors of the equi- 
librium in this system, the temperature, T, the pressure, P, 
and the concentration, x, of the salt, or 100 — ^ of the water 
in the liquid phase ; the two last are clearly dependent upon 
each other. 

The relations which exist between three independent factors 
such as T, P, and a?, cannot be represented graphically in one 
plane. For this purpose, a three dimensional or space figure 
must be used. In a plane figure, we can only represent the 
relations existing between two independent variables ; we 
may, for example, represent in one plane picture the relations 
between T, the temperature, and P, the vapour pressure ; 
or between x, the concentration of the salt in the liquid phase. 
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and P,the vapour pressure ; or, finally, between T, the tempera- 
ture, and Xy the concentration of the salt. 

The last of these three, the picture showing the relation 
between T and x, may, for example, be constructed by means 
of a rectangle such as TW8T' in Fig. 1. A point such as 
J5, which lies on the side WT of this rectangle, represents pure 
water at a certain temperature, and this temperature is 
measured by the length, WB^ on some suitable scale. The 
point W represents pure water at the lowest temperature at 
which we wish to study the system ; we may call this tempera- 
ture the zero temperature. If we imagine the point B to start 
from IF, and to move along the lino WT in the direction of 
T, then it will represent, in its successive positions, pure water 
at continuously increasing temperatures, the actual tempera- 
ture corresponding with any particular position being given 
by the distance of the point from the zero position W, measured 
according to the chosen scale. In the same way, a point such 
as (7 on the side ST' of the rectangle, represents the pure salt 
at a certain temperature, which is measured by the length 
SC on the same scale. The point 8 itself represents the pure 
salt at the zero temperature. The length of the side WS is 
chosen to represent 100 weight parts, and a point such as D, 
on this side, represents a certain mixture of W and 8 at the 
zero temperature. If the composition of the binary mixture D 
is given in the form 

x/S, (100-a:)TF, 

then the length WD is chosen equal to the salt concentration 
X, measured by the same scale on which W8 equals 100 weight 
parts. Since W8 equals 100, and WD equals x^ it follows that 
D8 is equal to 100 — a:, i.e., it gives the concentration of water 
in the mixture. The point D divides the line W8 into two 
parts, and we see that if the length of the part WSy further 
from 8y is chosen to represent the concentration of the salt 
in the mixture D, then the length of the part D8y further from 
TF, gives the concentration of water in that mixture. Following 
this rule, we see that the point W represents the limiting 
mixture in which the concentration of the salt is zero, the point 
8 the limiting mixture in which the concentration of the water 
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is zero ; in other words, these two points truly represent pure 
water and pure salt respectively. 

A point within the rectangle TW8T' represents a mixture 
of the two components at a definite temperature and of a 
definite composition. The mixture may be either homogeneous 
or heterogeneous, it may consist of one phase only, or of a 
number of phases in equilibrium with each other ; in the latter 
case, the mixture is said to be a phase complex or, more shortly, 
a complex. Thus the point A in Fig. 1 represents a binary 
phase or phase complex, and its temperature is measured by 
the length AD^ the distance of the point from the side W8 
measured parallel to the temj^erature axis WT or ST'. Its 
composition is measured by the lengths of the sections into 
which the point divides the line BACy which is drawn parallel 
to the concentration axis W8 \ BA gives the concentration 
of S, and AC that of water, in the phase or phase complex A. 
It is clear that all points on a line such as BCy which is parallel 
to the concentration axis, represent phases or complexes of 
varying composition but at one and the same temperature ; 
thus the points By C, and A represent, respectively, pure 
water, pure salt, and a certain mixture of the two, all at one 
temperature, which is measured by WBy 8C, or DA. All 
points on a line such as DA , which is parallel to the tempera- 
ture axis, represent phases or complexes of varying tempera- 
ture, but of one and the same composition. 

§ 9. We have shown how the state of the binary system 
PF — iS^, at a given temperature, and with a liquid phase of 
given composition, can be represented by a point in a rectangle. 
A picture which shows the variations produced in x when T 
assumes different values is called a T, a; picture ; a picture 
which shows, by means of suitable geometrical construction, 
the variations produced in the pressure P when T assumes 
different vfiJues is called e^ T,P picture, and one which shows 
simultaneous variations of P with x, an x, P picture. Any 
one of these plane pictures by itself will, however, give an 
incomplete representation of the relations in the system. Let 
us suppose, as an example, that the three phases solid salt, 
solution, and vapour coexist in the system. The equilibrium 
will then be monovariant, and to a definite temperature, T^, 
there wUl correspond a definite- concentration, x^, of the salt 
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in the liquid phase. In the T^ x picture the system, in this 
state, will be represented by a definite point for which T ^ T^ 
and x== x^. To the temperature T^ there will, however, also 
correspond a definite vapour pressure P^, but this will find 
no expression in the picture. To a different temperature, 
T^^ there will correspond another definite salt concentration, 
x^^ and a definite vapour pressure, P,. The system in this 
state will be represented by another point for which t ^T^ 
and X = x^y but the picture will not represent the fact that, 
to this point, there corresponds another definite vapour pressure, 
Pj. In other words, to every point in the picture there will 
correspond an unexpressed value for the vapour pressure, and 
this value will vary from point to point in the picture. The 
question now arises whether we can remove this incomplete- 
ness from the plane picture by making one of the conditions 
of equilibrium, let us say the pressure in the T,x picture, 
constant. In order to answer this question, we will reconsider 
the system composed of the three phases solid salt, solution, 
and vapour, which is in a state of monovariant equilibrium. 
To a certain temperature, 7^, there corresponds a certsdn salt 
concentration, x^, and therefore, as we have seen, a definite 
point in the T^x picture. This three-phase system at the 
temperature Ti can, however, only exbt in equilibrium under 
a certain pressure, namely, the definite vapour pressure, P^. 
If now we premise that the system is to be under a previously 
chosen constant pressure P, then it is clear that the three-phase 
system will not, in general, be stable. If, for example, the 
constant pressure P is higher than P^, then a phase reaction 
must occur between the three phases which tends to reduce 
the pressure P to the value P^. This phase reaction will 
consist in the condensation of vapour, and the simultaneous 
dissolution of salt to keep the composition of the liquid constant 
at the value x^. If we maintain the pressure P, this phase 
reaction will lead to the complete disappearance of the vapour 
phase, provided that sufficient solid is present. The system 
will thus eventually become one of the two phases only, solid 
salt and saturated solution. It will then be in a state of 
bivariant equilibrium, and at the fixed temperature T, we may 
therefore choose arbitrarily our constant pressure P ; the 
concentration of the salt x will then be fixed. We will choose 
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our constant pressure P so that it is higher than the vapour 
pressure of any solution which can occur in the system. We 
shall thus eliminate the vapour phase, and we need consider 
only the equilibria between liquid and solid phases. A 
heterogeneous system which does not include a vapour phase 
is known as a condensed system, and we must inquire finally 
in what way the relation between the type of equilibrium and 
the number of coexisting phases is modified in the condensed 
binary system where the pressure is constant. 

It foUows, as we have seen, from the phase rule, that when 
four phases coexist in the binary system, all conditions of 
equilibrium are fixed, and among these the pressure under 
which the system may remain in equilibrium. Our constant 
pressure P is, however, higher than this invariant pressure, 
and four phases cannot therefore exist in equilibrium in the 
condensed binary system. 

If three phases exist in the binary system where no restric- 
tions are made, the equilibrium is monoyariant, and we can 
therefore choose arbitrarily one of the conditions before the 
remainder become fixed. In the condensed binary system we 
have already done this, since we have chosen a constant 
pressure, and therefore all the conditions of equilibrium have 
become fixed. We may say that the binary system in three 
phases is in a state of invariant equilibrium at constant pressure ; 
thus in the condensed system at constant pressure two solid 
phases and a liquid are in a state of invariant equihbrium. 

Again, if two phases exist in the binary system where no 
restrictions are made, then the equilibrium is bivariant, and 
we can choose arbitrarily two of the conditions before the 
remainder become fixed. In the condensed system, we have 
already fixed the pressure, and at a given temperature the 
composition of the solution will therefore be fibced. In other 
words, the condensed binary system in two phases is in a state 
of mondvariant equilibrium at constant pressure. 

We have limited our study of the equilibria in the system 
by premising a constant pressure, with the following' results. 
The vapour phase is eliminated, and the system becomes 
condensed. A picture showing the relations between the 
temperature T and the concentration x of the salt in solution 
will give complete information, since the pressure is every- 

c 
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where the same. The number of coexisting phases necessair 
to produce equilibrium of a given type (invariant, monovariant, 
or bivariant) is less by one than the number which is necessary 
to produce the same type of equilibrium in the system, when 
no restrictions are made. We may say that we have disposed 
of one of the degrees of freedom of the system by fixing the 
pressure, and therefore reduced by one the number of phases 
necessary to produce equilibrium of a given type. 

In systems of a higher order than the binary system, where 
the number of equilibrium conditions is greater than three, it 
is often necessary to limit the freedom of the system by fixing 
more than one of the equilibrium conditions. We have seen 
that the number of coexisting phases necessary for the produc- 
tion of equilibrium of a given type diminishes by one for each 
condition which has been fixed. It will then be necessary to 
qualify our description of the type of equilibrium by stating 
the conditions of equilibrium which are to be considered as 
fixed. Thus a true monovariant system will become an in- 
variant system at constant pressure or at constant tempera- 
ture, a true bivariant system will become a monovariant system 
at constant pressure or temperature, and an invariant system 
at constant pressure and temperature. 

In this book we shall treat only of equilibria in condensed 
systems at constant pressure ; we shall not consider the vapour 
phase except in some special cases, and the effect of pressure 
upon the state of equilibrium will be neglected. The effect 
of this theoretical limitation upon the practical value of the 
results obtained will be discussed later (§ 14). In view of this 
limitation, the reader is to understand that, when in future 
we describe an equilibrium as invariant, monovariant, or 
bivariant, we presuppose a constant pressure. 

§ 10. The relations in the condensed binary system W — S, 
between the temperature T and the concentration x of the salt 
in the liquid phase, are represented graphically in Fig. 2, for 
the case in which no salt hydrate exists, and in which the 
solid salt can exist in one crystalline form only. 

When three phases coexist in this system, the equilibrium is 
invariant, and all the equilibrium conditions are fixed. Since 
a vapour phase does not exist in the condensed system; the 
only three phases which may possibly coexist in equilibrium 
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are solid salt, ice, and a solution. The composition of this 
solution and the temperature of the equilibrium will have 
definite values, and we will suppose that they are represented 
by the point G in Fig. 2. If the line PCQ be drawn parallel 
to WS^ then the length WP measures the temperature of the 
invariant equilibrium^ the length PC measures the concentra- 
tion of the salt, and CQ that of water in the invariant solution. 
We shall call a point such as C which gives the conditions of 
invariant equilibrium a system invariant point. 

Pore ice at the temperature of the invariant point is repre- 
sented by the point P, which lies on the side WT of the rectangle, 
and at the same distance above the line W8 as the point C. 
Pure salt at the temperature of the invariant point is repre- 
sented by the point Q on the side 8T'. The compositions of 
the three phases ice, solid salt, and solution, which are in 
equilibrium at the invariant temperature, are therefore repre- 
sented by the points P, Q, and O respectively in Fig. 2. These 
three phases can only exist in equilibrium at the one tempera? 
ture, and their compositions cannot vary from the values 
represented by the three points. If heat be abstracted from 
the three-phase system, the solution will deposit both ice and 
solid salt, and neither the temperature nor the composition of 
the solution can alter until the liquid phase has-entirely solidi- 
fied, i.e,y until it has been consumed by the following phase 
reaction : 

Solution C -* Ice +8 (1). 

* 

The point G gives, therefore, the lowest temperature at which 
the liquid phase can exist in the system. When a system 
invariant point marks a lower temperature Umit to the existence 
of the liquid phase, as it does in the case of the point C, it is 
called a eutectic point. When ice forms one of the solid phases 
in equilibrium with the liquid phase at the eutectic point, the 
latter is sometimes called a cryohydric point, but we shall 
always adhere to the term '' eutectic point." 

When the solution has been entirely consumed in the phase 
reaction (I), the temperature will begin to fall if the 
abstraction of heat be continued. We shall then be left at 
lower temperatures with the completely solid system formed by 
the two phases salt and ice. Every point in Fig. 2 below the 

c 2 
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constant temperature lino PCQ represents, therefore, a complex 
of solid salt and ice. The condensed binary system in two 
phases is in a state of monovariant equilibrium ; it can exist, 
therefore, over a range of temperature, but since in the present 
case both phases are solid, their compositions do not vary 
with the temperature. 

A mixture of the composition and temperature represented 
by V will form, for example, a phase complex of solid ice 
represented at that temperature by the point J?, and solid 
salt represented by the point X. A line such as RX joining 
two points which represent two phases in equilibrium is called 
a conjugation line, and it is clear that any point on the conjuga- 
tion line RX represents a complex of the two phases repre- 
sented at the terminal points of the line. 

The space PQ8W is marked Ice + fi^ in Fig. 2, since points 
in this space represent complexes of these two phases. 

§11. The addition of heat to the three-phase system in 
invariant equilibrium at the eutectic point C will cause the 
solids to melt, i.e., it will cause the following phase reaction 
to take place : 

fi^ + Ice — Solution C (2). 

Neither the temperature nor the composition of the liquid 
will alter until a phase has been removed by this reaction. 
Now according to the proportion by weight in which the two 
solid phases 8 and Ice were originally present, either one of 
these may be the first to disappear. If ice disappears first, 
we shall be left with the two-phase system 8 — Solution, whilst 
if the salt disappears first, we shall be left with the two-phase 
system Ice — Solution. Thus at temperatures above that of 
the eutectic point there may exist two different two-phase 
systems. 

Of these, we will consider first the system composed of solid 
salt in equilibrium with solution. This system is monovariant 
and can therefore exist over a range'of temperatures. 

Both phases are not in this case of unvarying composition ; 
the composition of the solution can alter, but, at a given tempera- 
ture, it must possess a definite value. At a definite tempera- 
ture, sUghtly above the eutectic temperature, the solution in 
equilibrium with soUd salt will have a definite composition 
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represented by the point E in Fig. 2. At a higher tempera- 
ture, the composition of the solution will have a different but 
still definite value, such as that represented by the point D. 
When a solution is in equilibrium with a solid, it is said to 
be saturated with that solid. Thus the points E, D, M repre- 
sent the compositions of saturated solutions of the salt at 
definite temperatures, and they lie on a continuous curve 
CEDMAy which diverges from the eutectic point, and is called 
the polythermal saturation curve of the salt. It is character- 
istic of this polythermal saturation curve, that all points on 
it represent the compositions of solutions saturated, or in 
equilibrium, with solid salt at diflEerent temperatures. Since, 
in general, the concentration of salt in solutions saturated with 
solid salt rises with the temperature, the saturation curve of 
the salt will approach the side ST' of the rectangle which 
represents pure salt. It will reach its upper temperature 
limit at the point A where it cuts this side. Since the point A 
Ues on the saturation curve, it represents a liquid phase in 
equilibrium with solid salt, but since it lies on the side 8T\ 
it also represents pure salt. At the temperature corresponding 
with the point A the pure liquid salt is therefore in equilibrium 
with solid salt or, in other words, the point A gives the melting 
point of the pure salt. 

At the eutectic point (7, the two solids, salt and ice, melt at 
constant temperature to a binary solution of definite composi- 
tion. The eutectic temperature is therefore characteristic of 
the binary system W — aS, in the same sense that the melting 
temperature of the pure salt is characteristic of the unary 
system S. The polythermal saturation curve of the salt extends 
then from the eutectic point, or the common melting point 
of iS + Ice in the binary system W — 8, to the melting point 
of iS in the unary system ^S.^ 

At temperatures below the eutectic point, solutions caimot 
exist, and at temperatures above the melting point of 8, the 
solid salt cannot exist. 

The mixture represented by J7 in Fig. 2 clearly contains a 
greater proportion of salt than does the saturated solution £> 
at the same temperature. If the mixture is in a state of true 
equilibrium, it must therefore consist of a phase complex of 

^ Certain necessary restrictions will be made later (§ I3)» 
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the solution D and the solid salt, which is represented at this 
temperature by the point H. The line DH is a conjugation 
line, and we see again that any point on it represents a complex 
of the two phases represented by its terminal points. In the 
same way, the saturated solution represented by Jlf is in 
equilibrium with solid salt at the same temperature, represented 
by N^ and any point on the conjugation line MN represents a 
complex of these two phases. 

In general, all points in the area GAQ^ marked 8 + Solution 
in Fig. 2, represent complexes of two phases, namely solid salt 
and a solution on the saturation curve CA. 

Points in this area may, however, also represent super- 
saturated solutions, i.e., solutions in which the concentration 
of the salt is greater than the concentration of the salt in the 
saturated solution. The supersaturated solution is, in itself, 
stable, but on the addition of a crystal of the solid salt 8^ the 
state of stability is lost. The excess of salt above that necessary 
to form a saturated solution separates out, and the phase 
complex is formed, consisting of the solid salt in contact with 
a saturated solution. A supersaturated solution is said to 
be in a state of false or metastable equilibrium in contra- 
distinction to the phase complex, which is a sjrstem in true or 
stable equilibrium. 

We shall confine our attention in what follows to stable 
equilibria, and we shall not therefore consider the possible 
formation of supersaturated solutions. 

§ 12. We must now consider the second monovariant system 
which can exist above the eutectic temperature, namely, the 
system formed by solution in equilibrium with ice. This 
system can also exist over a range of temperature, and to a 
given temperature within that range there will correspond a 
given value for the composition of the liquid phase. At a 
temperature slightly above the eutectic temperature, the 
composition of a solution saturated, or in equilibrium, with 
ice will have the definite value represented by the point O ; 
at a different and higher temperature the definite value repre- 
sented by the point K. All points which represent the composi- 
tions of solutions saturated with ice at different temperatures 
lie on a continuous curve CQKBy which diverges from the 
eutectic point, and is called the polythermal saturation curve 
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of ice. Here again the concentration of water in solutions 
saturated with ice rises with the temperature, i.e., the satura- 
tion curve approaches the side WT of the rectangle, which 
represents pure water. The curve reaches its maximum in 
the point B where it intersects this side. Since the point B 
lies both on the side WT and on the saturation curve of ice, 
it represents pure water in equilibrium with ice, or, in other 
words, it gives the melting point of ice, and it corresponds 
therefore with a temperature of 0° C. at a pressure of one 
atmosphere. 

The polythermal saturation curve of ice GB extends from 
the common melting point C^of 8 + Ice, in the binary system 
W — 8^to the melting point B, of ice, in the unary system W. 
At temperatures below that of C, solutions cannot exist, and 
at temperatures above that of JB, ice cannot exist, in the 
system* 

A point such as F in Fig. 2 represents a mixture containing 
more water than does the solution O saturated with ice at the 
same temperature. It represents, therefore, a complex of the 
solution O and ice, which is represented at this temperature by 
the point L, In the same way, a point on the conjugation 
line FK represents a complex of the solution K and ice F. 
We may say that any point in the area BPC, marked Ice + 
Solution in Fig. 2, represents a phase complex of ice and a 
solution the composition of which is given by a point on the 
saturation curve of ice. 

§ 13. Finally, let us consider a mixture the composition of 
which is represented by the point Z in Fig. 2. This mixture 
does not contain as much salt sa does the solution E^ which is 
saturated with salt at this temperature. Further, it does not 
contauL as much water as the solution O^ which is saturated with 
ice at this temperature. The mixture represented by Z is, 
therefore, an unsaturated solution, and this^s clearly the case 
for every mixture represented by a point in the area TBCA . 
This area is the area of unsaturated solutions. 

When the only phas% which exists in the condensed binary 
system is an unsaturated solution, the equilibrium is bivariant. 
At a given temperature, the composition of the liquid phase 
may possess a whole range of different values. This is clearly 
shown by Fig. 2 ; thus at the temperature of the point Z, an 
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unsaturated solution can have any composition between those 
represented by the points O and E. 

A definite significance has now been assigned to every point 
within the rectangle TWST', and we will summarise the 
results which we have obtained. 

The point C gives the eutectic temperature, and the composi- 
tion of the eutectic solution. The three phases which are in 
invariant equilibrium at the eutectic point are represented by 
the points P, (7, and Q. The points P and Q give the composi- 
tions of the two solid phases ice and salt, which are in equi- 
librium with the eutectic solution C, and PCQ is therefore the 
invariant conjugation line. If heat be added to the system in 
equilibrium at the eutectic temperature, the three phases react 
according to the following scheme : 

Ice + S -^ Solution G. 

If heat be abstracted from the system, the opposing phase 
reaction occurs : 

Solution C -^ Ice + S. 

At the eutectic temperature, these two phase reactions are 
said to be in a state of equilibrium, a fact which is expressed 
by the following notation : 

Ice + S zir: Solution C. 

This notation indicates, not only the fact that the three 
phases are in equilibrium, but it also indicates the phase 
reactions which occur when heat is added to, or abstracted 
from, the system in equilibrium ; by a convention, the upper 
arrow of the equilibrium sign, z^, is made to indicate the 
reaction which occurs when heat is added, the lower arrow 
that which occurs when heat is withdrawn. 

When a phase has been consumed by either of these phase 
reactions, the system gains a degree of freedom and the equi- 
librium becomes monovariant. At temperatures below the 
eutectic temperature, the monovariant system Ice -f- 8 can 
therefore exist. This behaviour is represented graphically by 
the fact that immediately below the invariant conjugation line 
PCQ, we find the area PQWS, the points of which represent 
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the monoyariant complexes S + Ice. At temperatures above 
the eutectic temperature, the two monovariant systems 
S + Solution and Ice + Solution can exist. Accordingly, we 
find in the graphical representation, immediately above the 
invariant conjugation line, the area ACQy the points of which 
represent monovariant complexes oi 8 + Solution, and the 
area BCP the points of which represent monovariant complexes 
of Ice + Solution. The composition of the liquid phase in 
these two monovariant systems varies with the temperature, 
and this variation is represented by CA, the saturation curve 
of the salt, and CB, the saturation curve of ice. The satura- 
tion curve of ice extends continuously to the melting point of 
ice, that of the salt to the melting point of the salt, always 
provided, however, that the monovariant complexes formed by 
solid salt in contact with saturated solution are stable through 
the whole temperature range. 

If the melting point of the salt is high, it may happen, 
namely, that before this temperature is reached the salt is 
decomposed by water, the critical temperature of the mixture 
is reached, or the liquid phase separates into two immiscible 
layers. In any of these cases the saturation curve of the salt 
will not extend continuously to the melting point of the pure 
salt. 

Finally, if on raising the temperature in either of these 
monovariant systems the solid phase is completely removed 
(by dissolution), the resulting unsaturated solution is in a 
state of bivariant equiUbrium. These unsaturated solutions, 
or bivariant phases, are represented graphically by points in 
the area TEG AT'. 

We see that the polythermal diagram gives much more than 
the composition of saturated solutions ; it gives precise infor- 
mation about any binary mixture at any t^emperature ; it tells 
us whether the given mixture at a given temperature forms an 
unsaturated solution, a saturated solution, or a phase com- 
plex, and in the last case it defines both the nature and the 
composition of the phases which form the complex. The 
polythermal saturation curves form a part only of the com- 
plete polythermal representation of the binary system. There 
exists, unfortunately, a tendency to lay all the stress upon the 
saturation curves, and to ignore the various complex aresiS of 
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which they form the boundaries, for this reason the mass of 
information given by a picture such as Fig. 2 is not always 
appreciated. 

Each of the saturation curves CA and CB can be considered 
from two points of view. The point A represents the tempera- 
ture at which pure liquid salt and pure solid salt can be in 
equilibrium, {.e., it gives the melting point of pure solid salt or 
the freezing point of pure liquid salt. If now a certain small 
percentage of water be added to the salt, so that the composition 
of the mixture is represented no longer by the point 8 but by the 
point 0, then at the temperature of the melting point of the 
pure salt this mixture will be completely liquid, since it is 
represented by the point A' (Fig. 2), which Ues in the area of 
unsaturated solutions. On cooling the mixture, it will first 
deposit solid salt at the temperature of the point M, where the 
unsaturated liquid first becomes saturated. If, by analogy, 
we call the temperature of the point M the freezing point of the 
mixture, then it is clear that the freezing point has been 
lowered from il to Jlf by the addition of a percentage of water 
measured by MN. If a greater percentage of water be added, 
then the temperature at which the liquid mixture first deposits 
solid salt is still lower, and may be given by a point such as D. 

Thus the saturation curve GA can be considered as giving the 
depression of the freezing point of the pure salt as increasing 
amounts of the second component, water, are added. This is 
the view which is taken when, of the two variables, temperature 
and composition, the relations of which are depicted in Fig. 2, 
the composition is considered as the independent variable ; 
to a given composition there corresponds then a certam freezing 
point of the liquid mixture. 

On the other hand, if, of the two variables, we choose tem- 
perature as the independent va^able, we may say that, to a 
given temperature, there corresponds a certain concentration 
of the salt in the saturated solution, and this concentration is 
called the solubiUty of the salt in water at the given temperature. 
The saturation curve CA can, then, also be considered as giving 
the alteration in the solubility of the salt as the temperature is 
raised. 

In the expression '' solubility of a salt in water," a distinction 
is iQcirde between the components of the binary system, whereby 
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one component (water) is considered as the solvent and the 
other (salt) as the solute ; this distinction finds no theoretical 
justification, however convenient it may be in practice. The 
concentration of the salt in the saturated binary solution is 
called the solubility of the salt in water, because at the 
ordinary temperatures the concentration of the water in the 
solution is often much greater than that of the salt. We see, 
however, that the polythermal saturation curve extends 
continuously from low temperature regions, where the con- 
centration of the water may be comparatively high, to high 
temperature regions, where the concentration of the water 
may be exceedingly low ; the expression '* solubility of a salt 
in water " is therefore misleading, and by it we must under- 
stand the concentration of a salt in its binary saturated 
solution. 

The saturation curve BC, of ice, can be considered from the 
same two points of view. It may be considered either as giving 
the depression in the freezing point of water as increasing 
amounts of the second component, salt, are added, or it may be 
considered as giving the alteration in the solubility of ice as 
the temperature rises. 

It was generally the custom to consider the saturation curve 
of the salt only as a " solubility " curve, the saturation curve of 
ice only as a '* freezing-point " curve, and it is for this reason that 
the importance of the complete polythermal picture, with its 
Various complex areas, is often unrecognised. We need make 
no distinction between solubility curve and freezing-point 
curve ; these are merely the two aspects of the polythermal 
saturation curve, which gives at all possible temperatures the 
composition of the liquid phase in a monovariant system. 

§ 14. The polythermal relationships represented in Fig. 2 
hold strictly for a fixed pressure, and in order to represent 
the behaviour completely it would be necessary to construct 
a number of such pictures for different pressures. It is, 
however, characteristic of the condensed system, where only 
solid and liquid phases can occur, that variations in pressure, 
provided they are not too great, have very little effect 
upon the remaining conditions of equilibrium. Let us, for 
example, consider the condensed unary system represented 
by the point B in Fig. 2, the system composed of water in 
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equilibrium with ice at its melting point. The temperature 
corresponding with this point at atmospheric pressure is 
O^C. ; at 8-1 atmospheres it is — 0-069°, and at 16-8 
atmospheres — 0-129°. We see that an increase of 16 atmos- 
pheres in the pressure produces an alteration in the equilibrium 
temperature which is negligible for most purposes. In the 
majority of cases we may safely assume that an alteration of a 
few atmospheres in the pressure of a condensed system will 
effect an alteration in the remaining equilibrium conditions 
which can be neglected for practical purposes. The same may 
be said about a system which is not condensed, provided that 
we consider only the conditions of equilibrium between soUd 
and liquid phases. 

The behaviour is very different when a vapour phase is 
involved in the equilibrium considered. Thus water vapour 
at a pressure of 4-6 mm. of mercury is in equilibrium with water 
at 0° at a pressure of 17-4 mm., with water at 20°, and at one 
atmosphere pressure, with water at 100°. In this case small 
variations of pressure have considerable effect upon the equili- 
brium temperature. 

Let us consider, as an example, the determination, in practice, 
of the saturation curve of a salt. Let us suppose that water and 
the salt are stirred together in an open vessel, and at a certain 
constant temperature jT, in such proportions as to insure the 
presence of excess of solid salt when equilibrium has been 
established between solid and liquid phases. We will suppose 
that a sample of the solution is analysed, when this equilibrium 
has been attained, i.e., when the solution has become saturated 
with the salt. The result of the analysis would enable us to 
fix one point on the saturation curve, for it would give us the 
composition of the solution in equilibrium with solid salt at the 
chosen temperature T, We cannot, however, in this case 
consider the system as condensed, since a vapour phase is 
present, and its pressure must be equal to the pressure of the 
water vapour contained by the atmosphere at the time of the 
experiment. This pressure will not, in general, be equal to the 
vapour pressure of the saturated solution, and the three-phase 
system solid salt-solution- vapour is strictly incapable of stable 
existence under these conditions. We know that this is so, 
since if the system is left exposed to the atmosphere for a 
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sufficient time, the liquid will in many eases entirely evaporate, 
and we shall be left finally with the stable two-phase system 
solid salt -vapour at the pressure of the water vapour in the 
atmosphere. In these cases, the vapour pressure of the satur- 
ated solution is greater than that of the water vapour contained 
by the atmosphere, and the system caimot therefore be in a state 
of equilibrium until the liquid phase has disappeared. In other 
cases, such as that of the saturated solution of calcium chloride 
at the ordinary temperature, the vapour pressure is less than 
the normal pressure of water vapour in the atmosphere, and in 
these cases water vapour will condense. This will result in a 
further dissolution of soUd salt to maintain the constant com- 
position of the solution, and eventually the solid phase will be 
entirely consumed by this phase reaction. We shall then be 
left with the stable two-phase system unsaturated solution- 
vapour, where the composition of the unsaturated solution is 
such that its vapour pressure equals the pressure of the water 
vapour in the atmosphere. Here again, therefore, the three- 
phase system is not in a true state of equilibrium. 

Since, however, at temperatures below the boiling point of the 
solution the rate at which condensation or evaporation of water 
occurs is small compared with the rate at which equilibrium is 
established between solid and liquid phases, we can determine 
in the way which we have described the composition of the 
solution in equilibrium with solid salt and vapour at pressures 
where the system is strictly unstable, e.g., at pressures less than 
the vapour pressure of the solution. 

Let us suppose next that, in a second experiment, excess of 
solid salt is shaken with solution in a sealed and evacuated tube 
at the same temperature T as in the previous experiment, and 
that a sample of the solution is again analysed when equilibrium 
is established. The pressure must then clearly be equal to the 
vapour pressure of the saturated solution at this temperature, 
and the analysis will give us the point on the saturation curve 
corresponding again with the temperature T, but at a pressure 
equal to the vapour pressiure of the solution in the stable three- 
phase system. 

Finally, let us suppose that in a third experiment, made in an 
open vessel, the surface of the solution is covered with a layer of 
an insoluble oil. The oil will prevent the evaporation of water 
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and we can consider the vapour phase as absent, the water 
vapour contained by the atmosphere being entirely isolated from 
the system by the layer of oil. The.system is then a condensed 
one under a pressure of one atmosphere, and an analysis of the 
solution will give the point on the saturation curve correspond- 
ing with the temperature T. 

In the three experiments described, we have investigated the 
conditions of equilibrium between the solid salt and its saturated 
solution first, when the system was under atmospheric pressure, 
a vapour phase being present the partial pressure of which was 
less than the vapour pressure of the saturated solution, so that 
the latter was actually unstable ; secondly, when the system 
was under the pressure of its own vapour, and thirdly, when the 
system was under atmospheric pressure, the vapour phase 
being absent. The results of these experiments must, however, 
be identical, for the effect of such variations in the pressure 
upon the equilibrium between liquid and solid phases will 
certainly be smaller than the experimental errors of analysis. 

In order to simplify the theory, we shall only consider con- 
densed systems in this book. For the actual application of this 
theory in practice, we see that this restriction is unnecessary, 
provided that we consider only the conditions of equilibrium 
between solid and liquid phases. The practical determination 
of a poljrthermal saturation curve such as GA in Fig. .2 is most 
conveniently carried out in the lower temperature ranges, by 
stirring excess of the solid salt with solution in an open vessel 
at a number of known temperatures. An analysis of the solu- 
tion will give the point on the saturation curve which corres- 
ponds with the . experimental temperature. This method 
cannot, however, be used at temperatures near, or above, the 
boiling point of the solution, since its vapour pressure then 
becomes equal to, or greater than, that of the atmosphere ; 
the liquid phase, already unstable at lower temperatures, now 
evaporates too quickly to permit the establishment of equili- 
brium between salt and solution. In order to follow the satura- 
tion curve at higher temperatures, we must work with sealed 
vessels, under pressures above that of the atmosphere. A 
series of observations made in this way, first at low tempera- 
tures and atmospheric pressure, then at higher temperatures 
and increasing pressures, may in practice be incorporated in one 
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polythennal diagram although they were made at varying 
preesures. Provided that the pressure does not become too 
high, we can assume, with but little error, that the conditions 
of solid-liquid equilibrium are the same as those which would 
obtain in a condensed system at truly constant pressure. 

Theory predicts that the saturation curve of a salt must 
extend continuously to the melting point of the salt, provided 
that it is not decomposed by water at these high temperatures, 
that the critical temperature of the mixture is not reached, 
and that two liquid layers 
are not formed. 

The saturation curves of 
some salts have been deter- 
mined for the whole tem- 
perature range within which 
saturated solutions are pos- 
sible, namely, from the 
eutectic temperature to the 
melting point of the salt. 
In the case of salts with a 
high melting pointy a com- 
plete investigation offers, 
however, very great diflScul- 
ties on account of the high 
pressures which are gener- 
ated. 

' § 16. The behaviour of 
a given binary mixture 
when its temperature or 

its composition is continuously altered can be accurately 
described by means of the polythennal diagram. The 
mixture the composition and temperature of which are 
represented by the point XJ in Fig, 3 forms an unsaturated 
solution, since the point TJ lies in the area of unsaturated solu- 
tions. If the temperature of the mixture is now gradually 
lowered, whilst its composition remains constant, the point 
representing the mixture in Fig. 3 must traverse the line of 
constant composition TJR in the direction of falling temperature, 
t.e., towards B. The solution will therefore remain at first 
unsaturated, while the point which represents it remains in the 
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area of unsaturated solutions, but when the temperature has 
fallen so far that the mixture is represented by the point D 
on the saturation curve of the salt, it mil consist of a solution 
which is just saturated with the salt. When the temperature is 
further lowered, the point representing the mixture will enter 
the complex area AGQy and the mixture will then consist of a 
complex of the two phases, a saturated solution and solid salt. 
Thus, immediately the temperature falls below that of i>, the 
separation of solid salt will begin, and when the temperature of 
the mixture is represented, for example, by the point if, the 
mixture will consist of the saturated solution J in contact with 
solid salt represented by K \ when the temperature of the mix- 
ture is represented by the point F^ the mixture will consist 
of the saturated solution L in contact with solid salt represented 
by M. We see that as the point representing the mixture 
moves from D to G, the mixture 'wall consist of solid salt in 
contact with a solution, and the point representing the composi- 
tion of this solution will move from D to G, following the satur- 
ation curve. When the mixture is represented by the point 
G, the solution will be represented by the point C, and it will 
be saturated, not only with salt, but also with ice. On the 
further withdrawal of heat from the mixture, both ice and salt 
will separate, and the temperature will remain constant until 
the solution has entirely solidified at constant composition. It 
is clear that the only way in which the solution G can solidify 
without altering its composition during the process, is by 
depositing the salt and ice in the same proportion as that in 
which the components 8 and W are contained by it. Thus if 
the composition of the solution Q is 

x8, (100 - x) W, 

then on the withdrawal of heat, this solution will deposit both 
solid salt and ice in the proportion of x parts of the solid salt 
to 100 - X parts of ice. 

When the mixture, at the temperature of the point G, has 
entirely solidified to a conglomerate of ice and salt, the tempera- 
ture can continue to fall, but no further change will be observed. 
The mixture, from now on, will be represented by a point such 
as H, which lies in the complex area 8 + Ice. 

If the composition and the original temperature of the 
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mixture are represented by a point such as F in Fig. 3, it is clear 
that on lowering the temperature the solution will become 
saturated first with ice at the temperature represented by the 
point N. When the temperature is further lowered, ice will 
separate and between the temperatures represented by N and 
the mixture will consist of a complex of ice and a solution 
represented on the saturation curve of ice between N and C. 
When the temperature of the mixture is represented by the 
point O, the mixture will consist of ice in contact with the 
solution (7, which is saturated not only with ice, but also with 
salt. The further withdrawal of heat will then result in the 
complete solidification of the solution at constant temperature 
and constant composition ; when the temperature again falls, 
the mixture will consist of a solid complex of salt and ice, and 
no further change will be observed. 

We can investigate similarly the behaviour of a mixture when 
its temperature is kept constant, its composition being con- 
tinuously altered. Such a continuous change in the composition 
of the mixture can be realised in practice by allowing water to 
evaporate slowly at constant temperature. We shall then be 
admitting the existence of a vapour phase, but, as we have 
already pointed out (§ 14), the behaviour will be represented 
with sufficient accuracy by Fig. 3, which holds strictly for a 
condensed system, since we are considering only the equilibrium 
between solid and liquid phases. If from the unsaturated 
solution represented by the point V in Fig. 3 water is evaporated 
at constant temperature, then the point representing the mix- 
ture must traverse the constant temperature line VK in the 
direction of increasing salt concentrations, i.e., towards the side 
8T\ 

The solution will remain unsaturated until so much water 
has been evaporated that its composition is represented by the 
point J, when the solution will be just saturated with salt. 

On the further evaporation of water, solid salt will separate, 
and the point representing the composition of the mixture will 
enter the complex area ACQ. It will traverse the conjugation 
line JKf and no further alteration will therefore occur in the 
composition of the solution, which will remain constant at the 
value represented by J ; while the point representing the com- 
position of the mixture moves from J to X, the actual weight 
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of the solid salt will continuously increase at the expense of 
that of the solution J, until, when the mixture is represented 
by the point K, all the water originally present has been 
evaporated, and we are left only with pure solid salt at the 
temperature of the experiment, 

§ 16. We must next consider the case in which the salt may 
separate from its saturated solution in the form of a hydrate 
of the general formula S.mKfi, in which m gives the number of 
molecules of water of crystallisation that combine with one 
molecule of anhydrous salt. The salt hydrate is a compound 
of the two components which form the binary system, and it 
is therefore called a binary compound. 

There are now three soUd phases which can occur in the 
system, namely, the salt hydrate, the anhydrous salt, and ice. 
In the graphical representation of the system three polythermal 
saturation curves will appear, one representing solutions satur- 
ated, or in equilibrium, with the hydrate, one representing 
solutions saturated, or in equilibrium, with the anhydrous 
salt, and a third representing solutions saturated, or in equili- 
brium, with ice. We may say in general that the anhydrous salt 
will be incapable of existing in stable equilibriimi with solutions 
at sufficiently low temperatures, since it must combine with 
water to form the hydrate, whilst at sufficiently high tempera- 
tures the hydrate will be incapable of existing in the solid stat«. 
The saturation curves of the hydrate and of the anhydrous salt 
must possess diiSerent temperature ranges, the former must 
exist at comparatively low, and the latter at comparatively 
high, temperatures. 

In the system represented by Fig. 4 there occurs, as a solid 
phase, a salt hydrate which is denoted by H. In this figure 
BG is the saturation curve of ice. It extends m the direction 
of falling temperature, from the point J8, which represents ice 
in equilibrium with water at its melting point, to the point C, 
which represents, not now the solution saturated with ice and the 
anhydrous salt, which is unstable at this low temperature, but 
the solution saturated with ice and the salt hydrate. The 
composition of the salt hydrate itself is represented in Fig. 4 
by a point H on the Une WS such that the length WH gives the 
percentage of anhydrous salt, and the length H8 the percentage 
of water, contained by the hydrate. The line HT'^ 
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of constant composition, represents therefore the salt hydrate 
at various temperatures, just as the line ST' represents the 
anhydrous salt at various temperatures. 

At the temperature of the invariant point C, the three phases, 
ice, hydrate, and the solution C, are in equilibrium. At this 
temperature the hydrate is represented by the point Q and ice 
by the point P, whilst PCQ is the invariant conjugation line. 
If heat be withdrawn from the three-phase system in equilibrium 
at the invariant temperature, the solution will solidify at con- 
stant temperature and constant composition to a solid conglome- 
rate of ice and the hydrate : 

Solution G — Ioe+H 

The temperature cannot fall until the solution has entirely 
disappeared, since all the conditions of the invariant equilibrium 
are fixed. The temperature of the system invariant point C is, 
therefore, again a lower temperature limit to the existence of the 
liquid phase ; the point is, in other words, a eutectic point, and 
all points in the area PQHW^ which lies below the invariant 
conjugation line, represent complexes of the two solid phases 
H and Ice. 

If heat be added to the system in equilibrium at the eutectic 
point C7, the opposing phase reaction will occur : 

Ice + H—^ Solution C. 

Ice and the hydrate will melt at constant temperature, and m 
such a way as to keep the composition of the liquid phase 
constant. The system will gain a degree of freedom and the 
temperature will rise only when a solid phase has disappeared, 
leaving one of the monovariant systems : 

Ice + Solution 
OT H + Solution, 

according to the proportions by weight in which the phases 
were originally present. Above the invariant conjugation line 
in the graphical representation, we find therefore the area 
BCP, which is bounded by BC, the saturation curve of ice, and 
the points of which represent monovariant complexes formed 
by Ice + Solution. 
The second monovariant system, H + Solution, must be 

D 2 
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simUarly represented by an area lying above the invariant 
conjugation line and bounded by the corresponding saturation 
curve of the hydrate. We see, therefore, that the saturation 
curve of the hydrate diverges from the eutectic point C in the 
direction of rising temperature ; it will be necessary to consider 
the form of this curve very carefully, and for this purpose we 
will approach it from the direction of high temperatures, 
where the anhydrous salt is the stable soUd phase. 

The point A represents the soUd anhydrous salt in equilibrium 
with the liquid anhydrous salt at the melting temperature, and 
this point must form, as we have seen in § 11, a temperature 
maximum in the saturation curve AD of the anhydrous ^alt ; 
this curve diverges from the point A in the direction of falling 
temperature, and points on it give the compositions of solutions 
saturated with the anhydrous salt. The solution represented, 
for example, by Z is in equilibrium with solid anhydrous salt 
represented by L. If the solution K is cooled it will deposit 
anhydrous salt, and the point representing the composition of 
the liquid phase in the resulting complex will traverse the 
saturation curve in the direction of falling temperature. When 
the temperature has fallen to a certain point, the formation of 
the salt hydrate will become possible, and we will suppose that 
at the temperature of the point D in Fig. 4, the salt hydrate is 
formed as a second solid phase. Since three phases (8, H, and 
Solution) are now present in the condensed binary system, the 
equilibrium becomes invariant and the point D is therefore a 
second system invariant point. Solid anhydrous salt and solid 
hydrate can only be in equilibrium with a solution of the com- 
position represented by D, and at the temperature represented 
by D. It follows, therefore, that if heat be withdrawn from 
this three-phase system, a phase reaction will take place at 
constant temperature which keeps the composition of the 
liquid constant. If we wish to determine the nature of this 
phase reaction we must distinguish the two following cases : 
the invariant solution D may contain a smaller percentage of 
water than does the hydrate H, or it may contain a greater 
percentage of water than does the hydrate. In Fig. 4 the 
percentage of water contained by the solution D is represented 
as less than that contained by the hydrate, since the point 
D is nearer to the side 8T' (which represents pure salt), than 



I CONDENSED BINARY SYSTEMS 31 

is the point H \ we will consider this case iBrst. Let us suppose 
that a certain small amount of the solid hydrate separates from 
the solution D. The composition of the solution will be altered 
by the removal of soUd hydrate, since a greater amount of water 
will be withdrawn in proportion to salt than is contained by 
the solution D ; the solution will thus become richer in salt. It 
is clear, therefore, that the composition of the solution can be 
kept constant at the value represented by D, only if a certain 
amount of anhydrous salt separates simultaneously with the 
hvdrate. 

Now let us consider the second case in which the invariant 
solution contains a greater amount of water in proportion to 
the salt than does the hydrate, and let us again suppose that a 
certain small amount of the hydrate separates as a solid phase. 
The composition of the solution will be altered, since a smaller 
amount of water will be removed in proportion to salt than is 
contained by the solution, and the latter will thus become com- 
paratively richer in water, or, what is the same thing, poorer 
in salt. The simultaneous separation of anhydrous salt can 
clearly only accentuate this change in the composition of the 
solution ; the only way in which this composition can remain 
unidtered on the separation of soUd hydrate is by the simul- 
taneous dissolution of anhydrous salt. 

We see that the behaviour in the two cases is characteristic- 
ally diflEerent. If the solution D contains a smaller percentage 
of water than does the salt hydrate, then we can Express its 
composition, instead of in terms of water and the anhydrous 
salt, in terms of the hydrate and the anhydrous salt which are 
the solids with which it is in equilibrium. The solution can 
then retain its constant composition by depositing these two 
solids in the same proportion in which it contains them. If, 
on the other hand, the solution D contains a greater percentage 
of water than does the salt hydrate, then we cannot express 
its composition in positive terms of the hydrate and the anhy- 
drous salt, the soUds with which it is in equilibrium ; for, in order 
to express all the water contained in the solution D as its 
equivalent of hydrate, we shall need a greater amoxmt of 
anhydrous salt than is actually present in the solution. 
In this case the simultaneous separation of both hydrated 
and anhydrous salt cannot maintain the constant compo- 
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sition of the solution. We must treat these two cases 
separately. 

We suppose, first, that the invariant solution J5, which is in 
equilibrium with H + S, contains a smaller percentage of water 
than does the hydrate ; the point D must then lie as in Fig. 4, 
between the lines HT" and ST'. The removal of heat from 
the system in equilibrium at the invariant point D results in 
the following phase reaction at constant temperature : 

Solution D-- H + S, 

since, as we have seen, this reaction maintains the constant 
composition of the Uquid phase. On the continued removal of 
heat, the liquid phase Avill be completely consumed by the 
reaction, and until this has occurred the temperature cannot 
alter. Thus the second system invariant point, since it also 
forms a lower temperature limit to the existence of the liquid 
phase, is Ukewise a eutectic point. At the temperature of the 
point D, solid hydrate is represented by the point ilf , solid 
anhydrous salt by the point N, and the hne MDN is the invari- 
ant conjugation line. Points in the space MNSH, which lies 
below this line, represent phase complexes of solid hydrate and 
solid anhydrous salt. 

The addition of heat to the three-phase system in equilibrium 
at the eutectic point D, will cause the opposing phase reaction, 
to occur : 

H + S— Solution D, 

and the system will gain a degree of freedom when one of the 
solid phases has been consumed by this phase reaction . Accord- 
ingly, at temperatures above that of the eutectic point D, 
either of the following monovariant systems may exist : 

8 + Solution 
or £r + Solution. 

We find above the invariant conjugation line MDN of Fig. 4 
the area ADN, corresponding with the monovariant system 
S + Solution. This area is bounded by the corresponding 
saturation curve of <S, and its points represent monovariant 
complexes formed by the two phases S and Solution. The 
second monovariant system, H + Solution, must similarly be 
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represented by an area lying above the invariant conjugation 
line, and bounded by the corresponding saturation curve 
of JET. 

The saturation curve of the hydrate diverges therefore from 
the eutectic point D in the direction of rising temperature, and 
since we have seen, in the beginning of the paragraph, that it 
diverges from the eutectic point G also in the direction of rising 
temperature, we conclude that it must pass through a tempera- 
ture maximum somewhere between the two eutectic points as 
shown by the curve CED in Fig. 4. 

The position and significance of this temperatiu*e maximum 
will be made clear by the following considerations. Points on 
the line HT' represent, as we have seen, the salt hydrate at 
various temperatures, and this line intersects the saturation 
curve CED of the hydrate, in the point E, Now since the point 
E lies on the saturation curve, it represents a solution in 
equilibrium with solid hydrate, but since it lies on the line HT"^ 
this solution is of the same composition as the solid hydrate. 
We may therefore say that the point E gives the conditions of 
equilibrium between solid and liquid hydrate, i.e., it gives the 
melting point of the hydrate. The temperature maximum in 
the saturation ctu^e of the hydrate lies at the melting point E 
of the salt hydrate, just as the melting point A of the anhydrous 
salt forms a temperature maximum in the saturation curve of 
that salt, and the melting point B of ice forms a temperature 
maximum in the saturation curve of ice. The saturation curve 
of the hydrate diverges from the melting point E on both sides in 
the direction of falling temperature. Points on the branch ED 
represent solutions which are in equilibrium with solid hydrate, 
and which contain more of the component 8 than does the 
hydrate itself ; points on the branch EC represent solutions 
also in equiUbrium with soUd hydrate, but oontaiimig more of 
the component W than does the hydrate. If we take that 
point of view which considers the binary saturation curve as 
giving the depression of the freezing point in a unary system 
'produced by the addition of increasing amounts of a second 
component (§13), then we may say that the freezing point of 
the hydrate, which is the temperature corresponding with the 
point Ey is depressed both by the addition of water and by the 
addition of salt ; the branch EO of the saturation curve gives 
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the freezing point depression due to the addition of water, 
the branch ED that due to the addition of salt. 

This binary system W — S, may in fact be considered as 
built up from two other binary systems of a simpler type. The 
polythermal diagram (Fig. 4) is divided by the line HT' into 
two parts, and each part represents the conditions of equili- 
brium in a binary system of the simplest type, such as that 
depicted in Fig. 2. One of these binary systems is formed by the 
two components water, IF, and the hydrate, H, and it is 
represented within the rectangle TWHT" of Fig. 4. This 
binary system IF — J?, is of the simplest type since it shows 
only two saturation curves BC and EC^ which are the saturation 
curves of the solid components, and one eutectic point G where 
the two solid components are in equilibrium with an invariant 
solution. The second binary system is formed by the two 
components hydrate, H, and anhydrous salt, S ; the system 
H — S is represented within the rectangle T^HST' of 
Fig. 4. It is also of the simplest type, showing only the 
saturation curves ED of the hydrate and AD of the anhy- 
drous salt, and the eutectic point D which represents the 
invariant solution in equiUbrium with both these solid 
components. 

The area of monovariant complexes formed by ff + Solution 
in the binary system W — S ia thus divided into two parts. 
A point in the area ECQ represents a complex of solid hydrate 
and a saturated solution which is represented on the branch 
EG of the satiu*ation curve, and which contains proportionately 
more water than does the salt hydrate, whilst a point in the 
area EDM also represents a complex of soUd hydrate with a 
saturated solution, but the latter is now represented on the 
branch ED of the saturation curve, and it contains proportion- 
ately more salt than does the salt hydrate. 

The area T BG ED AT' yWhiGh Ues above the saturation curves, 
is, as before, the area of unsaturated solutions. 

We may take this opportunity of illustrating the definition 
of the term " independent component " which was given in § 3. 
At the point Ey both the solid and liquid phases which are in 
equilibrium have the same composition, namely, that of the 
hydrate. 

The weight of water in either phase is related to the weight 
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of anhydrous salt in that phase by the fact that both these 
components are present in the same proportion in which they 
combine to form the hydrate. 

If heat be withdrawn from the system in equilibrium at the 
point B, the liquid will deposit solid hydrate without changing 
its composition, and the temperature will not alter imtil the 
liquid has completely solidified. When this has occurred, the 
temperature will fall and we shall be left with the single phase 
formed by solid hydrate and represented by a point on the 
line HT" between H and E. 'If heat be added to the system, 
the solid hydrate will melt without changing the composition 
of the liquid phase, and the temperature will not alter until 
the soUd has completely liquefied. When this has occurred 
the temperature will rise and we shall bo left with the single 
phase formed by an unsaturated solution of the same composi- 
tion as the hydrate, and represented by a point on the line 
HT' between E and T". We see that every phase which can 
occur in the condensed system formed by the hydrate alone 
contains the two components W and 8 in unvarying proportion, 
namely, the proportion in which they are contained by the 
hydrate ; for this particular system these are not, therefore, 
independent components. The condensed system formed by, 
the hydrate is not a binary but a unary system, as is the 
system formed by water or that formed by the anhydrous salt. 
We shall see in the next paragraph that this is by no means the 
case with every salt hydrate. 

When we say that the system formed by the salt hydrate 
alone is a system of one component only, we do not mean, for 
example, that the unsaturated Uquids represented on the line 
HT" between E and T", consist only of the hydrate in the sense 
of the molecular theory. We are not concerned with the 
molecular state of the phases, but only with the mathematical 
expression of their compositions. 

§ 17. We will now study the second of the two cases which 
we were led to distinguish in the previous paragraph. We 
showed there that when the invariant solution in equilibrium 
with both anhydrous and hydrated salt contains more water 
than does the hydrate itself, then simultaneous separation of H 
and of 8 from the solution cannot maintain the constant com- 
position of the latter. If hydrate separates from the solution, 
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the composition can only be kept constant by the simultaneous 
dissolution of anhydrous salt. 

This case is represented graphically in Fig. 5. The 
point D represents again the invariant solution which is in 
equilibrium, both with the anhydrous and hydrated salt, but 
since this solution contains now more water than does the 
hydrate itself, the point D lies between the lines HT' and WT. 
Solid hydrate at the temperature of the point D is represented 
by the point Jf, and soUd anhydrous salt by the point N\ 
the line DMN is therefore the invariant conjugation line. The 
saturation curves of ice and of the anhydrous salt are given, as 
before, by BC and AD. If a solution represented by a point 
on the saturation curve of the anhydrous salt be cooled, then 
solid anhydrous salt will separate, and the point will traverse the 
saturation curve in the direction of falling temperature. At 
the temperature represented by the point D, separation of the 
solid hydrate begins, and since three phases are now present, 
the further abstraction of heat will not cause the temperature 
to fall. It will, on the other hand, cause a phase reaction to take 
place, which maintains the composition of the liquid constant 
at the value represented by the point D. This phase reactioa 
.consists, as we have seen, in the separation of the hydrate from 
the solution and the simultaneous dissolution of anhydrous 
salt ; the amount of the solid phase H increases at the expense 
of both the Uquid phase D and the solid phase S, but the com- 
positions of the three phases do not alter. The phase reaction 
which takes place on the withdrawal of heat from the invariant 
system in equilibrium at the temperature of the point D is 
therefore the following : 

Solution D + S^ H . , . . (i.) 

The system will gain a degree of freedom, and the temperature 
wiU begin to fall only when one of the phases. Solution D or S^ 
has been entirely consumed by this reaction. Either of the 
following monovariant systems can therefore exist at tempera- 
tures below that of the system invariant point D : 

Solution D + H 
or S + H. 

We 6nd, accordingly, below the invariant conjugation line 
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DMN of Fig. 6, an area which represents monovariadt 
complexes formed by the two phases H + Solution and which 
is bounded by the saturation curve of the hydrate, and an area 
which represents monovariant complexe43 formed by the two 
solid phases 8 + H, 

It is thus seen that the saturation curve of the hydrate 
diverges from the invariant point D in the direction of falling 
temperature, and sinje it diverges from the invariant 
point C in the direction of rising temperature, it extends 
continuously between the two system invariant points 
without passing through a temperature maximum ; it is 
represented by the curve DC of Fig. 6. This system invariant 
point D differs characteristicaUy from the system invariant 
point G, since below the invariant conjugation line DMN there 
are two complex areas, and one of these represents complexes 
containing a Uquid phase, whilst below the invariant conjugation 
line PCQ there is only one complex area, representing completely 
solid complexes. Thus the system invariant point D is not 
a lower temperature limit to the existence of the liquid phase ; 
a saturation curve (that of the hydrate) diverges from it in the 
direction of falling temperature. 

The point D, unlike the point C, is not a eutectic point ; it 
is called a transition point. 

We distinguish two types of system invariant points — the 
ftutectic point, which is a lower tempera ture limit to the 
existence nf^tliA liqni^ p]in.gft^ nnf] Uqv} yf\}^?}^ ^^^ saturation 
curves diverg e in the direction of rising temperature ; and the 
transition point, whick is not a Tower temperature Umit to the 
existence of the liquid phase, and from which at least one 
saturation curve diverges in the direction of falling temperature. 

A point such as J^ on the saturation curve of the hydrate is 
in equilibrium with solid hydrate at the same temperature 
represented by the point O. The line FO is a conjugation line 
and any point on it represents a complex of the two phases 
solid hydrate and the solution F. The area DCQMy which is 
generated by the conjugation line FO when the point F moves 
up and down the saturation curve, i^ therefore the area of 
monovariant complexes formed by the two phases H + Solu- 
tion. The second complex area which lies below the invariant 
conjugation line DMN is given by MHSN, and points in this 
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area represent the completely solid complexes formed by the 
two phases H + S, We can see this more clearly if we consider 
the behaviour of the mixture represented by the point i?, when 
its temperature is lowered. This mixture has the same compo- 
sition as the hydrate and at the temperature of the point R 
it forms an unsaturated solution. 

When the temperature is lowered, the solution will first 
become saturated with anhydrous salt at the temperature 
represented by the point K. This salt will then separate if the 
temperatiu'e is further lowered, and the point representing the 
composition of the solution will follow the saturation curve 
until it reaches the point. Z), whilst the point representing the 
mixture will traverse the line KH until it reaches M. The salt 
hydrate will then begin to separate and the temperature will 
remain constant while the phase reaction (i) occurs ; the solution 
D will react with the anhydrous salt to form the salt hydrate. 
Since, now, the two components W and 8 are present in the 
mixture M in exactly the right proportion to form the hydrate, 
without leaving excess of either component, this phase reaction 
will result in the simultaneous disappearance of both phases, 
solution D and anhydrous salt, and we shall be left with the 
single phase, solid hydrate. A mixture represented by a point 
on the invariant conjugation line DMN to the right of -W, 
contains less water than the mixture Jf , and when the phase 
reaction (i) occurs, the solution D must therefore disappear 
before the solid salt S and we shall be left with a solid complex 
ot H +S, The area MHSN to the right of the line MH 
represents, therefore, as we have already said, the monovariant 
complexes formed by the two solid phases H + S. On the 
other hand, a mixture represented by a point on the invariant 
conjugation line DMN, to the left of Jtf , contains more water 
than the mixture Jf , and the solid salt S must first be consumed 
by the phase reaction (i) ; we shall then be left with a mono- 
variant complex formed by the phases H + Solution, and 
represented by a point in the area DGQM. 

If heat be added to the system in equilibrium at the transition 
point, then that phase reaction must occur which is opposed 
to reaction (i), namely : 

H — Solution D +8 . . . . (ii). 
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The system will gain a degree of freedom, and the temperatm-e 
will rise only when the soUd hydrate has disappeared. Above 
the invariant tomperatm'e the only monovariant system which 
can exist is that formed by the two phases S + Solution. 

In agreement with this, we find above the invariant conjuga- 
tion line DMN,orAy the area ADN the points of which represent 
complexes of the anhydrous salt and a solution on the saturation 
curve AD. If we start with the hydrate at the zero temperature 
represented by the point H, then on raising the temperature, 
the hydrate will remain solid until it is represented by the point 
Jf , at the transition temperature. At this temperature it will 
break down according to the phase reaction (ii.) into the 
solution D and the anhydrous salt. Unlike the case discussed 
in the previous paragraph, the salt hydrate does not melt to a 
liquid of the same composition. The saturated solution of the 
same composition as the hydrate itself is represented by the 
point K in Fig. 5, and since this point lies on the saturation 
curve 'of the anhydrous salt, the solution is in equihbrium with 
this salt and not with the hydrate ; the hydrate is said in this 
case to possess no stable melting point, since a liquid of the 
same composition as the hydrate cannot be in equihbrium with 
solid hydrate. We have seen that on heating the hydrate to 
the transition temperature two new phases are formed, the 
solution D and solid anhydrous salt. The compositions of 
these phases cannot be expressed in terms of the salt hydrate 
alone, and the condensed system formed by the hydrate is, 
therefore, in this case, not a unary system ; it is evident from 
Fig. 5 that the binary system W — S cannot be considered as 
built up from two simpler binary systems, as was the case when 
the condensed system H formed a unary system. 

§ 18. We will summarise the differences which characterise 
the two binary polythermal types represented in Figs. 4 and 5. 

If the conditions of equihbrium are those represented by 

Fig. 4, the condensed system i? is a xmary system. The 

saturation curve of the hydrate passes through a temperatiu'e 

maximum at the melting point of the hydrate, and the binary 

system JF — S can be considered as built up from the two 

simpler binary systems W — H and H — jS, in which only the 

saturation curves of the components appear. Both system 

invariant points C and Z), which occur in the binary system 
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W — 8^ are eutectic* points, and all saturation curves which 
diverge from them do so in the direction of rising temperature. 
The phase equilibria existing at these invariant points are 
represented by the following schemes : 

Ice + JET :^ Solution C 
and S + H zn Solution Z). 

If the conditions of equilibrium are those represented in Fig. 5, 
the condensed system H is not a unary system. The hydrate 
does not possess a stable melting point, the saturation curve of 
the hydrate does not pass through a temperature maximum, and 
the binary system W — 8 cannot be considered as built up 
from two simpler systems. Of the two system invariant points 
which occur, one is a eutectic point and the other is a transition 
point. The equilibrium existing at the eutectic point C is 
represented, as before, by the scheme : 

Ice + H :::^ Solution C 

That existing at the transition point D is represented by the 
scheme : 

H z^ Solution D + 8, 
Finally, we may recall the considerations which led us to 
distinguish these two polythermal types. The phase theory 
predicts that when two solid phases coexist in equilibrium with 
a solution in a condensed binary system at constant pressure, 
then the state of equilibrium is invariant. If heat be added to, 
or withdrawn from, the system in invariant equilibrium, a 
reaction occurs among the phases which leads eventually to the 
disappearance of a phase, but until this phase has disappeared 
neither the temperature nor the composition of the liquid 
phase can alter ; an alteration occurs only in the relative 
amounts of the three phases, the amounts of some phases 
increasing at the expense of others. The phase reactions which 
occur at the system invariant point are therefore subject to the 
condition that they must be such as to keep the composition of 
the solution constant, and this condition enables us, as we have 
seen, to determine the nature of these phase reactions. The 
case is very simple when the only solid phases which occur in the 
system are the two components, the only invariant solution 
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which occurs in the system being in equilibrium with these 
two as solid phases. It is clear that, in this case, the only 
reactions between the three phases which will leave the composi- 
tion of the solution unaltered consist, first, in the separation of 
the two solids from the liquid in the same proportion as that in 
which the components occur in the liquid, and, secondly, in the 
opposing process, namely, the simultaneous dissolution of the 
two solids in this same proportion. If the system is of a higher 
order than the second, the same conclusions are true. The 
coexistence of more than two solid phases with the solution 
will then be necessary in order to render the state of equilibrium 
invariant, but if these solid phases are the components them- 
selves, then the only phase reaction which can maintain the 
constant composition of the liquid phase consists in the separa- 
tion of the solid components ia the same proportion as that in 
which they are contained by the liquid, or in the reverse process. 

When a compound, such as the salt hydrate, occurs as a solid 
phase in the binary system, then the case is not quite so simple. 
We have seen that the phase reactions which maintain the 
constant composition of the solution in equilibrium with both 
hydrated and anhydrous salts depend upon the relative amounts 
of water contained by the invariant solution and the hydrated 
salt. 

Different reactions occur according to whether the composi- 
tion of the invariant solution can or cannot be expressed in 
positive terms of the solids with which it is in equilibrium. 
When a compound occurs as a solid phase in a system of a higher 
order than the second, the phase reactions which occur at a 
system invariant point, and therefore also the polythermal type, 
may depend, in the same way, upon the relations between the 
compositions of the various phases in equilibrium at the inva- 
riant point. In these more complicated cases it is not so easy 
to distinguish immediately the various types which may occur, 
as we were able to do in the case of the salt hydrate in the 
binary system. 

We shall describe in a later chapter a graphical method by 
which the phase reactions occurring at the system invariant 
point in the binary system, or in a system of a higher order, 
can be deduced immediately from a knowledge of the composi- 
tions of the phases in equilibrium at this point (Chapter V.) 
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§ 10. We will consider the behaviour of various mixtures 
when their temperature or composition is continuously changed, 
in the case where a salt hydrate with a stable melting point 
appears as a solid phase in the binary system W — S. The 
mixture of the composition, and at the temperature, represented 
by the point V (Pig. 6), forms an unsaturated solution, since 
the point lies in the area of unsaturated solutions. If this 
solution is cooled, the point which represents it will traverse 
the line VZ from V in the direction of Z. The solution will 
therefore remain unsaturated until its temperature is .repre- 
sented by the point 
(?, when it will be just 
saturated with the salt 
hydrate. When the 
temperature is further 
lowered, the point 
representing the mix- 
ture will enter the com- 
plex area if -f-Solution. 
The mixture will then 
consist of a phase 




so/i/f/o/, complex of solid hy- 
drate represented by 
a point on the line 
XM and a saturated 
solution represented by 
a point on the satura- 
tion curve between 
and D. As the point 
representing the com- 
position of the mixture moves from to J, that representing 
the composition of the solution will move from OtoD along the 
saturation curve. When the mixture is represented by the 
point J, the solution will be represented by the point D, and it 
will be just saturated with the anhydrous, as well as with the 
hydrated salt. On the further withdrawal of heat, the tempera- 
ture will no longer change, but the solution will solidify com- 
pletely at constant temperature to a solid complex of salt 
hydrate and anhydrous salt. 
The unsaturated solution represented by the point U will 
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also become saturated, first with the salt hydrate, when its 
temperature is lowered. This will occur at the temperature 
represented by the point F, and when the temperature is still 
further lowered solid hydrate will separate, and the point 
representing the composition of the s&turated solution will 
traverse the branch FC^ of the saturation curve. At the tem- 
perature of the point C, the solution will become saturated 
with ice as well as with the hydrate, and it will then solidify 
at constant temperature and composition to a solid complex of 
ice and the salt hydrate. We see that for mixtures represented 
within the rectangle T''H8T\ the eutectic point D gives the 
lowest temperature at which a liquid phase can exist ; at this 
temperature these mixtures solidify to a phase complex of 
hydrate and anhydrous salt. For mixtures represented in the 
rectangle TWHT", the eutectic point G gives the lowest tem- 
perature at which a liquid phase can exist, and at this tempera- 
ture mixtures solidify to a phase complex of ice and salt hydrate. 
We have already seen that solutions represented on the line 
HT" itself solidify at constant composition and at the tempera- 
ture of the point E, to the single solid phase formed by the salt 
hydrate. 

If water is evaporated from the unsaturated solution 
represented by the point F, the composition of the mixture, 
as the evaporation proceeds, wiU be represented by a point 
which traverses the line YL in the direction of the side ST', 
which represents the pure salt. The solution will therefore 
become saturated with the salt hydrate at the composition 
represented by F. While the point moves from F to X, the 
mixture wiU consbt of a complex of the salt hydrate represented 
by the point X and the saturated solution F, which contains 
proportionately more water than does the hydrate itself. 

When so much water has been evaporated that the composi- 
tion of the mixture is represented by the point X, the solution 
will have dried completely to solid hydrate. On the further 
evaporation of water, a liquid phase will, however, again appear, 
and while the point representing the composition of the mixture 
moves from X to O, the mixture itself wiU again form a phase 
complex, which will now consist of solid hydrate represented 
by X and the saturated solution containing proportionately 
less water than does the hydrate itself. • When the mixture is 
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represented by the point Oy the solid phase will have again 
disappeared and the mixture will form a solution which is just 
. saturated with the salt hydrate. On the continued evaporation 
of water, the point representing the coinposition of the mixture 
will enter once more the area of unsaturated solutions between 
the points and K. On the evaporation of water from the 
solution (?, which is saturated with the salt hydrate, this solu- 
tion will actually become unsaturated, and wiU remain unsatu- 
rated until so much water has been evaporated that the composi- 
tion of the mixture is represented by the point K. The 
solution will then be just saturated with the anhydrous salt, 
and if more water is evaporated this salt will separate. During 
the last stage of the evaporation the composition of the solution 
wiU remain constant at the value represented by Jf , while 
anhydrous salt will separate in increasing amount ; when 
finally all the water originally contained by the mixture has 
been evaporated, we shall be left with solid anhydrous salt 
represented at the temperature of the experiment by the 
point L. 

This remarkable behaviour on the part of the mixture Y 
would be very difficult to explain without the aid of the phase 
theory. It is seen that the mixture, originally an unsaturated 
solution, first soUdifies completely to the solid hydrate on the 
removal of water. It then again liquefies, and during a later 
stage of the evaporation forms once again an unsaturated 
solution. Finally, it dries completely for a second time, leaving 
solid anhydrous salt. This behaviour is due to the fact that at 
the temperature of the mixture Y there exist two saturated 
solutions in the system W — 8^ both in equiUbrium with the 
solid hydrate ; this is clearly the c€^e at any temperature which 
lies between the melting point E of the hydrate and the eutectic 
point D. In the monovariant complexes formed by the two 
phases H + Solution, there corresponds with a given tempera- 
ture a definite composition of the liquid phase in the binary 
system formed by the components W — H, and a different, but 
definite^ composition of the liquid phase in the binary system 
formed by the components H — 8. 

We will next suppose that the salt hydrate which occurs as 
a solid phase in the binary system W — 8 does not possess a 
stable melting point. The system is then of the type shown ia 
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Fig. 7, and the syBtem invariant point D is a transition point 
We have already discussed, in § 17, the behaviour of certain 
mixtures when the temperature is altered. The unsaturated 
solution U will become saturated at the temperature represented 
by K. Anhydrous salt will be deposited, and the point repre- 
senting the composition of the solution will traverse the satura- 
tion curve until it reaches the point 2), when the complex 
itself will be represented by the point O. The salt hydrate 
will then be formed 
by the following phase 
reaction : 

Solution D + S — Hy 

and neither the tem- 
perature nor the com- 
position of the liquid 
phase wUl alter during 
the reaction. Since 
the point O lies to the - 
right of if, the liquid ^ 
phase will be com- 
pletely consumed by 
this reaction (§ 17), 
and we shall be left 
eventually with a solid 
complex of hydrate 
and anhydrous salt W 
represented by a point 
on the line OJ within the corresponding complex area MH8N, 
An unsaturated solution represented by a point such as F, 
which Ues to the left of the line HT''^ will also form a complex of 
anhydrous salt and the solution X>, when its temperature had 
been lowered to the transition temperature, the mixture being 
then represented by the point F. In the phase reaction which 
occurs at constant temperature on the fiulher withdrawal of 
heat, the anhydrous salt wiU, however, first be consumed, and 
we shall be left with the monovariant complex H — Solution, 
represented by a point in the complex area DCQM. The 
point representing the composition of the solution will therefore 
traverse the saturation curve DC if the temperature is further 

£ 2 




Fig. 7. 
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lowered, and at the temperature of the eutectic point C, the 
solution will soUdif y to a complex of ice and the hydrate repre- 
sented by a point in the complex area PWHQ, 

If water is evaporated from the unsaturated solution repre- 
sented by the point T, its composition will alter, being repre- 
sented by a point which, starting from F, traverses the line YE 
in the direction of the side ST', which represents pure salt. 

The solution will therefore become saturated when its com- 
position is represented by the point Z. On the continued 
evaporation of water, the hydrate will be deposited, and the 
composition of the solution will remain constant at the value 
represented by Z until the liquid phase has disappeared 
entirely, and there remains only the solid hydrate at the tem- 
perature of the experiment, represented by the point R. On 
the further evaporation of water, dehydration of the solid 
hydrate will begin, and while the point representing the compo- 
sition of the mixture moves from R to Ey the mixture itself will 
consist of a solid complex of hydrated and anhydrous salt. 
When the hydrate has been completely dehydrated, we shall 
be left finally with the solid anhydrous salt represented by the 
point E. 

§ 20. We have so far confined ourselves to the theoretical 
discussion of heterogeneous equihbrium in condensed systems 
formed by the two components, water and the salt 8. A very 
large number of such systems have been investigated experi- 
mentally and the results are to be found in the chemical 
literature.^ Since this is not a book of reference, we shall not 
discuss many of these investigations. It is hoped that the few 
examples which follow will enable the reader himself to follow 
the literature on the subject without diflSculty. 

Very few binary systems composed of water and a salt have 
been studied at temperatures sufficiently high to give definite 
information with regard to the upper temperature Umit of the 
salt saturation curve. This is due chiefly to the practical 
difficulties attached to work at high temperatures and pressures, 
but partly also to the fact that the earlier experimenters did 
not realise the continuity of the saturation curve in the high 
temperature regions. Concerned, as they were, with represent- 

^ Very complete references are given in the tables of Lcuidolt and BOmstein, 
where many systems are graphically represented. 
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ing the " solubility of the salt in water/' they carried their 
investigations no higher than the boiling point of the saturated 
solution at atmospheric pressure. 

We have seen that the upper temperature limit of the salt 
saturation curve is the melting point of the pure salt, provided 
that the salt is not decomposed by water, that the critical tem- 
perature of the mixture is not reached, and that the liquid 
phase does not separate into two layers. This was first 
established experimentally by Outhrie,^ who was also the first 
to emphasise the arbitrary nature of the distinction between 
solvent and solute. Guthrie showed that the saturation curve 
of potassium nitrate in the binary system HsO-KKOg, extends 
continuously to the melting point of pure potassium nitrate. 
Later, this was shown by Etard' to be the case for the binary 
saturation curves of a number of other salts. 

The mathematical form in which the composition of the liquid 
phase is expressed clearly cannot affect the polythermal type of 
the system, although it may necessitate some alterations in the 
graphical representation. We have always expressed the com- 
position of the liquid phase by the weights of each of the com- 
ponents contained in a total of 100 parts by weight of that 
phase, i.e., in the mathematical form 

a?/8f,(100-x)Tr. . . . (1). 

The composition of the liquid phase is, however, often expressed 
by the weight of salt which is contained, by the solution, 
together with a weight of 100 parts of water. The mathematical 
form is then : * ^ 

y8,lOOW .... (2). 

It is dear that x and y in forms (1) and (2) are connected 
by the mathematical identity : 

X y 100a: 

100 -a? ""Too ^^ y ^ Too^ 

The binary system HgO-KCl is represented diagrammatically 

, 1 PhiL Mag. 1884, [v], 18, 105. 

* Ann. . Chim. Phys. 1894, [vii], 2, 503, abstracted in Zeitach, physikal. 
Ohem., 1894. 16. 606. 
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Unsaturated 
Solution 



e 
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in Fig. 8, the composition of solutions being expressed in the 
form (2). The only way in which the graphical representation 
need be changed consists in the measurement along the hori- 
zontal concentration axis, of the weight y of salt contained in 
the solution with 100 parts of water instead of, as before, the 
weight X contained in 100 weight parts of the total solution. 
Points on the temperature axis itself represent solutions {or 
which y is zero, i.e., they represent, as before, ice or water at 
various temperatures. Pure salt, on the other hand, represents 

a hmiting case of the 
binary mixture for 
which y, the weight of 
salt associated with 100 
parts of water, is infin- 
itely large. Points repre- 
senting pure salt are 
therefore infinitely far 
removed, and the 
method of representa- 
tion possesses this dis- 
advantage, that it is 
impossible by means of 
it to show in a finite 
picture the whole range 
of binary mixtures from 
pure water to pure salt. 
Since, however, the salt 
saturation curve is sel- 
dom investigated at 
temperatures near the 
melting point of the salt, this disadvantage is practically 
unimportant and the method of representation is more 
generally adopted than that which uses x as the concentration 
variable ; the latter method is, however, better adapted to the 
theoretical discussion of the binary system. 

The binary system HjO-KCl is of the simplest type ; it 
can be seen from Pig. 8 that the only saturation curves in the 
system are those of the components, ice and potassium chloride. 
The eutectic temperature is — 11*1^ and the composition of 
the invariant solution at this temperature, 

24-6 grams KCl, 100 grams HjO. 




Qrs. KCl tolOOQrs.H^O 

Fig. 8. 
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The boiling point of the saturated solution at atmospheric 
pressure is 108-5°, so that above this temperature the mono* 
variant system KCl-Solution must be investigated in sealed 
vessels at pressures above that of the atmosphere. The melting 
point of pure potassium chloride is 730°, but it was shown by 
Etard that the saturation curve is probably continuous even 
to this high temperature. This curve, and the areas of mono- 
variant complexes KCl + Solution and Ice + KCl, extend, 
therefore, infinitely far to the right of the picture. « 

The binary system HjO-NaCl ib represented by the same 
method in Fig. 0. This system differs from the previous one 
in that a salt hydrate, NaC1.2H20, appears as a soUd phase. 
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AG is the saturation curve of ice, CD that of the dihydrate, 
and DK that of the anhydrous salt. The composition of the 
hydrate NaC1.2H20, expressed in the form which we are using 
here, is approximately 

162 grams NaCI, 100 grams HgO. 

It is therefore represented at — 40** in the figure by the point fl, 
and at various temperatures by points on the line UM. The 
point D represents the invariant solution which is in equilibrium 
with both the hydrate NaCL2H20 and the anhydrous salt 
Nad. The hydrate is represented at this temperature by the 
point My the anhydrous salt by a point on the line DM infinitely 
far removed to the right, whilst the line DM produced 
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indefinitely to the right is the invariant conjugation line. 
The composition of the invariant solution D is : 

35-6 grams NaCl, 100 grams H^O. 

\lt contains therefore much more water in proportion to salt 
than does the hydrate itself. The system invariant point D 
is thus a transition point and the corresponding transition 
temperature is 0* 15**. Below this temperature the monovariant 
system NaC1.2H20-Solution is stable, above this temperature, 
the monovariant system NaCl-Solution. The point C gives 
the temperature and the composition of the eutectic solution 
which is in equilibrium with Ice + NaCl.2H20. Ice is repre- 
sented at the eutectic temperature by the point P, the hydrate 
by the point Q, whilst the line PCQ is the corresponding in- 
variant conjugation Une. 

Points in the area KDM, which extends infinitely far to the 
right of the picture, represent the njonovariant complexes 
formed by NaCl + Solution. We pointed out in § 1 1 that 
these points may also represent supersaturated solutions. 
Such bivariant phases are, however, in a state of metastable 
and not in a state of true equilibrium. They are stable in 
themselves, but in the presence of a small amount of solid 
sodium chloride they become imstable, changing to the stable 
monovariant complexes NaCl + Solution. In the same way, 
points in the area DCQM represent either the stable mono- 
variant complexes NaCl.fflgO + Solution or the metastable 
bivariant phases formed by supersaturated solutions. Here, 
however, there is a third possibility, since these points may 
also represent the metastable monovariant complexes NaCl + 
Solution. Such complexes do not form a system in a state of 
true equilibrium, since in the presence of a small amount of 
the stable solid phase NaC1.2H20, they change to the stable 
complexes NaC1.2H20 + Solution. If the solid hydrate is 
rigorously excluded, it is, however, possible to investigate this 
metastable monovariant system ; thus points on the dotted 
curve DL in Fig. 9 represent the compositions of solutions 
saturated with respect to NaCl, but supersaturated with 
respect to NaC1.2H20. The curve DL forms a continuous 
prolongation, in metastable regions, of the saturation curve ZD 
of anhydrous sodium chloride. It has been found possible to 
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investigate this curve as far as the eutectio point L^ where it 
intersects the metastable prolongation of the ice saturation 
curve. The point L represents the metastable invariant 
solution in equilibrium with NaCl + Ice, and the corresponding 
eutectic temperature is lower than that of the stable eutectic 
point C where ice and the hydrate Na01.2H20 are in equilibrium 
with a liquid phase. 

The conditions of equilibrium in such metastable mono- 
variant systems can often be determined over a very consider- 
able range of temperature. The binary system HgO— Na2S04 
is represented graphically in Fig. 10. The curves in this figure 
are not drawn accurately to scale, in order that the relations 
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may be more easily seen. The hydrate Na2SO4.10H2O 
appears as a solid phase in this system, and its saturation 
curve CD terminates on the one side in the eutectic point C, 
where the three phases Ice, Na2SO4.10H2O, and the solution C 
are in equilibrium, and on the other side in the transition 
point /), where the three phases Na2S04, Na2SO4.10H2O, and 
the solution D are in equilibrium ; the eutectic temperature is 
— 1-2*', the transition temperature 32-4°. The decahydrate 
itself is represented by points on the line HM, and since this 
line does not intersect the saturation curve CD in stable 
regions, the hydrate does not possess a stable melting point. 
It is, however, possible to follow the metastable prolongation 
of the saturation curve CD as far as the point E^ where a 
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solution of the same composition as the decahydrate is in 
(metastable) equilibrium with solid hydrate. The point E is 
the metastable melting point of the decahydrate, and it corre- 
sponds with a temperature of 34°. The saturation curve cuts 
the line HM produced in this its maximum point. The point E 
lies in the stable complex area Na2S04 + Solution, and the 
liquid hydrate is therefore supersaturated with anhydrous 
sodium sulphate ; it will be converted into a phase complex 
of the solution R and the solid anhydrous salt, when a small 
amount of the latter is added. 

A second hydrate may appear as a solid j)hase in this system, 
namely, the heptahydrate NagSO^.THgO, but no solution can 
exist in true equilibrium with this hydrate. The saturation 
curve of the heptahydrate is given by the dotted line LO in 
Fig. 10, and it can be seen that every point on it represents a 
metastable solution. For the greater part of its length it lies 
in the area of stable complexes Na2SO4.10H2O + Solution. 
In spite of this, it has been found possible to determine the 
metastable eutectic point L, where the saturation curve of 
the heptahydrate intersects the metastable prolongation of the 
ice saturation curve, and the metastable transition point O, 
where it intersects the metastable prolongation of the satura- 
tion curve of anhydrous sodium sulphate. The temperature 
of the point L is —3-6°, of the point 24-4°, and both the 
solutions represented by these points are supersaturated with 
Na2SO4.10H2O. 

We shall disregard the possibility of metastable systems in 
the theoretical considerations of the chapters which follow. 

It is to bo noticed that the saturation curve DK of anhydrous 
sodium sulphate approaches the side which represents pure 
water as the temperature rises, and not the side which 
represents pure salt, as is generally the case. It is there- 
fore probable that this saturation curve does not extend con- 
tinuously to the melting point of the pure salt, which lies very 
high on the temperature scale. The discontinuity may be 
due to either of the three causes akeady enumerated, namely, 
decomposition of the salt by water at temperatures below the 
melting point of the salt, the formation of two liquid layers, 
or of the critical mixture. 

We have so far confined our attention to cases where only 
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one hydrate can exist in stable equilibrium with solutions. 
The case in which two or more hydrates can so exist does not 
need particular theoretical consideration. Each hydrate will 
possess its own saturation curve with the corresponding area 
of monovariant complexes, and each saturation curve may or 
may not, pass through a temperature maximum, according to 
whether the coiresponding hydrate does or does not possess a 
stable melting point. The saturation curve of the hydrate 
richest in water will have the range of lowest temperatures, 
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the others following in order, as progressive dehydration occurs. 
The point of intersection of two successive saturation curves 
will mark a system invariant point, representing the composi- 
tion of a solution which is in equilibrium with the two solids 
the saturation curves of which intersect in that point ; the 
system invariant point may be either a eutectic or a transition 
point. 

The binary system H2O— MgS04 is represented diagram- 
maticaUy in Fig. 11. In this system four different hydrates 
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can exist in stable equilibrium with solutions ; these hydrat-es 
are MgS04.12HaO, MgS04.7H20, MgSO^.eH^O, MgS04.H,0, 
and their compositions are represented by the points Hj^, H., 
Hg, Hj, respectively, in Fig. 11. 

-4C is the saturation curve of ice, CD that of the dodeca- 
hydrate MgS04.12H20. The point C gives the composite of 
the eutectic solution which is in equilibrium with 

Ice + MgS04.12H20. 

Ice at the eutectic temperature is represented by the point P, 
the dodecahydrate by the point Q. The phase reactions in 
equilibrium at the eutectic point C are expressed by the 
following notation : 

Ice + MgS04.12H20 -^ Solution G. 

Below the invariant conjugation line PCQ, we find, accordingly, 
the area PWH^^Q representing the monovariant complexes 
Ice -f MgS04.12H20. Above this line, we fin4 the area 
ACPy representing the monovariant complexes Ice + Solution, 
and the area DCQL^ representing the monovariant complexes 
MgS04.12H20 + Solution. The hydrate MgS04.I2H20 does 
not possess a stable melting point. The corresponding satura- 
tion curve terminates therefore in a transition point 2?, where 
it intersects the saturation curve ED of the heptahydrate 
MgS04.7H20. The point D gives the composition of the 
solution which is in equilibrium with the two solid hydrates 
MgS04.12H20 +MgS04.7H20. 

At this temperature the dodecahydrate is represented by 
the point L, the heptahydrate by the point K. The phase 
reactions in equilibrium at the transition temperature are 
given by the following notation : 

MgS04.12H20 ^ MgS04.7H20 + Solution D. 

We find, accordingly, below the invariant conjugation line 
DLKy the area DCQL already mentioned, the points of which 
represent the monovariant complexes MgS04.12H20 + Solu- 
tion, and the area LH^^H^K, representing the monovariant 
complexes MgS04. 1 2H2O + MgS04. 7H2O . Above the invariant 
conjugation line, we find the area EDKM, representing the 
monovariant complexes MgS04.7H20 -f Solution. The hepta- 
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hydrate does not possess a stable melting point. Its satura- 
tion curve terminates therefore in the transition point E, 
where it intersects the satiu*ation curve of the hexahydrate 
MgS04.6H20. The point E gives the composition of the 
solution in equilibrium with the two solid hydrates MgS04.7H20, 
represented by the point M, and MgS04.6H20, represented by 
the point N. The phase reactions in equiUbrium at this 
transition point are : 

MgS04.7HaO ^ MgS04.6HaO + Solution E. 

Below the invariant conjugation line EMN, we find the area 
EDKM, representing the monovariant complexes 

MgS04.7H20 + Solution, 

and the area MH^U^N, representing the monovariant complexes 
MgS04.7H20 + MgS04.6H20. Above the line, we find the 
area FENS^ representing the monovariant complexes 

MgS04.6HjO + Solution. 

The saturation curve of the hexahydrate also ends in a 
transition point — the point J^, where it mtersects the saturation 
curve OF of the monohydrate : MgS04.H20. The solution F 
is in equilibrium with the two solid hydrates MgS04.6H20, 
represented by the point R, and MgS04.H20 represented by a 
point on the line FB which is too far removed to be included 
in Fig. 11. The equilibrium reactions are: 

MgS04.6H20 z^ MgS04.H20 + Solution F. 

Below the conjugation line FR we find the area FENR repre- 
senting the monovariant complexes MgS04.6H20 + Solution, 
and an area to the right of the line H^Ry representing the 
monovariant complexes MgS04.6H20 + MgS04.H20. Above 
the invariant conjugation line, we find the area GFR, represent- 
ing the monovariant complexes MgS04.H20 + Solution. The 
upper limit of the saturation curve of the monohydrate is 
unknown. 

It will be clear from this example that the case in which a 
number of binary compounds can occur as solid phases presents 
no new theoretical features. All system invariant points with 
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the exception of the point G were in this case transition points. 
As a final example, we choose the system HgO — MgClg, which 
is represented graphically, but only approximately to scale, 
in Pig. 12. In this system five hydrates appear in stable equili- 
brium with solutions, namely, MgCl2.12H20, MgCl^-SHgO, 
MgClj.GHiO, MgCl2.4H20,MgCl2.2H20, represented respectively 
by the poiats H12, Hg, Hu, H4, H2 in the figure. It can be 
seen that, of these, the dodecahydrate possesses a stable melting 
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point, given by the point J5, where the corresponding saturation 
curve CD intersects the line H^^^. The saturation curve of 
the hydrate MgCl2.12H20 terminates therefore on both sides 
in a eutectic point and passes through a temperature maximum. 
The eutectic solution G is in equilibrium with Ice + MgClj. 



I2H2O. 



Ice + MgCl2.12H20 = Solution C, 



and every point below the invariant conjugation line PGQ 
represents a solid complex of these two phases. The eutectic 
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solution D is in equilibrium with MgSO^. 12H2O + MgS04.8H20. 

MgS0^.12H20 + MgSO^.SHaO = Solution!) 

and every point below the invariant conjugation line MDN 
represents a solid complex of these phases. The remaining 
system invariant points F, O, and K are all transition points ; 
the corresponding equilibrium reactions are : 

MgClg-SHp = MgClj-eH^O + Solution F. 
MgClg-GHaO zr MgClji.4HaO + Solution O. 
MgCl2.4HaO ^ MgCl,.2H20 + Solution K. 



CHAPTER II 
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§ 21. Systems which are formed from water and two salts 
possessing a common ion present in most cases examples of a 
three-component system. Such salts can be represented by 
AC and fiC, where the common ion C may be either 
basic or acidic. We shall again assumQ that isomorphous 
mixtures or mixed crystals do not occur, and the liquid phase 
wiU then be the only phase of variable composition in the con- 
densed system. The composition of every solid and liquid 
phase which can occur in the system can be expressed in terms 
of the three components AC^ BC and water, provided that 
neither salt is decomposed by water. Since, further, the 
weight of each of these components in the liquid phase can 
vary independently of the weights of the other two, they form 
three independent components. The composition of the liquid 
phase may again be expressed by the weights of each of the com- 
ponents contained in a total of 100 parts by weight of that 
phase. If, for convenience we denote two salts by S^ and S^ 
and water by PT, then the composition of a given liquid phase 
will be expressed in the mathematical form : 



xS^,y8^j^W - X + y)f . 



We must then consider as controlling factors of the equilibrium 
in the condensed ternary system W — 8^ ■— S^ at constant 
pressure, the temperature T, the concentration x of the salt 5^, 
and the concentration y of the salt 8^^ in the liquid phase. The 

third concentration variable — the concentration 100 — x + y 
of the water in the liquid phase — ^is clearly dependent upon 
the other two. It is actually immaterial which of the three 
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concentration factors we consider as independent variables, 
the important fact being that there are two such ; for con- 
venience therefore we choose x and y.^ 

When we apply the phase rule as a guide to the elucidation 
of heterogeneous equilibria in this condensed ternary system at 
constant pressure, we obtain the following results : 

1. If four^ phases coexist, then this system possesses no 
degrees of freedom. All conditions of equilibrium are perfectly 
fixed, that is to say, the temperature, and the concentration of 
each of the components in the liquid phase. This is the case 
when three soUd phases coexist in equilibrium with a Uquid 
phase. As solid phases, we can have the solid salts 8^ and 82, 
and if these can neither form a compound with each other, nor 
a hydrate with water, the only possible third solid phase is ice. 

2. If three phases coexist, e.$r., two solid phases besides the 
liquid, the system retains one degree of freedom. It is then 
necessary to fix the temperature in order to fix the concentra- 
tions of the components in the liquid phase. At a given tempe- 
rature there will be but one solution, of perfectly definite com- 
position, which can remain in equilibrium with the two soUd 
salts Si and jSj. We can say that the system iSi-Sj-Solution 
is in invariant equilibrium at constant temperature and 
pressure (cf. § 9). 

3. If one solid phase only is present in equilibrium with 
solution the system possesses two degrees of freedom. We may 
therefore fix the temperature and still retain one degree of 
freedom ; we can say that any one of the systems Si— Solution, 
iS,— Solution, or Ice-Solution, is monovariant at constant 
temperature. Nd^lmtil we have further fixed one of the two 
concentration variables, let us say the concentration x of the 
salt Si, does the system become completely defined ; then the 

Here, again, care must be taken to avoid confusion. The concentration 
of water is not independent of the concentrations of Si and iSi2» but water is, 
neverthelees, an independent component. The actual weight of water in a 
liquid phase of indefinite total weight is in no way dependent upon the weights 
of 5, and S2 in that phase. The concentraUon of water is, however, dependent 
upon the concentrations of the other two components, since we are here con- 
sidering a definite weight of the liquid phase, namely, 100 parts. There are 
three independent components but only two independent concentration vari- 
ables, just as, in the binary system, there are two independent components 
but only one independent concentration variable {cf. § 3). 

T 
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concentration y, of the second salt S^, and therefore also the 
concentration of water, become likewise fixed. 

§, 22. In order to obtain a complete polythermal representa- 
tion of the system, it will be necessary to show the simul- 
taneous variations of the. three factors 7, x, and y. A figure 
of three dimensions is therefore necessary for the complete 
graphical representation of the condensed ternary system at 

constant pressure. 

The corresponding 
picture in the binary 
system was one of 
two dimensions only, 
since in this case 
there was, besides 
the temperature vari- 
able, only one inde- 
pendent concentra- 
tion variable. 

If, however, we fix, 
not the pressure 
alone, but also the 
Sj temperature, then 
the only two remain- 
ing variables are the 
concentrations x and y of the two salts in the liquid phase. The 
simultaneous variations of these two at constant temperature 
can be represented in a plane figure. We shall then begin our 
investigation of the ternary system by considering the relations 
which exist at a fixed temperature, between the concentrations 
of the two salts in the liquid phase. These relations are caUed 
the isothermal relations, in contradistinction to the polythermal 
relations, in which the temperature is a variable. A picture 
which represents these relations is called an isotherm. 

It will always be necessary to state the form in which we 
express the composition of the liquid phase, since upon this 
form depends the method of graphical representation to be 
employed. 

Various representations have been used, and although no 
new experimental facts are revealed by a fresh method, yet the 
behaviour of the system in any particular respect is greatly 
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illuminated by a proper choice of the method of representation. 
Eor the present we shall express the concentration of each com- 
ponent in the liquid phase as a weight percentage of the whole, 
i.e., we shall use the mathematical form already given : 

xS^^yS^^lOO -^T+y If. 

A graphical representation is then obtained by means of an 
equilateral triangle. The equilateral triangle WS^S^ (Fig. 13) is 
chosen so that the length of its side represents 100 per cent., 
and its vertices the pure components W, 8^ and S^. The 
point representi ng the solution the composition of which is 
x8,,yS^,(lOO - X + y)W, 
is found by means of the 
following construction : 

Assuming that the dis- 
tance from W to Si repre- 
sents 100 per cent. /S,, we 
choose a point D on the 
side WSi such that the 
length WD shall measure 
X per cent. 8^ on the 
same scale ; through D a 
line DE is drawn parallel 
to the side opposite 8^. 
In the same way a point 
F is chosen on the side 
W8^y such that the length 

WF shall measure y per cent. 82, and through F a line 
FO is drawn parallel to the side opposite 82. These two lines 
intersect in a point P, which represents the phase the composi- 
tion of which is x8i,y82i(l00 — x + y)W. Since the distance 
WD is clearly equal to PF, it follows that the percentage amount 
of 81 contained in a phase represented by a point P inside the 
triangle is measured by the distance of P from the bide opposite 
to /Sfi in a direction parallel to one of the other sides. 

Similarly, the percentage amount of 82 is measured by the 
distance PD of the point from the side opposite to /Kg* ^^^^ ^^ * 
direction parallel to one of the other sides. If a third line HJ 
be drawn through P parallel to the thi-d side 8^82 as in Fig. 14, 

F 2 
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then we shall have three smaller equilateral triangles PFJ^ 
PDH, and POE inside the triangle of reference. The side of 
the triangle PFJ measures the percentage, a:, of the component 
Si, in the phase P. We see, therefore, that we shall obtain the 
same result whether we measure the amount of Si by the 
distance of P from the side WS^ parallel either to WSi or to 
SiS^, In a similar way, the side of the triangle PHD measures 
the percentage of S2 in the phase P. 
Now clearly : 

PJ == £?i8f, = a; 
and PH = GSi==y 

and since ES^ + GE + OS i = 100 

GE = 100 — X + y 



Thus the side of the third triangle PGE measures 100 —x +y 
or, in other words, it gives the percentage of the third compo- 
nent — ^water — ^in the phase P. We see that this method of 
graphical representation is symmetrical with respect to each of 
the three components. A point P inside the triangle represents 
a ternary mixture in which the percentage amount of any com- 
ponent is measured by the distance of P from the side opposite 
to that component, in a direction parallel to either of the other 
two sides. 

This method of representing ternary mixtures was first used 
by Gibbs. We see that by means of it we can give actual 
graphical representation, not only to the two independent con- 
centration variables x and y, but also to the third concentration 

variable 100 — a; -+- j/, which is dependent upon the other two. 
We are able to do this in virtue of the geometrical property 
of the equilateral triangle which we have just proved, namely, 
that the sum of the distances of a point inside the triangle from 
the three sides of the triangle, measured in directions parallel to 
the sides, is constant, and equals the length of the side of the 
triangle. If, therefore, this length is chosen equal to 100, and the 
distances of the point from two of the sides equal to x and y 
respectively, then the distance from the third aide must equai 

100 - X + y. 

If the point P in Fig. 15 moves towards the side S^S^j, it 
will represent successively a number of ternary mixtures 
growing continuously poorer in water, since the distance of P 
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from the side S^S^t opposite to W, is continuously decreasing. 
Finally, when P falls on that side, the water content becomes 
zero, and the point must therefore represent a binary jnixture of 
S^ and iSg. 

Suppose that its position is now represented by Q (Fig. 161, 
where QS^ is equal to a on our scale of measurement, and QS^ 

is equal to b or 100 — a. The point Q denotes a mixture 
containing a per cent. S^, since a is the distance of Q from the 
side opposite to S^, whilst 6, the distance of Q from the side 
opposite to 82, gives the percentage amount of 82 in the mixture. 
Thus a point Q which lies on the side 818^ of the triangle repre- 
sents a binary mixture of 
^1 and 829 and the percen- 
tage of 81 in the mixture 
is given by that section of 
the line 8^8^ which lies 
further from /Sj, the per- 
centage of 82 being given 
by that section of the line 
S1S2 which lies ' further 
from 82. In the same way, 
points which lie on the 
sides W8i and W82 repre- 
sent binary mixtures of W S, 
and 81, and W and Sj 
respectively ,theircomposi- 

tions being similarly measured. We see that binary mixtures 
may be considered as the limiting cases of ternary mixtures in 
which the concentration of one of the components has become 
equal to zero. We see, further, that the composition of a binary 
mixture .of 8j^ and 82, for example, is still given by the lengths ot 
the sections into which the point representing the mixture 
divides the line 81829 even when the position of the ^point is 
referred to the sides of the triangle as in the representation of 
ternary mixtures. The method which we have used in the 
previous chapter for representing the compositions of binary 
mixtures can, therefore, also be considered as the limiting 
case of the method which is described in this chapter for the 
representation of ternary mixtures. 

Summarising, we can say that all possible mixtures in the 
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ternary system W- Si-S^ are represented inside the triangle 
W81S2, or on its periphery if we include the limiting cases 
where the amount of one or of two of the components must be 
taken equal to zero ; binary mixtures, namely, are represented 
on the sides, and pure components at the vertices. 

§ 23. We shall now make a few geometrical deductions, 
using the method of graphical representation which we have 
just discussed. 

Let P (Fig. 15) be any point on the line WQ. The 
amounts of Si and 82 contained in the ternary mixture P are 
given respectively by c and rf, and the amoimts of those com- 
ponents in the binary mixture Q by a and b. Now it is proved 
in geometrj^ that the ratio c/d is equal to the ratio a/6, and there- 
fore all ternary mixtures represented by points on the line WQ 
contain the two components 81 and 8^ in the same proportion 
a/b. Quite generally, we may say that all points on a line 
passing through the vertex which denotes one of the pure com- 
ponents represent mixtures containing the other two com- 
ponents in a constant proportion. This result is capable of 
slightly different expression. The point Q represents a certain 
mixture containing the two salts 8^ and 82 in the proportion 
of a to 6 ; the addition of water will yield ternary mixtures 
which will clearly contain the two salts in the same proportion 
as did the original binary mixture, namely, the proportion a to b. 
Now we have just shown that mixtures containing 8^ and 82 in 
this proportion are represented by points on the line WQ, so 
we may say that mixtures of the phase or complex represented 
by Q with water are represented by points on the line joining 
Q to W. The point Q may here represent one solid phase only, 
e,g.y a compound containing 8^ and 82 in those proportions, or 
it may represent, as is generally the case, a mixture of 8^ 
and 82, that is, a complex of two solid phases. Similarly, 
points on the line WQ may represent one phase, e.g., a saturated 
or an unsaturated solution, or they may represent a complex 
of a liquid phase with one or two solid phases. 

In any of these cases, the above result is always valid — a point 
on the line WQ represents the total composition of a phase or 
a phase complex obtained by mixing water with the phase or 
phase complex represented by Q. 

This deduction is only a particular case of a more general 
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geometrical result, whict may be stated in the following way. 
Let any two points in the triangle be taken to represent two 
different phases or complexes, then mixtures of these two will 
be represented by points on the straight line joining them. 
The result holds, therefore, for mixtures of any two complexes 
or phases in the ternary system, whilst the particular case we 
have discussed in detail deals with mixtures of a pure compo- 
nent with a binary phase or complex. 

[For let us consider any two sides of the triangle as oblique 
axes of a system of co-ordinates, and let any two points R and 
S be defined by the co-ordinates {x^ y^) and {x^ ^2)- Then x^ 
and X2 represent the percentage amounts of one component in 
the complexes R and S respectively, whilst y^ and 1/2 give the 
parcentage amounts of a second component. Any point P 
on the line RS has for co-ordinates : 

axi + bx2 ayi + by^ 
a + 6 ' a + 6 ' 

where a and 6 give the lengths of the sections into which the 

line 125 is divided by the point P. Now it is seen that — ^ — — 

a + 

is the percentage amount of the x component in a complex 
obtained by mixing a parts of complex R with 6 parts of 

complex S, whilst JlLTILJl* gives the percentage of the y 

a -f- 6 

component in the same mixture. Thus we arrive at the result 

stated above : as the point P noves along the line RS from S 

to R, all possible positive values of the ratio a/b are obtained and 

the point P represents successively all possible mixtures of 

R and S.] 

It thus appears from the geometrical considerations outlined 
above that if RS is a straight line inside the triangle, and P 
a point on it, then P represents a phase or complex obtained by 
mixing the phases or complexes denoted by R and S ; and, 
further, the mixture must take place in the proportion of the 
two lengths into which P divides the line RS. 

For example, the point P in Fig. 15 represents a phase or 
complex which results on mixing the binary phase or complex 
Q with water, in the proportion of c parts of Q to / parts of 
water, where e is the length WP, and/ the length QP. It should 
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be carefully noticed that the proportionate amount of water 
in the mixture is given by the length of that section of the line 
WQ which lies further from W, and the amount of the phase or 
complex Q bv the lensth of that section which lies further from 

The use and value of these geometrical deductions wiU 
become clear as we proceed. 

§ 24. We will now consider the behaviour of a binary 
saturated solution of the salt Si on the addition of the third 
component /Sg* ^^ * definite temperature t. The composition of 
the saturated solution of Si at this temperature, in the binary 
system W-Si^ is represented in Fig. 16 by a point such as A 
on the side WSi of the triangle ; WA gives the percentage 
amount of Si and SiA that of water in the binary saturated 
solution. Suppose now that we have an unsaturated solution 
formed by dissolving a small amount of the salt S^ in water, 
and suppose we saturate this liquid with the salt Si by the addi- 
tion of such a quantity, that excess of the solid salt remains 
undissolved on the bottom of the containing vessel when equili- 
brium has been established. The resulting saturated solution 
will be represented by a point such as C in Fig. 16. The dis- 
tance of the point C from the side TTSj, opposite to S^, measures 
the small concentration of S2 in the solution, whilst its distance 
from the side WS2 measures the concentration of the salt Sj, 
with which the solution is saturated ; this latter concentration 
wiU, in general, be different from the concentration of the salt Si 
in the binary solution A, which is also saturated with that salt. 
Suppose now that a larger proportion of the second salt S^ is 
introduced, and the liquid again saturated with Si. This 
solution, saturated with Si, will be represented by another point 
such as D, which is further than C from the side WSi^ since the 
solution which it represents contains a greater percentage of 
S2 than does the solution represented by G. Proceeding 
in this way, we obtain a series of points which can be joined by 
a continuous curve AGDF. This curve is characterised by the 
fact that every point on it represents a ternary solution which 
is saturated with Si, i.e., a solution which is in equilibrium with 
solid Si. It is, therefore, the ternary saturation curve of /S,, 
but since every solution which is represented on it is saturated 
with Si only at one and the same temperature (, it must be 
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called an isothermal saturation curve, in contradistinction to the 
binary saturation curve of 8^ which we discussed in the previous 
chapter, and which is a polythermal saturation curve. When, 
however, no possibility of error is present, we shall refer to the 
isothermal saturation curve more simply as the saturation curve. 

Solutions represented by points such as C and D, which lie 
on the saturation curve of S^, are in equilibrium with solid 8^ 
represented by the point Si. The conjugation lines, which 
join the points representing the compositions of the two phases 
in equilibrium, are therefore given by lines such as 8iC and S^D, 
which all radiate from the point 8^, and terminate in points on 
the saturation curve of S^, 

Now by continuously increasing the amount of 82 contained 
in solutions saturated with 81, we shaU eventually reach a point 
F where the solution becomes saturated with the salt 8^ also. 
This solution ^ is in equilibrium with both salts 8^ and 8^, 
since the addition of either cannot further alter its composition. 
The equilibrium at this point is completely defined since a liquid 
phase exists here at a fixed temperature in equilibrium with 
two sohd phases (§21). There is only one solution which can 
so exist, and the equilibrium is therefore invariant. This is 
true, however, only for the fixed temperature t ; at any other 
temperature a different solution will exist in equilibrium with 
the two solid salts. We must, therefore, define the point i', 
more strictly, as. an isothermal invariant point, in contradis- 
tinction to the system invariant point, which marks a definite 
temperature peculiar to the system. By fixing the temperature 
we restrict the variability of the system, as was shown in § 9. 

The system in equilibrium at the point F is actually mono- 
variant, but since we have fixed the temperature it becomes 
invariant, or, jnore strictly, isothermally invariant. When no 
possibility of error exists, we shall refer to a point such as F 
simply as the invariant point. 

Let us now start from the saturated solution of the salt 82 
in the binary system ^'-82, at the temperature t. The com- 
position of this solution is represented by a point B on the side 
W82 of the triangle, where the length WB gives the percentage 
of iSj in the binary saturated solution at this temperature. By 
the addition of Sj, , we obtain a series of solutions, saturated with 
iSj, and growing increasingly richer in 81. These solutions are 
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represented by points on a curve BEF, which is the (isothermal) 
saturation curve of Sg, and this curve is characterised by the 
fact that every solution represented on it is in equilibrium with 
solid ^2, represented by the point S^. The conjugation lines 
radiate, therefore, from the point S2 and end in points on the 
saturation curve of S^. 

Clearly the saturation curve of S^ must also terminate in a 
point which represents a solution saturated, not only with S^^ 
but also with S^, and since there is only one such solution at the 
temperature t, this terminal point must be the invariant point 
F. This point is, therefore, the point of intersection of the two 
saturation curves ; since it lies on both curves, it represents a 
solution saturated with both salts. 

§ 25. We will consider the ternary mixture the composition 
of which is represented by the point F^in Fig. 16 ; this point 
lies on the conjugation line SiC, Now we' have shown in § 23 
that the composition of a mixture Y, represented by a point 
on the line S^C, is that of a phase or phase coniplex which is 
formed by mixing the two phases represented by the terminal 
points 8^ and C, in the proportion of S^ Y parts of the phase C 
to YC parts of the phase Si. These two phases are, however, 
in equilibrium with each other, and the point Y therefore 
represents a complex of the two in the above proportion. We 
see that a point on a conjugation line represents a complex of 
the two phases denoted by the extremities of the line : this is 
the same result as that which we obtained for the graphical 
representation of phase complexes in the binary polytherm. 

If a solution, saturated with S^, grows continuously richer 
in S^y then its composition is represented by a point which 
traverses the saturation curve AFy and the corresponding con- 
jugation line sweeps out the triangular area S^AF. Every 
point in this area represents, therefore, a monovariant complex 
of solid S^ and a saturated solution represented by a point on the 
curve AF. If, for example, the mixture represented by the 
point X is allowed to reach a state of equilibrium at the tempera- 
ture ty it will form the saturated solution D in contact with 
solid 81 and the proportion by weight in which these two are 
present will be as the length S^X is to the length XD. Here, 
again, it must be noticed that the complexes Si + Solution 
are monovariant onlv at constant temperature, in the same way 
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that the complex 8^ + 82 + Solution F is invariant only at 
constant temperature. 

Points in the area 82BF represent the monovariant complexes 
iSj + Solution ; the point F, for example, represents a complex 
of the saturated Solution E and solid 8^ in the weight propor- 
tion 8^7 to VE. 

We have shown in § 23 that all points on a line such as /S^l^, 
which passes through the vertex 8j^, represent mixtures contain- 
ing the same proportion of the other two components W and /Sj. 
It is the proportion in which these components are contained by 
the binary mixture represented, by' the point K where the line 
SiF (produced) intersects the side W82 of the triangle. 

The proportion is therefore : 

WK parts of the salt 82 to K82 parts of water. 
It follows, therefore, that the point U of Fig. 16 represents a 
mixture containing a greater amount of the salt 82 in proportion 
to the water than does the solution F, for the proportion is in 
this case : 

WL parts of the salt 82 to K82 parts of water. 

In a similar way, by producing 82F to meet the side TF/Sj, and 
joining 82U, it can be proved that the mixture U contains a 
greater proportion of the salt 8^ to water than does the solution 
F, and thence that U represents a j)hase complex of solid /S^, 
solid 82, and the solution F, which is saturated with both. If 
the straight line FU is produced to meet the side 8^82 of the 
triangle in 0, then we have shown in § 23 that a complex of the 
composition represented by U can be formed by mixing the 
solution F with the complex represented by 0. We have seen, 
however, that the solution F is in equilibrium with both solid 
Si and solid 82 in the complex J7, and hence the point O gives 
the composition of this solid mixture. The point U represents, 
therefore, a phase complex of the solution F with the two solid 
salts 81 and 82, the latter in the proportion of 82G to 08 ^^ 

^ We defined the conjugation line in § 10 as the line joining two points 
which represent the compositions of two phases in equilibrium with each 
other. We may describe a line such as FO of Fig. 16 as a conjugation line if 
we slightly modify the definition ; this line joins two points which represent 
the compositions, not of two phases, but of a phase and a phase complex 
which are in equilibrium with each other, and it is then still true, as we have 
shown above, that a point on a conjugation line represents a complex of the 
phasee (now more than two) represented by the terminal points of the line. 
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Similar conclusions may be drawn with respect to the meaning 
of every point in the area S-^FS^- The point R represents 
a complex of the saturated solution F and the two salts S^ and 
aSj, the latter in the proportion of /SgJ? to HS^. 

We have now found the significance of the three areas 
S^AF, S^F, and Sj^FS^- Points in the area Sj^AF represent 
complexes of the same solid phase S^ with various solutions 
represented on the curve AF^ all saturated with this salt. 
Points in the area 8^F represent complexes of the same solid 
phase 82 with various solutions represented on the curve BF, 
all saturated Mdth /Sg* Points in the area 81FS2 represent com- 
plexes of the same saturated solution F with varying mixtures 
of the two soUds 8^ and /Sj- I^ order to complete the triangle 
there remains only the area WAFB. It is clear that all 
mixtures represented in this area contain less of the salts than 
is necessary to form a saturated solution and hence that this is 
the area of unsaturated solutions. 

We can now see the importance which attaches to the 
geometrical representation. Pig. 16 gives much more than the 
composition of saturated solutions at the temperature t. It 
yields exact information about any possible ternary mixture of 
water, 8^ and 82 at the temperature considered. According to 
whether the mixture is represented by a point on one of the 
saturation curves, or in one of the various areas, it will form a 
saturated solution, an imsaturated solution, or a phase complex 
Mdth one or two solid phases in contact with liquid. 

The phase theory yields no information as to the exact form 
of the saturation curves and complex areas. These are deter- 
mined by the laws governing the homogeneous equmbria which 
obtain within the various phases. The phase theory asserts, 
merely, that, so long as the same solid phase is present, the 
solutions in equilibrium with it will be represented by points 
which all lie on one continuous curve, the saturation curve ; a 
discontinuity or breakpoint in the curve indicates a change in 
the nature of the solid phase. 

Summarising, we find represented in Fig. 16: 
The area WAFB representing unsaturated solutions at the tem- 
perature t. 

The area 81AF representing monovariant complexes 8^ + 
Solution, at the temperature t ; and the saturation curve AF 
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giving the compositions of the corresponding saturated 
solutions. 

The area 8JBF representing monovariant complexes 
8^ + Solution, at the temperature t ; and the saturation curve 
FB giving the compositions of the corresponding saturated 
solutions. 

The area S^FS^ representing invariant complexes 8^ + 8^ 
Solution,Vat the temperature t ; and the invariant point .^giving 
the composition of the corresponding invariant solution. 
|f^§ 26. We shall consider next the behaviour of ternary mix- 
tures when water is withdrawn from them at constant tempera- 
ture. The mixture represented by the point C (Fig. 17), 
which lies in the area 
WAFBy forms an un- 
saturated solution at the 
temperature L If water 
is isothermally with- 
drawn from it, for 
example, by evapora- 
tion,^ the proportion 
between the concentra- 
tions of the two salts 
wiU remain unaltered, 
but the' mixture will 
grow progressively 
poorer in water. Its 
composition will there- 
fore be represented by a point which traverses the straight line 
WE in the direction of E, 

At first the point representing the mixture will 
remain in the area WAFB and the solution will therefore 
remain unsaturated. This condition will hold until the mixture 
has lost so much water that its composition is denoted by the 
point D on the saturation curve of 8^, At this point the solution 
will be just saturated with the salt 8^, and if still more water is 
evaporated, the point representing the total composition of the 
mixture will fall inside the area 8j^AF. The mixture will then 

^ Figa. 16 and 17 hold strictly for a condensed system at constant pressure 
but this restriction need not be made in practice, provided we consider only 
the conditions of equilibrium between solid and liquid phases (§ 14). 
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consist of a complex of the solid salt Si and a saturated solution 
represented by a point on the curve AF. If, for example, the 
mixture is represented by Gj it will form a complex of the 
saturated solution H and the solid salt S^, In other words, 
as soon as more water has been evaporated than corresponds 
with the point D, separation of the salt S^ will begin, and the 
point representing the composition of the solution will move 
along the curve ^^ in the direction of F. .When the composi- 
tion of the mixture is given by J, that of the solution will be 
given by K, and when the composition of the mixture corre- 
sponds with the point L, the solution will be represented by 
the point F and will, therefore, be just saturated with the 
salt 8^ also. Further evaporation of water brings the point 
representing the total composition of the mixture within 
the area S1FS2, and solid S2 must therefore begin to separate 
together with 8^, whilst the solution retains the constant 
composition F. Thus, when the water content of the mixture 
is represented by the point -M", a solid complex of the composi- 
tion represented by JV' will be in equiUbrium with the solution 
F. As the mixture approaches complete dryness, so the pro- 
portion of the two solid salts wiU approach the value repre- 
sented by E, until, when all the water has been evaporated, 
there wiU remain a mixture of the dry salts 8^ and 8^ in the 
proportion of S^E parts of 82 to E82 parts of 8^, During the 
whole of this time, from the first appearance of 82 till the final 
disappearance of the liquid phase, the solution wiU retain the 
constant composition F, F is therefore said to be a " drying- 
up " point. 

The same phenomena will be observed in the reverse order 
when water is added in increasing quantity, to the dry salt 
mixture E at the temperature t. 

The behaviour of an imsaturated solution such as that repre- 
sented by P will clearly be somewhat different (Fig. 18). This 
solution, on evaporation of water, will remain unsaturated, and 
the point representing its composition wiU move along the line 
WQ until it reaches T. Here the solution will be saturated with 
82 and this salt will commence to separate, whilst the point 
representing the composition of the solution wiU move from T 
in the direction of F along the saturation curve of 82. As 
more of 82 separates, so the composition of the solution will 
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approach more closely to that represented by F, untU finally, 
when this point is reached, the solution will be saturated with' 
both ^1 and 8^, and there will begin separation of 8^ together 
with 5j. The solution will now no longer change in composi- 
tion. Both salts will separate and the solid mixture will grow 
increasingly richer in 8^, The point representing the total 
composition of the solids, which is given by the point 8^ before 
the separation of 8^ begins, will traverse the line 82Q, and a 
dry mixture of the composition Q will be finally obtained. The 
composition of the solution during this last stage of the evapora- 
tion win remain constant at the value represented by F, and 
this point is, therefore, 
again the drying-up 
point. 

The behaviour of an 
unsaturated solution 
such as that which is 
represented by the point 
R on the line WF, is 
peculiar. On evaporating 
water from such a solu- 
tion, it will remain im- 
saturated imtil it attains 
the composition repre- 
sented by F^ when it will 
become saturated with 

both salts simultaneously? and on the further withdrawal of 
water, both salts will separate. The composition of the salt 
mixture which is thus deposited is given by the point 0, 
and this mixture contains the two salts in the same propor- 
tion as does the solution F which is in equihbrium with 
them. 

As the evaporation of water proceeds, the point representing 
the composition of the complex moves along the line FO, 
from F towards 0, and therefore from the first appearance of 
solid at i^ to the total disappearance of liquid at 0, the solution 
possesses the same invariant composition represented by F, 
and the solid mixture of 8^ and 8^ which separates retains at 
every stage the same total composition 0, the salts being 
contained in this mixture in the same proportion as they exist 
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in the solution F, The total composition of the solid which is 
deposited is the same as that of the solid which remains in 
solution, and the solution itself retains a constant composition. 

A close analogy is thus seen to exist between the isothermal 
evaporation of the ternary invariant solution and that of the 
saturated solution of a pure salt. This arises from the fact 
that a ternary complex in which two soHd phases are in contact 
with solution, and a binary complex in which one solid is in 
contact with solution, both constitute systems with only one 
degree of freedom. 

The path traversed by a point which represents, in its 
successive positions, the varying composition of a solution 
when water is evaporated from it at constant temperature is 
called the isothermal path of crystallisation of that solution, 
and it terminates in the drying-up point. The paths of 
crystallisation in Fig. 18 are indicated by the arrows, and all 
solutions have the same drying-up point F. '' . • ^ .• ' 

§ 27. We will now assume that two of the coitiponents can 
unite to form a compoimd. If the two reacting components 
are the two salts 8-^ and /S2, the resulting compound is a double 
salt of the general formula nS^mS^ where n and m are whole 
numbers giving the molecular proportions in which the two 
salts combine. We shaU denote the double salt more shortly 
by /), and it will be represented by the point D (Fig. 19) on 
the side 8-^8^ of the triangle, the lengths 8^ and D8-^ giving 
the percentage amounts of the simple salts 8-^ and 8^ contained 
in the double salt. 

We shall start, as before, from solutions saturated, or in 
equilibrium, with soUd 8^. In the binary system, where no 
Sg is present, the solution saturated with 8^ is represented by 
the point A. On adding increasing amounts of 8^ to this 
solution, still in equilibrium with solid /S^, the point repre- 
senting the composition of the solution will describe the satura- 
tion curve AG of 8^, Ultimately, a point G will be reached, 
at which no more of the salt 8^, will dissolve, but this salt will 
not now remain unaltered as a solid on the bottom of the 
reaction vessel, as it did in the case of the system where no 
double salt was formed. If, to the solution C in contact with 
excess of solid /S^, a further quantity of the second salt is added, 
the whole of this added salt will combine with a definite amount 
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of the solid salt S^y namely, with the amount necessary to form 
the double •salt, and this will result in the appearance of the 
double salt i) as a new solid phase. 

Two solid phases — the simple salt 8^ and the double salt D — 
are now present in equilibriimi with the solution, provided that 
the salt ^2 has not been added in sufficient quantitjrto convert 
the whole of the existing solid salt Si into the double salt. 

The point C represents a solution saturated with both S^ and 
2) ; it is accordingly an invariant point. The composition of 
the liquid phase will not alter on the addition of more S^ ; 
the latter will merely react to form more double salt at the 
expense of the existing S^. The invariant composition will be 
maintained until sufficient 8^ has been added to convert the 
whole of the S^ present as a soUd phase into the double salt, 
but when this has been done the system will regain a degree of 
freedom, since one phase, the soUd phase /S^, will have disap- 
peared. Accordingly, on the continued addition of S,, the 
composition of the hquid will again continuously alter as indi- 
cated by the curve GE. The solid phase which is in equihbrium 
with liquids represented on this curve is the double salt D, It 
is, therefore, the saturation curve of the double salt, and aU 
points on it may be joined by conjugation lines to the point i), 
which represents the solid phase in equihbrium with these 
solutions. 

A similar behaviour, \sf observed when the salt Si is added in 
increasing amounts to solutions in equilibrium with soUd S^. 
The saturated solution of /Sj, in the binary system W-S^, is 
represented by the point B tm the side WS2 of the triangle, 
whilst points on the saturation curve BE give the compositions 
of ternary solutions which are €dso in equilibrium Mdth soUd 
82* When the composition of the solution is represented by the 
point E, the addition of soUd Si is no longer accompanied by a 
change in the composition of the Uquid phase. This satt does 
not, however, remain unchanged as a second sohd phase, but 
it combines with an equivalent amount of the soUd S^ which is 
present, to form double salt as a new solid phase. 

The point E represents, therefore, a solution saturated with 
both the double salt and the simple salt 8^9 and it is a second 
invariant point. 

By the continued addition of Si to the solution E in contact 

Q 
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with solid S^f we shall eventually convert the whole excess of 
solid 82 into the double salt. Until this has been effected the 
solution will not vary in composition, but as soon as the solid 
phase S2 has disappeared, the further addition of 8^ will produce 
alterations in the composition of the liquid phase, and since the 
single solid phase now present is the double salt, the composi- 
tion of liquids in equilibrium with it must be represented by 
points on the saturation curve CE of the double salt. The two 
invariant points C and E are thus seen to be joined by a con- 
tinuous saturation curve, that of the double salt. Pig. 1 9, which 
represents the isothermal behaviour of the system TV' - /Sj - Sg 
in this case, contains, therefore three saturation curves (each 
curve representing solutions saturated with one solid) and two 
saturation points (each point representing a solution saturated 
with two soUds), besides the various complex areas. 

The area WACEB represents unsaturated solutions, at the 
temperature t. 

The area S^AC represents monovariant complexes 8^ + 
Solution, at the temperature t ; and the saturation curve AC 
gives the compositions of the corresponding saturated solutions. 

The area DOE represents monovariant complexes D + Solu- 
tion, at the temperature t ; and the saturation curve CE gives 
the compositions of the corresponding saturated solutions. 

The area 82BE represents monovariant complexes 8^ + 
Solution, at the temperature t ; and the saturation curve BE 
gives the compositions of the corresponding saturated solu- 
tions. 

The area /SjCD represents invariant complexes 81 + D + 
Solution, at the temperature t ; and the invariant point C gives 
the composition of the corresponding invariant solution. 

The area 82ED represents invariant complexes /Sg. f D -j 
Solution, at the temperature t ; and the invariant point E gives 
the composition of the corresponding invariant solution. 

§ 28. Cases frequently arise in which two simple salts may 
form more than one double salt, the two former being present 
in different molecular proportions in the various double salts. 
The isotherms naturally become more complicated in such 
cases, but they may still be easily deduced by similar methods 
to those which we have employed. Every new solid phase 
must possess its own continuous saturation curve, and these 
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cnrves will follow one another in order between the saturation ) / 
curves of the simple salts. A change in the solid phase will / / 
always result in a discontinuity or break point, and this point I / 
will denote an isothermal invariant solution which is in equili- 
brium with the two soUds on the saturation exudes of which it ^ 
lies. 

It may be well to emphasise again the Umits in the scope of 
the phase theory. The phase theory defines the conditions of 
heterogeneous equilibrium, that is to say, the conditions of 
equilibrium between the various phases of a system. Unless 
therefore the double salt is capable of existing as a distinct 
phase, that is to say, unless it is capable of existence in the solid 
state, it must be considered as non-existent for our present 
purposes. The actual state in which the two simple salts exist 
in the solution is immaterial to the phase theory. They may 
be dissociated into ions or they may be associated as double 
salt molecules. Upon factors such as these will depend the 
shape of the saturation curves, but the type of the isotherm 
(that of Fig. 16 or that of Fig. 19) depends only upon the number 
of phases which are capable of separate existence. 

§ 29. We shall now consider the behaviour of mixtures on 
the isothermal addition or removal of water, exactly as we did 
for the case of the simpler system in which no double salt 
occurred. An unsaturated solution which is formed by dis- 
solving the piu:e double salt in water will contain the two 
simple salts in the same proportion as they are contained by 
the double salt itself. This solution will therefore be repre- 
sented by a point which lies on line WD and in the area WACEB 
(Pig. 20). If water is evaporated from the solution, its com- 
position will be represented by a point which traverses the line 
WD in the direction of 2). The solution will remain unsaturated 
until so much water has been evaporated that its composition 
is represented by the point F. This point lies on the saturation 
curve of the double salt, and the solution at this stage of the 
evaporation wiU, therefore, be just saturated with the double 
salt. The continued removal of water will now result in the 
separation of the solid double salt, and the formation of com- 
plexes represented on the conjugation line FD. The composi- 
tion of the solution will, therefore, no longer alter dining the 
subsequent evaporation of water. As the point which repre- 

G 2 
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sents the complex moves from F to D, solid double salt will be 
deposited in increasing amount at the expense of the solution 
F until, when all the water has been evaporated, the dry solid 
double salt, represented by the point D, will alone remain. 

An examination of Fig. 20 shows that the system W-81-82 
can, in this case, be considered as built up from two simpler 
systems the components of which are respectively, W-S^—D 
and W-S^-D. The system WS^-D is of the sim- 
plest type, and it is represented, at the temperature t, within 
the triangle WS^D^ which we can consider, if we choose, as a 
new triangle of reference. There occur in this system only the 
two saturation curves AG and FG of the components 81 and i), 
and one invariant point G, which represents the solution satur- 
ated with both these components. In the same way the system 
W-82-D 13 represented within the triangle W8^. It 
shows only the two saturation curves BE and FE^ of the com- 
ponents 82 and 2), and one invariant point E which represents 
the solution saturated with /Sj + D, 

It therefore follows that the composition of any mixture 
which is represented by a point within the triangle W8182 can 
be expressed in two ways. If the point lies to the left of the 
line WDy it represents a mixture the composition of which can 
be expressed either in terms of the components lV,/Si, and 8^9 
i e,f by reference to the triangle W8182, or in terms of water 
and the two salts D and 8^, f.e., by reference to the triangle 
W8iD. 

In the same way, the composition of a solution represented 
by a point which lies to the right of the line WD can be expressed 
either in terms of W./Sj, and Sg, or in terms of W, 82, and/). If 
an unsaturated solution is represented by a point in the triangle 
W81D, then on the isothermal evaporatiofi of water, a satur- 
ated solution will be obtained the composition of which is 
given by a point on one of the curves AG or FG, and in either 
case the solution will eventually dry at the constant composition 
represented by the invariant point C The paths of crystalli- 
sation of all solutions which are represented by points in the 
triangle W81D, and which can therefore be formed by mixing 
the simple salt 8^ and the double salt D with water, end in the 
drying-up point G. If, on the other hand, the unsaturated 
solution is represented by a point in the triangle W8^, it will 
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first become saturated when its composition is represented by 
a point on one of the curves BE or FE, and it will dry at the 
constant composition represented by the invariant point E, 
Thus the paths of crystallisation of solutions which can be 
formed by mixing the simple salt S^ and the double salt with 
water end in the drying-up point E. The paths of crystallisa- 
tion on the saturation curves are indicated in Fig. 20 by the 
arrow heads, and these converge, in the triangle WS-J), on the 
drying-up point C7, and in the triangle W8^D, on the drying- 
up ))oint E. 

We have seen that unsaturated solutions which are repre- 
sented by points on the line WF, i.e., which contain the two 
simple salts in the same proportion as does the double salt, 
dry at the constant composition represented by the point F, 
and this point is, therefore; a third drying-up point. Mixtures 
which can be formed from water and the double salt alone may 
consist of unsaturated solutions represented by points between 
W and F, and contcuning thdl^wo simple salts in the same pro- 
portion as does the double salt itself ; or they may form phase 
complexes represented by points between F and jD, which con- 
tain the saturated solution F in contact with soUd double salt. 
In either of these cases the compositions of aU phases can be 
expressed in terms of water and the double salt alone. The 
system formed by water and the double salt, at the temperature t, 
is, therefore, a binary system. It is true that the compositions 
of all phases in the system W-D at the temperature t can also 
be expressed in terms of the three components W, Si and 82, 
but since the weight of Si is related to the weight of Sg, in any 
phase, by the fact that. both salts are present in the same 
proportion as that in which they are contained by the double 
salt, these three components are not independent. The point 
F must, therefore, be considered as giving the composition of 
the saturated solution in the binary system W-D at the 
temperature t, in the same way that the point A gives the com 
position of the saturated solution in the binary system W-Si^ 
and the point B that of the saturated solution in the binary 
system W-S^ at the temperature t. For this reason, namely, 
that a particular section of the ternary isotherm represents a 
system of the next lower order, we are able, as we have already 
seen, to consider the ternary system WSjrS2 at the 
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temperature t, as built up from two simpler ternary systems. 
This case is comparable with that of the binary system in which 
a salt hydrate occurs with a stable melting point ; we saw in 
§ 16 that a section of the polythermal diagram represented a 
system of the next lower order (a unary system), and we were 
then able to consider the binary system as built up from two 
simpler systems. 

We have seen that the composition of the invariant solu- 
tion C can be expressed, by reference to the triangle WS-Jiy 
in terms of water and the two salts S-^ and D with 
which it is in equilibrium. If water is evaporated from an 
unsaturated solution represented by a point on the line TTff, 
the solution will become saturated simultaneously with the two 
salts 8. and D when its composition is represented by the point C. 
The solution will then maintain this composition while the two 
salts separate together in the proportion represented by the point 
6r. The composition of the solid complex O can also be expressed 
in two ways, namely, in terms of tt^ and 8^ by reference to the 
hne /Si/Sg, or in terms of 8^ and D by reference to the line SJi. 
Thus, the complex G consists of the two salts 8^ and D in the 
proportion of 8i0 parts of D to GD parts of 8^, and since the 
line OG passes through the vertex W, this is the same propor- 
tion as that in which the salts 8^ and D are contained by the 
solution G, The invariant solution G maintains, therefore, its 
constant composition on the evaporation of water, by depositing 
the two salts with which it is in equilibrium in the same pro- 
portion as that in which it contains them. 

The composition of the invariant solution E can similarly 
be expressed, by reference to the triangle W8^y in terms of 
water and the two salts /Sg ^-nd D with which it is in equilibrium. 
It will maintain its constant composition on the evaporation of 
water by depositing these salts in the proportion in which they 
are contained by it, namely, in the proportion : DH parts of 
82 to H82 parts of D. 

§ 30. We have assumed in the previous discussion that the 
line joining W to D cuts the saturation curve of the double 
salt. This is by no means necessarily the case, and relationships 
similar to those depicted in Fig. 21 frequently occur. These 
call for detailed consideration, since the results arising from them 
appear at first sight somewhat remarkable. In the case depicted 
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in Pig. 21, exactly as in Pig. 20, AG is the saturation curve of 
)Si, CE and EB those of D and /S, respectively ; the point G 
represents the invariant solution in equilibrium with the two 
solids 8^ and i), and the point E the invariant solution in 
equilibrium with D and 8^, Here, however, the straight line 
WD cuts the saturation curve of Sj, instead of that of the 
double salt, as was the case of Pig. 20. We shall again consider, 
first, the behaviour of an unsaturated solution which contains 
the simple salts in the same proportion as does the double 
salt when water is evaporated -from it. Such a solution can 
be formed by dissolving the pure double salt in water, and it 
wiU be represented by a point TJ on the line WD between W and 
F. This solution will become saturated when so much water 
has been evaporated that its composition is represented by the 
point T^ which lies on the saturation curve of jSj. The solution 
will, therefore, become saturated first with this salt, and not 
with the double salt itself as in the previous case. If the 
evaporation is continued, the salt B-^ will separate and the com- 
position of the complex will be represented by a point between 
F and J, in the area S-^AG the points of which represent com- 
plexes of solid 8^ and a solution on the saturation curve AG. 
As the composition of the complex approaches that represented 
by the point J, the composition of the solution will be repre- 
sented by a point which traverses the saturation curve from F 
towards G. When so much water has been evaporated that the 
composition of the complex is given by the point J, formation 
of the soUd double salt will begin, since points between J and D 
lie in the area 8^D and represent complexes of both solids 
8^ and D in equilibrium with the invariant solution (7. 

We see, therefore, that an unsaturated solution of the 
double salt, on concentration, deposits first one of the simple 
salts, and not the double salt itself. It is usual to say that in 
such cases the double salt is decomposed by water, although it 
would be more accurate to say that the double salt is decom- 
posed by solutions represented by points on the saturation 
curve AG, If, to any solution on this curve, a sufficiently small 
amount of the double salt is added, the resulting complex wiQ 
be represented by a point which lies in the area 8^AG^ which 
represents, therefore, solid 8^ in contact with solution. This 
must mean that 8^ is dissolved out from the double salt, leaving 
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solid 8 J behind. The system formed by water and the double 
salt alone is not, in this case, a binary system. A mixture of 
water and the double salt which is represented by a point on the 
line WD between F and J forms, for example, a phase complex 
of solid 8i and a saturated solution of this salt ; the composi- 
tion of the soUd phase /Sj cannot, however, be expressed in 
terms of W and D alone. At the same time, the system 
W'-Si-S2 can no longer be considered as built up from the 
two simpler systems W-S^-D and W-S^-D^ as an examination 
of Fig. 21 will show. The system invariant point G no longer 
lies Mdthin the triangle W8-J) or, in other words, the composi- 
tion of the solution G cannot be expressed in positive terms of 
water and the two salts 8^ and D with which it is in equilibrium. 
The following considerations will make this clearer : The pro- 
portion of the two simple salts contained by the solution G 
is equal to that contained by the binary mixture 0, and it is 
therefore : 

8^0 parts of 8^ to 08^ parts of S,. 

The proportion of the same two salts contained by the double 
salt is : 

^2^ parts of 8^ to D8-^ parts of 8^. 

The double salt thus contains a greater amoimt of the salt 8^ 
in proportion to 8^ than does the liquid 0, and it is therefore 
impossible to express the composition of this solution in terms of 
water, the double salt, and a positive amount of the salt 8^. 
The system formed by the solution G in contact with the two 
salts 8^ and D is in invariant equilibrium at the temperature t 
and if water is evaporated from it the composition of the solution 
must remain constant. If the double salt separates from this 
solution, the latter wiU become poorer in the salt 5^, since, as 
we have shown, the double salt contains a greater amoimt of 8-^ 
in proportion to /Sg than does the solution C. The simultaneous 
separation of 8^ would only accentuate this alteration in the 
composition of the solution (7, which can clearly only maintain 
its constant composition by redissolving the simple salt /S,^ 
when the double salt separates. % 

We will consider the behaviour of the unsaturated solution 
represented by the point V when water is evaporated from it. 
The solution wiU remain unsaturated until it attains the con- 
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stant composition given by the point K on the saturation curve 
of 8i, when the solution will become saturated with this salt, 
and the further evaporation of water will cause it to separate. 
While the composition of the complex alters from that given by 
the point K to that given by the point Zr, solutions will be 
obtained, in contact with solid S^, and represented by points 
on the saturation curve between K and C. When the composi- 
tion of the complex is represented by the point Zr, separation of 
the double salt will begin, and as the point moves from Lto M 
through the area S^CD^ the points of which represent complexes 
of Si,D and the solution (7, the composition of the solution will 
remain unaltered, since the conditions are those of invariant 
equilibrium. We have shown, however, that this cannot occur 
if further quantities of both the solid salts i) and /S^are deposited; 
on the contrary, the salt D will alone be deposited and the salt 
Sj will be redissolved. Eventually the whole of the solid salt 
S^ which was deposited during an earlier stage of the evapora- 
tion will be consumed in this way, and we see that when so 
much water has been evaporated that the composition of the 
mixture is represented by the point M, this point will entei: the 
area DCS the points of which represent complexes of the single 
solid phase D and a saturated solution. With the loss of a 
phase, the system will regain a degree of freedom, and as the 
point representing the composition of the mixture moves from 
M to Ny the composition of the solution will again alter, being 
represented by a point which traverses the saturation curve of 
the double salt from C to E. When the composition of the 
mixture is represented by the point Nj the liquid will be 
saturated both with the double salt and the simple salt 829 
its composition being represented by the point E, On the 
continued evaporation of water, both these salts will separate 
and the solution wiU maintain the constant composition 
represented by the point E during this last stage of the evapora- 
tion, until finally a dry mixture of the double salt D and the 
simple salt 8^ will be obtained, of the composition represented 
by the point P. The point E is, therefore, the drying-up point. 
This invariant point Ues within the triangle W8fiy and the 
composition of the corresponding solution can therefore be 
expressed in terms of water and the two salts 8^ and D with 
which it is in equilibrium. It can then, unlike the sol ition (7, 
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maintain its constant composition by the simultaneous separa- 
tion of both these salts. 

The invariant solution C differs characteristically from the 
invariant solution E, and from the t^nary invariant solutions 
which we have discussed in the previous paragraphs. It differs 
in the following respects : Its composition cannot be expressed 
in terms of water and the two salts with which it is in equili- 
brium (if only positive concentration values are admitted), 
and when it is evaporated in contact with these salts, one only 
is deposited, whilst the other is redissolved. A solution with 
' these properties is said to be incongruently saturated ; a 
' ternary invariant solution the composition of which can be 
expressed in terms of positive amounts of water and the salts 
with which it is in equilibrium, and which therefore deposits 
both these salts on evaporation of water, is said to be con- 
gru^tlyis^rturated. * '^ 

If water is evaporated from the solution represented by the 
point X in Fig. 21, this solution will become saturated when its 
composition is represented by the point G. If the evaporation 
is continued, the point representing the composition of the 
resulting complex will move through the field DCE the points of 
which represent the monovariant complexes D + Solution. 
The Solution O', in the absence of other phases, will therefore 
deposit only the salt D on the evaporation of water, and the 
composition of the liquid phase will continue to alter, being 
represented by a point which traverses the saturation curve 
of the double salt. We see that the incongruently saturated 
invariant solution, although it can exist in equilibrium with 
both 8^ and D, and must, therefore, be considered as saturated 
with these two salts, yet deposits only one when water is 
evaporated from it, and it does not maintain its composition 
unaltered, since, when only two phases are present, the equili- 
brium is monovariant and not invariant. The solution C can 
only retain a constant composition on the removal of water, 
when the solid phase Sj is also present, because then only will 
the equilibrium be invariant. The phase reaction which occurs 
when water jis evaporated from the invariant system D + 8-^ 
+ Solution G results, however, in the dissolution of the solid 
S^y and therefore unless a sufficient excess of this solid phase is 
present, the solution will not maintain the constant composition 
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represented by the point G during the whole process of evapora- 
tion to dryness. The straight line joining the point W to any 
point on the part AF of the saturation curve of 8-^^ ends on the 
side 8^8^ between 8^ and X>, i.e., in the area the points of which 
represent complexes of the two soUd salts 8^ and D and the 
invariant solution G. It follows from this that any solution 
represented by a point on this part of the saturation curve of S-^ 
will dry at the constant composition represented by the point 
C, and therefore that sufficient solid 8^ must have been deposited 
by the time the composition of the liquid has reached this 
value to hold the composition constant until complete dryness is 
reached. It can be seen, in the same way, that solutions repre- 
sented by points on the part FG of the saturation curve 8^, 
including the invariant solution itself, will dry at the constant 
composition represented by the point E, These solutions, 
therefore, wiU not deposit sufficient solid 8^ during the first 
stage of the evaporation to maintain the composition of the 
liquid phase constant at the value represented by G until 
complete dryness is reached. The whole of the solid phase 8^ 
will be consumed by the phase reaction which takes place at 
the point G before the liquid phase has disappeared ; the 
system will therefore regain a degree of freedom, and the 
composition of the solution will again alter until it is repre- 
sented by the point E. The latter invariant solution is congru- 
ently saturated, and dries, therefore, at constant composition, 
separating the two salts 8^ and D. 

If the soUd which separates from a saturated solution on the 
evaporation of water is immediately removed from contact 
with the liquid, then every solution in the system will dry at 
the constant composition represented by the point E, which is 
therefore called the final drying-up point. The point C is a 
drying-up point only in the case where evaporation takes place 
in presence of excess of soUd 8^. The paths of crystalUsation 
on the saturation curves are indicated by the arrows in Fig. 21 
and these show clearly that the point G is not a final drying-up 
point. The arrows on each side of the point C do not converge 
on it, as was the case in Fig. 20, when this point represented a 
CMigruently saturated solution ; all arrows converge, in Fig. 
3l, on the final drying-up point E. 

As at the binary system invariant point (§ 18) so too at 
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the ternary isothermal invariant point, the reactions which 
occur on altering the conditions of equilibrium, are dependent, 
in cases where a binary compound occurs as a solid phase, upon 
the relative compositions of the phases in equilibrium. DiflEer- 
ent phase reactions occur according to whether the composition 
of the Uquid phase can or cannot be expressed in terms of posi- 
tive quantities of the solids with which it is in equilibrium. 
Thus we have seen that similar considerations to those which 
led us to distinguish the eutectic from the transition point in the 
polythermal binary system, lead us to distinguish the con- 
gruently from the incongruently saturated invariant solution in 
the isothermal ternary system. 

§ 31. We shall discuss next the case in which the salts can 
form crystalline hydrates with water. A considerable number 
of ternary isothermal types are then possible, but we shall 
consider in this chapter only the two which are of the most 
frequent occurrence ; a more complete account will be given in 
Chapter V. 

We will suppose that the salt S^ can form a hydrate, which 
we denote by H^, whilst the salt S^ can form no hydrate. The 
ternary system W-Sj^S2 may then show the isothermal 
type given by Fig. 22. The composition of the hydrate will 
be represented by a point H^ on the side WSi of the triangle 
(Fig. 22), such that the length WH^ gives the percentage of 
anhydrous S^, and the length H^Si that of water in the salt 
hydrate. The point A gives the composition of the saturated 
solution in the binary system W-8j^ at the temperature t, 
but this solution is in equilibrium, not with the anhydrous salt 
5j, but with the hydrate H^. Points on the curve AF give the 
compositions of ternary solutions which are aU saturated, not 
with the anhydrous salt, but with the hydrate Hi. This curve 
is the saturation curve of the hydrate, and points on it may be 
joined by conjugation lines to the point Hi, which gives the 
composition of the solid phase in equilibrium with the solutions 
which these points represent. Points in the area HiAF repre- 
sent the monovariant complexes formed by solid hydrate in 
equilibrium with a saturated solution. 

When the composition of the solution is represented by the 
point F, the solution itself has become saturated, not only with 
hydrate ifj, but ftfep with the salt S^. Complexes of the two 
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solid phases H^ and 8^ are represented by points on the line 
H^S2, and since ^hese complexes are all in equilibrium with the 
invariant solution F, points on the line HyS^ may be joined by 
conjugation lines to the point F, Points in the area H^FS^ 
represent, therefore, complexes of the invariant solution F 
with mixtures of the two solids H^ and 8^ represented by points 
on the line H182' 

The invariant point F is also the terminal point of the satura- 
tion curve BF^ of the salt 8^, As before, the point B gives the 
composition of the saturated solution in equilibrium with solid 
jSg in the binary system IF-zSj at the temperature t, and 
points in the area 8JSF represent the monovariant complexes 
iSj + Solution. 

The proportion of 
water to 8^ contained 
in the mixture repre- 
sented by the point G is 
8^D parts of water to 
DW parts of 8^. The 
mixture contains, there- 
fore, less water in pro- 
portion to anhydrous 8^ 
than does the soUd 
hydrate, in which the 
proportion is 8-^^ parts 5" 
of water to H^W parts 
of 8^. There is, in other 
words, not sufficient water present in the mixture repre- 
sented by the point C to produce complete hydration of the 
salt iS^, and no stable solution can exist in these circumstances. 
This is true of every mixture represented by a point in the area, 
^i^A* *^d these points represent, therefore, the completely 
soUd complexes H^ + 8^ + 8^. 

§ 32. The isotherm depicted in Fig. 22 is of the simplest 
type which can occur in the case where one of the salts forms a 
hydrate. A second possible isothermal type is illustrated in 
Fig. 23. The point A represents, as before, the composition of 
the solution saturated with the hydrate H^ at the temperature 
^, in the binary system W-8^, AE is the saturation curve 
of the hydrate, and AH^E the complex area of solid hydrate 
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and saturated solutions. Now on the continued addition ot 
82 to saturated solution in contact with H^y a point may be 
reached at which the added salt ^^2 dissolves only by extracting 
water from the solid hydrate, which is thereby dehydrated 
to the anhydrous salt 81. As soon as this point is reached, two 
solid phases — ^the hydrate H^^ and the anhydrous salt 8^ — are 
present in contact with a solution ; this solution must therefore 
be invariant in composition, and it is represented in Fig. 23 
by the point E. 

On the addition of solid 82 to the solution E in contact with 
the solid hydrate Hi, the added salt will react with the hydrate, 
forming a liquid of the same composition as that represented by 
the point £,and precipitating anhydrous 8^ ; this reaction will 
leave the composition of the liquid phase unaltered. Mixtures 
of the hydrate with anhydrous /Sf^are represented by points 
on the line -S^i^i, between Hi and 8^. Conjugation lines which 
terminate at one end in the invariant point E must therefore 
terminate at the other end in a point on the line H181 ; points 
in the area H1E81 represent, accordingly, complexes of the 
solution E in contact with the two solids H^ and 8^. 

As long as undecomposed hydrate is still present, the solution 
will retain the composition represented by E, but as soon as 
sufficient 82 has been added to dehydrate completely the 
existing solid hydrate, the system will regain a degree of 
freedom owing to the disappearance of this as a solid phase. 
On the continued addition of 82, the composition of the solution 
will therefore again alter, and the point which represents it 
will traverse the curve EF the points of which give the composi- 
tion of solutions saturated only with the solid 81. This curve 
is the saturation curve of the anhydrous salt 81, and 81EF 
is the area of complexes formed from solid anhydrous 81 and 
saturated solutions represented by points on the curve EF. 
The saturation curve of 81 ends in the point F, where the solu- 
tion becomes saturated also with 82- The point F represents 
the invariant solution which is in equilibrium with both solids 
81 and 82, and points in the area 81F82 represent complexes 
of these two solid salts and the solution F. The curve BF is, 
as before, the saturation curve of 82 and 8^F the complex 
area of solid 82 and saturated solutions represented by points 
on the curve BF, 
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and saturated solutions. Now on the continued addition ot 
iSg to saturated solution in contact with JET^, a point may be 
reached at which the added saltiS2 dissolves only by extracting 
water from the solid hydrate, which is thereby dehydrated 
to the anhydrous salt S^, As soon as this point is reached, two 
solid phases — the hydrate H^ and the anhydrous salt 5^ — are 
present in contact with a solution ; this solution must therefore 
be invariant in composition, and it is represented in Fig. 23 
by the point E. 

On the addition of solid 8^ to the solution E in contact with 
the solid hydrate H^^ the added salt will react with the hydrate, 
forming a liquid of the same composition as that represented by 
the point £,and precipitating anhydrous Si; this reaction will 
leave the composition of the liquid phase unaltered. Mixtures 
of the hydrate with anhydrous /S^are represented by points 
on the line HiSi, between Hi and Si. Conjugation lines which 
terminate at one end in the invariant point E must therefore 
terminate at the other end in a point on the line HiSi ; points 
in the area HiESi represent, accordingly, complexes of the 
solution E in contact with the two solids Hi and Si. 

As long as undecomposed hydrate is still present, the solution 
will retain the composition represented by E, but as soon as 
sufficient aSj ^*s been added to dehydrate completely the 
existing solid hydrate, the system will regain a degree of 
freedom owing to the disappearance of this £is a solid phase. 
On the continued addition of /Sg* ^^e composition of the solution 
will therefore again alter, and the point which represents it 
wiU traverse the curve EF the points of which give the composi- 
tion of solutions saturated only with the solid /S^. This curve 
is the saturation curve of the anhydrous salt /Sj, and SiEF 
is the area of complexes formed from solid anhydrous Si and 
saturated solutions represented by points on the curve EF. 
The saturation curve of Si ends in the point F^ where the solu- 
tion becomes saturated also with Sg. The point F represents 
the invariant solution which is in equilibrium with both soUds 
Si and /Sg, and points in the area SiFS^ represent complexes 
of these two soUd salts and the solution F. The curve BF is, 
as before, the saturation curve of S^ and S^F the complex 
area of solid S^ and saturated solutions represented by points 
on the curve BF. 
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The second salt S^ may also form a hydrate H2 at the tempera- 
ture considered, and this hydrate may or may not be dehydrated 
by the addition of the hydrate Hi to solutions in equilibrium 
with H2' The isothermal types, in these cases, can be deduced 
by the reader with the help of the examples already given. 

As another possibility, the hydrate H^ may be dehydrated by 
the addition of the second salt to its saturated solution, yielding, 
not the anhydrous salt 81, but a lower hydrate A^, which con- 
tains a smaller percentage of water than does the hydrate H^, 
At a dtill higher concentration of the second salt in the liquid 
phase, the hydrate A^ may be completely dehydrated to the 
anhydrous salt S^. The isotherm will, in this case, show two 
saturation curves, that of A^, and that of /S^, inserted between 
the saturation curves of H^ and 82, which are the stable solid 
phases in equiUbrium with the two binary saturated solutions 
at the temperature L 

§ 33. A compound may occur in the ternary system the 
composition of which can be expressed only in terms of all 
three components ; such a compound is said to be a ternary 
compound. A double salt, which forms a hydrate containing 
water of crystallisation, is, for example, a ternary compound, 
and it must clearly be represented by a point such as D (Fig. 24) 
which lies within the triangle. 

Here again a large number of isothermal types may occur, 
and these will be discussed more fully in Chapter V. The 
isotherm of Fig. 24 depicts the case in which the simple salt 
8^ forms a hydrate H^, the salt 82 being anhydrous at the tem- 
perature of the isotherm, whilst the two salts form a hydrated 
double salt D of the general formula mS^ . 1182 . pW^ where m, 
», and p are whole numbers giving the molecular proportion in 
which the three components combine, and defining, therefore, 
the position of the point D in the triangle. 

Since the hydrated double salt occurs as soUd phase at the 
temperature t, it must possess its own saturation curve in the 
isotherm. This is the curve CE which Ues between the two 
saturation curves AG and BE, of Hi and 82 respectively. Points 
on it represent the compositions of solutions saturated with the 
hydrated double salt, and conjugation lines may therefore be 
drawn joining these points to the point D. The saturation curve 
of the hydrated double salt ends, on the one side, in the invariant 
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point C, which represents the composition of the solution in 
equilibrium with the two solid phases D + H^, and on the other 
side, in the invariant point E which represents the composition 
of the solution in equilibrium with the two solid phases D + S^^ 

The line DW m Fig. 24 intersects the saturation curve of the 
hydrated double salt, and hence this salt is not decomposed by 
water, and both the isothermal invariant points G and E repre- 
sent congruently saturated solutions. The case may, however, 
occur in which the hydrated double salt is decomposed by water, 
one of the invariant solutions being incongruently saturated. 

We see that when a compound occurs as a solid phase in the 
ternary system, a number of possible isothermal types arise. 
If, for example, a salt hydrate is formed, this may or may not 
suffer dehydration in. the ternary system at constant tempera- 
ture, or if a hydrated or anhydrous double salt is formed, it 
may or may not be decomposed by water. We shall see later 
that, as the temperature changes, so the isotherm may pass from 
one type to another through certain transition forms. We 
must, however, first consider the effects of temperature changes 
upon the isothermal type in the simplest case, namely, that in 
which no compounds, but only the components themselves, can 
occur as solid phases. 

§ 34. The three binary systems the components of which 
are respectively W—S^^ W—S^^ and 8^—S^ may be con- 
sidered to form the basis of the ternary system W—8^—8^. 

The conditions of equilibrium in the binary system W-Si^ 
at all temperatures at which a liquid phase can exist, are repre- 
sented in Fig. 25, for the simple case in which no binary com- 
pound occurs. The point A represents water at its freezing 
point, in equilibrium with ice, and it corresponds, therefore, 
with a temperature of 0°. The curve AB is the polythermal 
saturation curve of ice in this binary system, and points on it 
give the compositions of binary solutions which are in 
equilibrium with ice at various temperatures. 

The point G represents the solid salt 8^ in equilibrium, at its 
melting point t^^y with the pure liquid salt. The curve GB 
is the polythermal saturation curve of 8^ in this binary system, 
and points on it give the compositions of binary liquids in 
equilibrium at various temperatures, with solid 8i. The point 
B represents the eutectic solution which is in equilibrium with 
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both ice and solid S^ at the eutectic temperature ^3, in the 
binary system W-S^. 

The binary system W—S2 is similarly represented in Fig. 26. 
The points A and F give, respectively, the melting points of ice 
and of the salt S29 and we shall assume that the melting point 
ti^ of this salt is lower than the melting point 1^2 of the salt Si, 
The curves DE and Ffl are the polythermal saturation curves 
of ice and Sg respectively, in this binary system. The point E- 
represents the binary eutectic solution which is in equilibrium 
with ice and solid 82 at the corresponding eutectic temperature 
f-, and we shall assume that this temperature is lower than the 
eutectic temperature t^ 
in the system W-S^, 

We will now consider 
the isotherm in the 
ternary system TF-fij-zSj 
at a variety of tem- 
peratures, and we shall 
begin with the tempera- 
ture ti, which is lower 
than the melting points 
of the pure salts, and 
higher than that of ice. 

The ternary isotherm ^ 
at this temperature is -. 
represented in Fig. 28 ; F^l'^ ' 

it belongs to the simple |type which we have already 
discussed. A line of constant temperature ^j, in the binary 
system W-S^ (Fig. 26), cuts one saturation curve only, 
namely, BC, that of S^, and the point of intersection O gives the 
composition of the liquid which is saturated with S^ at this 
temperature in the binary system. It is the only saturated 
solution which exists at this temperature in the binary system 
IF-zSj, and its composition is represented in the ternary 
isotherm (Fig. 28) by the point O on the side WS^ of the triangle. 
The point H in the binary system W-S2 (Fig. 26), and on 
the line W82 of the ternary isotherm (Fig. 28), represents 
similarly the composition of the binary solution saturated with 
82 at the temperature ti. We have already seen that the isother- 
mal saturation curves OV and -HF, which represent the compoBi- 
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tions of ternary solutions saturated with 8^ and S^ respectively, 
diverge from these two points, and intersect in a point F, 
which represents a ternary solution saturated with both salts 
at the temperature t^. 

Now, if we lower the temperature below t^, no change will at 
first occur in the type of the isotherm. The only effect will be 
that the points O and H will move closer to the water comer, 
corresponding with the decreasing concentration of the salts in 
their binary saturated solutions due to the falling temperature. 

Suppose, now, that the temperature is lowered to a point 
<2, below the melting point of ice, but still above both binary 
eutectic temperatures. The constant temperatiu'e line ^2 
in the binary system W-S^ (Fig. 26) is now seen to cut both 
binary saturation curves. There are accordingly two saturated 
solutions in the binary system at this temperature, the one P 
saturated with ice, and the other M with the salt 8^. The 
compositions of both these satiu*ated solutions are represented 
also by the points F and M on the side W8j^ of the triangle in 
Fig. 29, which gives the ternary isotherm at the temperature 
/g. For a similar reason — namely, that the constant tempera- 
ture line cuts both the ice and the salt binary saturation curves — 
there are two saturated solutions, Q and JV, in the binary 
system W-82 at the temperature fg* aiid these are represented 
on the side W82 of the triangle. Of these, the solution Q is 
satiu'ated with ice, and the solution N with the salt S^- 

Now, as before, the point JIf is a terminal point of the 
isothermal saturation curve which represents a series of temckry 
solutions all saturated, or in equilibrium, with solid 8^, and N 
is a terminal point of the ternary saturation curve of solid 
8^ at the temperature ^2* In exactly the same way, the points 
P and Q, which represent binary solutions in equilibrium with 
the same solid phase, are both terminal points of a third ternary 
satiiration curve, that of ice. They lie at the extremities of a 
continuous saturation curve PQ, every point of which represents 
the composition of a ternary solution in equilibrium with ice, 
and may therefore be joined by a conjugation line to the water 
(or ice) corner. This isotherm clearly differs in type from that 
which we have first considered. It is characterised by the fact 
that it exhibits a third satiiration curve — that of ice ; another 
complex area WPQ is thereby introduced, the points of which 
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represent phase complexes of solid ice and solutions in equili- 
brium with it. This new complex area restricts the area of 
unsaturated solutions, which is now represented by PQN VM. 
It will be seen from the binary polytherms (Figs. 26 and 26) 
that the change in the isothermal type must occur at 0°, for 
this is the highest temperature in each binary system, at which 
a constant temperature line cuts both binary saturation curves. 
At this temperature (0°), the ice saturation curve is cut in a 
point A representing pure water. Pure water is here in equili- 
brium with ice and, treating this as a limiting case, we may say 
that the point A represents a liquid phase saturated with ice 
in the unary system formed by water. The water comer itself 
represents, therefore, the composition of a saturated solution 
in the ternary isotherm at 0° (Pig. 30), and it is the only point 
in the whole isotherm which represents a liquid phase saturated 
with ice. The saturation curve of ice may be considered as 
growing out from it as the temperature is lowered below 0°, 
or as shrinking up into it as the temperature is raised from lower 
ranges, to 0^. 

If we lower the temperature below /j, the points P and M 
(Fig. 25) and Q and N (Fig. 26) clearly approach one another. 
At the binary eutectic temperature ^3, in the system W-S^y 
the points P and M coincide in the point B, which represents 
a solution saturated with both ice and the salt S^. 

The ternary isotherm for the temperature ^3 is depicted in Fig. 
31. The binary solution represented by the point B on the side 
WSi represents now a solution saturated with both ice and 5j, 
and hence it must be the terminal point of two ternary satura- 
tion curves. The saturation curve of ice and that of S^ meet on 
the side WS^ of the triangle, in the point B, As the temperature 
is supposed to be still above the eutectic temperature <- in the 
system W-S^y there will still be two saturated solutions in 
this binary system ; these are represented by the points 8 and jB 
in Fig. 26, and the ternary saturation curves of ice and 82 in 
Fig. 31 terminate on the side WS2, in these points. 

At a temperature t^, still lower than t^, and still above the 
eutectic temperature t^, the isothermal relations are those shown 
in Fig. 32. At this temperature, as may be seen from Fig. 
25, no solution can exist in the binary system W-8iy and there- 
fore no saturation curve, in Fig. 32, can cut the side W8i of the 

H 2 
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triangle. The ternary saturation curves of ice and of 8y must 
therefore intersect in a point Z wilhin the triangle, and since 
this point lies on both saturation curves, it must represent 
a ternary solution in equilibrium with both ice and solid 8^, 
The system formed by the solution Z in equilibrium with the 
two solid phases ice and jS^ is in a state of invariant equilibrium 
at constant temperature, and the point Z is, therefore, a 
second isothermal invariant point. Points in the area WZS^ 
represent complexes of ice, solid 8^ and the invariant solution 
Z, whilst the field of imsaturated solutions is still further 
restricted to the area UZVX. This type of isotherm is charac- 
terised by the possession of two invariant points, and it repre- 
sents the conditions which obtain at any temperature between 
the two eutectics ^3 and t^. The isotherm of Fig. 31 is merely 
a transition type between those of Figs. 29 and 32 ; it obtains 
only at the definite eutectic temperature t^, in the binary system 
W-81. As we have already pointed out, the change from the 
isothermal type of Fig. 28 to that of Fig. 29 is similarly marked 
by a transition type ; it is the 0^ isotherm (Fig. 30), in which 
the water comer itself represents a saturated solution. This 
particular transition type holds only for the definite tempera- 
ture, the melting point of ice. Every change in the isothermal 
type is preceded in this way by a special transition type which 
holds only at a definite temperature — either at the melting 
temperature of one of the components, or at the eutectic tem- 
perature in one of the binary systems. 

The type shown in Fig. 32 will clearly persist imtil the tem- 
perature is lowered to fg, the eutectic temperature in the second 
binary system W-S29 when the isotherm will show the transition 
form depicted in Fig. 33. The saturation curves of ice and 
solid 82 will meet on the side W82, at the eutectic point E in 
the system TT-zSj* ^^ * temperature below ^5, it can be. seen 
from Figs. 25 and 26 that no solutions can exist either in the 
system W-81, or in the system IF-jSg. The isotherm at the 
temperature t^ (which is below ^5) is depicted in Fig. 34. All 
the saturation curves lie entirely within the triangle. The 
saturation curve of ice and of solid 8^ intersect inside the triangle 
at the point F, which represents a solution saturated with both 
ice and 82. The system formed by the solution T in equilibrium 
with the two solid phases ice and iSj is in a state of invariant 
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equilibrium at the temperature i^y and this isothermal type is ' 
therefore characterised by the possession of a tMrd invaniOittX* j/J 
point F, and a new complex area TWS^, the points of which 
represent complexes of the solution T and the two solids ice 
and iSg. The field of unsaturated solutions is stiU further 
reduced to the enclosed area ZVT. 

As the temperature is further lowered, the area of unsaturated 
solutions will become smaller and the three invariant points 
Z, T, and V will continuously approach one another, until 
finally, at a certain temperature tj, they will coincide in one 
point L ; the isotherm at this temperature is given in Kg. 36. 
At the temperature t^ the three invariant points, and the 
three saturation curves have all shrunk into the point X, and 
this point represents, therefore, the composition of a solution 
which is saturated at the temperature ty with aU three solid 
phases 8^ + 82 + Ice. 

We have shown in §'21 that when three solid phases are in 
equilibrium with a ternary solution the system is in a statc^ 
of invariant equilibriiun. It will now be necessary to distin- 
guish carefully between the isothermal invariant point and the 
system invariant point. The points Z, F, and V of Fig. 34 
are isothermal invariant points, i.e., they represent, at the 
temperature t^, the compositions of solutions in the systems 
Ice + 5i + Solution, Ice + 8^ + Solution, and 8^ + 8^ + 
Solution ; these systems are in invariant equilibrium only if 
the temperature is constant. When the temperature is 
lowered below t^, the compositions of the solutions in these 
three isothermally invariant systems, alter, and the three 
points which represent these compositions approach one 
another. At the temperature t^ they coincide in the point 
L^ which represents the solution in equilibrium with all three 
solid phases. Now the system 81 + 8^ + Ice + Solution L 
is in a state of invariant equilibrium at constant pressure (not 
constant pressure and temperature), and none of the conditions 
of equilibrium can be chosen arbitrarily. The system can only 
remain in equilibrium at the temperature t^, and the point L 
is the system invariant point giving the composition of the single 
invariant solution which is in equilibrium with the three solid 
components in the system TF~5i-52- 
Irlf heat is abstracted from the invariant system in equilibrium 
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* **'at tThe temperature i^, neither the temperature nor the composi- 

V ; •.••ti6tft5f:t3ie*ligulct phase will alter. The liquid will deposit all 

* * ' * * three solid* components in the same proportion as that in which 

it contains them, i.e., the following phase reaction will occur : 

Solution L -* 8-^+82+ Ice, 

and this reaction can clearly maintain the constant composition 
of the liquid phase. The temperature will not begin to fall on 
the withdrawal of heat until this phase has been completely 
consumed by the reaction, and there will remain a solid complex 
of the three phases 8^ + 8^+ Ice. The temperature ^7, 
of the system invariant point L, is, therefore, a lower tempera- 
ture limit to the existence of a liquid phase in the ternary system 
it is, in other words, the ternary eutectic point. 

The isothermal type shown in Fig. 34 will persist until the 
ternary eutectic temperature t^ is reached, when the isotherm 
will show the transition form of Fig. 36. The point L in this 
figure represents the composition of the ternary eutectic solution, 
and every other point within the triangle represents a phase 
complex of one, two, or all of the three solids ice, 8-^ and 8^ 
with the solution L, 

Below the temperature t^, there will be neither saturation 
curves nor points in the isotherm, since no solution can exist. 
Every point in the triangle will therefore represent a solid 
complex of /S^, Sg, and Ice. 

We have now studied the typical isothermal changes involved 
when, starting from the temperature ^^and the simple isothermal 
tjrpe of Fig. 28, the temperature is lowered to that of the 
ternary eutectic point f^. Four isothermal types can be dis- 
tinguished, which are differentiated by the following character- 
istics : 

1. The isotherm contains two saturation curves and one 
invariant point (Fig. 28). 

2. The isotherm contains three saturation curves and one 
invariant point (Fig. 29). 

3. The isotherm contains three saturation curves and two 
invariant poin's (Fig. 32). 

4. The isotherm contains three saturation curves and three 
invariant points (Fig. 34). 

Separating these, and existing at the various unary and 
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binary invariant temperatures, are the four transition forms 
shown in Figs. 30, 31, 33, and 36. 

§ 35. We will next consider the behaviour of the system when 
the temperature is raised above t^. No further change will 
occur in the isothermal type until another binary eutectic 
temperature is reached, that is, until the temperature reaches 
that of the eutectic point in the binary system Si-S^. We have 
not so far considered this system, the reason being that we have 
dealt with temperatures below those at which the salt mixtures 
fuse — ^temperatures at which all mixtures of the two salts were 
solid. No liquid phase could therefore exist in the binary 
system Si-S^, and no saturation curves could cut the corre- 
sponding side of the triangle in the ternary isotherm. 

The binary system 81-S2 in its simplest form is represented 
in Fig. 27. The point C is, as before, the melting point of pure 
Si, the point F that of pure /Sj, and the point T represents the 
eutectic solution, or melt, with which both soUds S^ and 82 can 
exist in equilibrium at the eutectic temperature /g. The curves 
CT and FT are the saturation curves of 81 and 8^ respectively, 
in the binary system /Sj-S,. 

Now, if we consider the isotherm in the ternary system 
W-8y-82 at the temperature t^ (Fig. 36), we shall see that the 
ternary invariant point which represents the solution in 
equilibrium with the two solids 81 and 82 must actually fall 
on the side 8^82 of the triangle. At the eutectic temperature 
<g, the two solid phases 8^ and 82 can exist in equilibrium with 
a liquid in the binary system, and hence the saturation curves 
of iSj and 82 in the ternary isotherm must meet on the side 8^82, 
at the point T, which gives the composition of the binary 
eutectic liquid. 

Fig. 36 represents an isothermal transition form. The type 
of Fig. 28 will persist until this temperature is reached ; the 
invariant point which represents the solution in equiUbrium 
with both solids 81 and 82 will approach closer to the side 8^82 
as the temperature rises, until at this temperature it lies on that 
side. At temperatures above /g, the isothermal type will 
change to that of Fig. 37. It can be seen from Fig. 27 that at 
the temperature ^, above /g, two saturated Uquids can exist in 
the binary system 8^-82, namely, that represented by the point 
w, which is in equilibrium with solid 8^, and that represented 



104 PRINCIPLES OF THE PHASE THEORY chap. 

by the point n, which is in equilibrium with solid /Sg. These two 
saturated solutions are represented by the points m and n 
on the side S^S^ of the triangle in the ternary isotherm at t^ 
(Pig. 37). There still exist, at this temperature, one solution 
in the binary system WSyy which is saturated with S^, and is 
represented by the point d, and one solution in the binary 
system W-Sz, which is saturated with /Sg, and which is repre- 
sented by the point g. 

The points d and m must both lie on the ternary saturation 
curve of Si, since they both represent solutions in equilibrium 
with this salt, and similarly the points g and n must both lie 
on the saturation curve of 82. The two saturation curves 
extend, therefore, continuously from one side of the triangle 
bo another, from d, the point which represents the saturated 
solution of Si in the system W~Si, to m, the point which repre- 
sents the melt saturated with Si in the anhydrous system Si-S^ ; 
and from g, the point which represents the saturated solution of 
S2 in the system W-S2, to n, the point which represents the 
liquid phase in equilibrium with the same salt in the system 
S1-S2. Since these curves do not intersect within the triangle, 
there is no ternary invariant solution at this temperature ; 
the two solids Si and /S, cannot exist together in equilibrium 
with a liquid phase. There are only three areas in this isotherm , 
namely, the large area of unsaturated solutions Wdmng, 
the area S^dm, the points of which represent complexes of 
solid Si and saturated solutions represented by points on the 
curve dm, and the area S^ffn, the points of which represent 
complexes of solid /Sg and saturated solutions represented by 
points on the curve gn. 

On raising the temperature still further, the type of Fig. 
37 will persist until the melting temperature f^o ^^ P^^® ^2 
is passed. The isotherm for a temperature such as tn, above 
^io> is given in Fig. 38. At this temperature, there is only one 
saturated liquid in the system /S^-zSg ; it is the liquid repre- 
sented by the point q, and in equilibrium with solid aS^. There 
still exists one saturated liquid in the binary system W-Si^ 
namely, the liquid represented by the point I, also in equili- 
brium with solid Si, No saturated solution exists in the binary 
system W-S2 at this temperature, since the salt /Sg cannot 
exist as a solid phase at a temperature above its melting point ; 
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hence there is no saturation curve of 8^ in the ternary isotherm, 
which consists only of the saturation curve Iq of 8^, the large 
area Wlq82 of unsaturated solutions, and the area /S^^g, the 
points of which represent complexes of the solid jS^^ and satu- 
rated solutions represented by points on the curve Iq. The 
transition form from the preceding type to the present type is 
given in Fig. 39, and holds only for the particular temperature 
tiQ, the melting point of the salt /S,* ^^ ^^^ isotherm the 
comer ^2 itself represents a saturated Uquid, for at this tem- 
perature pure liquid 82 is in equiUbrium with solid 82 ; it is the 
only point in the isotherm which represents a liquid in equili- 
brium with this soUd phase. The saturation curve of 82 
grows out from this point with decreasing temperature, or 
vanishes into it with increasing temperature, exactly as was the 
case with the ice saturation curve and the water comer at a 
lower temperature. 

As the temperature rises above t^, so the points I and q 
(Fig. 38) wiU approach the 8^ comer, until the melting point 
ti2 of pure 81 is reached. At this temperature the isotherm 
will possess the transition form shown in Fig. 40. Pure liquid 
8^ is here in equilibrium with solid 8^, and the saturation curve 
of 81 has therefore dwindled into the 8^ comer. The point 8^ 
represents, moreover, the only Uquid which can be in equiUbrium 
with a soUd at this temperature ; it is, in other words, the only 
point in the isotherm which represents a saturated solution, 
and every other point represents an unsaturated solution. At 
temperatures above 1^2^ ^^ soUd can exist in the system 
W-8i-82f and every point in the triangle represents an 
unsaturated Uquid. 

We have now described two more isothermal types, with 
the foUowing characteristics : 

5. The isotherm contains two saturation curves and no 
invariant point (Fig. 37). 

6. The isotherm contains one saturation curve and no 
invariant point (Fig. 38). 

In addition there are the three transition types shown in 
Figs. 36, 39, and 40. 

We saw in the previous chapter that the poly thermal satura- 
tion curves in the simple binary systems extend continuously 
to the melting points of pure salts only if the salts are not 
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decomposed by water, if two liquid layers are not formed, and 
if the critical temperatures of binary mixtures are not attained. 

The series of ternary isotherms which we have deduced 
theoretically will also be realised in practice only when these 
same conditions hold. 

The series refers strictly to one constant pressure in the 
condensed system, but since we are considering only the con- 
ditions of equilibrium between solid and liquid phases, this 
limitation need not be observed in practice, provided that too 
great variations in the pressure do not occur. Thus the series 
of isotherms may be partly constructed from the results of 
experimental investigations carried out at atmospheric pressure, 
and in the presence of a vapour phase. 

At high temperatures the liquid phase, strictly imstable in 
the presence of vapour at pressures difiEerent from its own 
vapour pressure, will evaporate too quickly to admit of this 
method of experimental investigation. 

The two isothermal types shown in Figs. 37 and 38 cannot, 
in general, be realised experimentally by working in open 
vessels under atmospheric pressure. The vapour pressure of 
solutions at the high temperatures where these types obtain 
will nearly always be far above one atmosphere, and the 
temperatures will therefore be above the boiling points of the 
solutions under atmospheric pressure. The experimental 
investigation of these types must take place, therefore, in 
sealed vessels, and very often under considerable pressure. 

§ 36. We must next consider how these various isothermal 
types can be incorporated into one figure, which shall give 
the conditions of equilibrium in the system W-8i-8^, at 
all temperatures at which a liquid phase can exist. 

In order to accomplish this, we must have recourse to a 
representation in space. It is not possible to represent, in a 
plane figure, the variations of more than two independent 
factors. We have succeeded in representing inside the triangle 
the simultaneous variations of all three concentration factors, 
but this arises from the fact that only two of these are really 
independent variables. The third concentration factor is 
fixed by the other two, and is therefore dependent on them, 
being the difference between 100 and their sum. Tempera- 
ture is a third independent variable, and the relation between 
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it and the composition of saturated solutions can only be 
expressed completely by means of a three dimensional figure. 

We shall represent the system by a figure lying inside a right 
triangular prism TWS^S^ (Fig. 41). The base of this prism is 
formed by the equilateral triangle WS1S29 which is to be con- 
sidered as lying in a horizontal plane. Temperature will be 
measured vertically upwards, along the parallel edges of the 
prism, which are perpendicular to the plane of the base. 

Points on the edge WT are taken to represent pure water 
at various temperatures ; similarly points on the edges S^T 
and S^T represent the pure salts S^ and Sg at various tempera- 
tures. 

We saw that, in the ternary isotherm, the conditions of 
equilibrium in the binary system W-S^ at the fixed tempera- 
ture of the isotherm, were represented on the side WS^ of the 
triangle. In the same way, the conditions of equilibrium in 
this binary system at all possible temperatures wiU be repre- 
sented on the side face TWS^ of the prism, in the ternary 
poly therm (Fig. 41). The polythermal saturation curves in 
the binary system W-S^, which are represented in the plane 
of the paper in Fig. 25, are reproduced on the face TWS^ of 
the prism in Fig. 41. The point C gives the melting point of 
the pure salt /S^, A that of ice ; the curve CB is the binary 
saturation curve of 8^, and AB that of ice, whilst the point B 
represents the eutectic solution in equilibrium with both ice 
and solid 8^ in the binary system W-81. In the same way, 
the binary system W-82 is represented on the side face 
TW82, which corresponds therefore with Fig. 26. The point 
F gives the melting point of the salt /Sg, the point E represents 
the eutectic solution in equilibrium with both ice and soUd Sg, 
whilst AE and FE are the binary saturation curves of ice 
and ^2 respectively, in the system W-82. Finally, the binary 
system 8^-82 of Fig. 27 is represented on the front face 
TS182 of the prism. The point D represents the eutectic melt 
in this system, which is in equilibrium with both solids 8^ 
and 82^ whilst CD and FD are the binary saturation curves 
of 8^ and 82 respectively. It is clear that, in nearly all cases, 
the temperatures corresponding with the points C, F, and D 
will be very much higher than those corresponding with the 
points A, By and E, as represented in Fig. 41. 
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All points inside the prism represent ternary mixtures of 
W, Sly and 82 at various temperatures. Let us consider, as 
an example, the point Di, which is supposed to lie in the interior 
of the prism. A plane W'S\S\ is Isdd through the point D^, 
parallel to the base WS^S^ of the prism. Now the point D^ 
represents a ternary mixture the composition of which is 
defined by the position of the point in the triangle W'S'iS'^ 
in the usual way, and the temperature of which is given by the 
height WW of the plane containing D^ above the base of .the 
prism. A horizontal triangular section of the prism, such 
as W'S\S'2, is a constant temperature section, since every 
point on it is at the same height above the base ; in other 
words, the typical isotherms which we have alrecidy discussed 
represent sections of the space figure at various heights. We 
could then clearly build up the space figure by superimposing 
the typical isotherms, in the order of increasing temperatures. 
'*We shall not, however, adopt this course, but we shall first 
deduce the form of the space figure from general considerations, 
and shall show subsequently that sections at various heights 
do actually give the typical isotherms. 

We have seen already that the lowest temperature at which 
a liquid phase can exist is that of the invariant system formed 
by the three solid components ice, S^ and 8^ in equilibrium 
with a ternary liquid phase, which we have called the solution 
L in § 34. This solution is represented in Fig. 41 by the point 
L, which lies within the prism, and is the ternary eutectic 
point ; it is, therefore, the lowest point in our space 
figure. 

If heat is added to the invariant system 

Ice + 8^+ 82+ Solution L, 

the temperature will not alter, but the three solids will melt 
in such a way as to leave the composition of the solution 
unchanged ; the following phase reaction will occur : 

Ice + 81+82 — Solution L. 

When one of the solid phases has been consumed by this 
reaction, the system will gain a degree of freedom, the tempera- 
ture can then rise, and the composition of the liquid can alter. 
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At temperatures above that of the eutectic point, the three 
following monovariant systems can therefore exist : 

Ice + 5^ + Solution 1 . 

Ice + 8^+ Solution 2. 

and S^ + /Sa + Solution 3. 

These are the three systems which we have considered in 
the foregoing paragraphs at constant temperature, when they 
were in a state of invariant equilibrium. Since we no longer 
impose this restriction on the temperature, we must now 
consider them as monovariant. 

In the system 1 formed by the two solids Ice and 8^ in 
equilibrium with a ternary solution, there will correspond a 
definite composition of this solution with every temperature 
in the range of existence of the system. The compositions of 
solutions in equilibrium with these two solids will therefore 
be represented by the points on a curve such as LB in Fig. 41, 
which rises from the eutectic point L and is cut in one point 
(the isothermal invariant point) by every isothermal section 
in the temperature range. This curve may be considered as 
the locus of the isothermal invariant point with varying 
temperatures, and we see that the polythermal saturation 
curve in the ternary system represents the compositions of 
solutions in equilibrium, not with one, but with two solid 
phases. We showed in the discussion of isothermal types 
(§ 34) that the highest temperature at which an isothermal 
invariant point can occur, representing a solution in equilibrium 
with the two solid phases Ice + aS^, is that of the binary 
eutectic point in the system W-8i, when these two solid 
phases are in equilibrium with a binary invariant solution. 
The polythermal saturation curve of Ice + 8^ in the ternary 
system rises, therefore, from the ternary eutectic point L, and 
reaches its temperature maximum in the point B (Fig. 41), 
which is the eutectic point in the binary system JF-zSi. 
We may consider the ternary eutectic point L as giving the 
common melting point of the three solids Ice + iSi+ 82^ the 
binary eutectic point B as giving the common melting point 
of the two solids Ice + 8^, and the polythermal saturation 
curve BL as giving the lowering of the common melting point 
of Joe + Si9 due to the addition of increasing amounts of the 
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third component Sg. This view is analogous to that which 
considers the binary saturation curve CB as giving the lowering 
of the melting point of the pure salt S^ due to the addition of 
increasing amounts of the second component, water. 

The compositions of solutions in the monovariant system 2 
. are represented by points of the polythermal saturation curve 
i LE of the two solids Ice + S^. This curve rises from the 

ternary eutectic point L, which represents a solution in equi- 
librium, not only with these two solids, but also with /S,, and 
it ends in the binary eutectic point E, which represents a solu- 
tion in equilibrium with the two solids in the binary system 
W-82' It can be considered as giving the lowering of the 
common melting point of Ice + ^2 due to the addition of 
increasing amounts of the third component 81. 

Finally, points on the curve LD represent the compositions 
of solutions in the monovariant system 3. This curve is the 
polythermal saturation curve of 8^+ 82, and it also rises from 
the point L, reaching its temperature maximum in the corre- 
sponding binary eutectic point 2), which lies on the front face 
of the prism and represents the fused salt mixture in equi- 
librium with the two solid salts in the binary system 8^-82^ 
It is clear that this saturation curve has much the greatest 
temperature range. 

In the ternary isotherm within a certain temperature range 
there exists a curve every point of which represents a solution 
saturated with one particular solid. These solutions must 
be represented in the space figure by points which lie on a 
surface the intersection of which with every isothermal plane 
inside that range is a definite curve — the isothermal saturation 
curve of that particular solid at that particular temperature. 
Solutions saturated with one solid must therefore be repre- 
. sented in the space figure by points on a saturation surface, 
and we may consider such a surface as being traced out by the 
isothermal saturation curve when the temperature is con- 
tinuously altered. 

In Fig. 41, the saturation surface of solid 8^ is given by 
CDLB, a surface which is bounded by the four saturation curves 
also representing solutions saturated with solid /S^. These 
curves are : (1) the binary saturation curve CD on the front 
face of the prism, representing the fused salt mixtures which 
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are in equilibrium with solid S^ in the system S^-S^ ; (2) the 
binary saturation curve CB on the side face of the prism, 
representing aqueous solutions in equilibrium with solid 8^ 
in the system W-Si, (3) the ternary saturation curve DL 
inside the prism, representing solutions m equilibrium, not 
only with solid /Sj, but also with solid S^y and (4) the ternary 
saturation curve BL inside the prism, representing solutions 
in equilibrium, not only with solid S^, but also with ice. The 
phase theory defines nothing concerning the shape of such a 
saturation surface, it merely indicates the limits of its existence. 

The surface FDLE is the saturation surface of solid iSj, 
being bounded by the four saturation curves (the two binary 
curves FD and FE, and the two ternary curves DL and EL) 
which represent solutions saturated with /Sg. Every solution 
represented on this surface is a solution which is in equilibrii m 
with solid 8^. 

Lastly, we have the saturation surface ABLE every point 
of which represents a solution in equilibrium with ice. It is 
also bounded by four saturation curves, the two binary curves 
AB and AE, and the two ternary curves BL and EL, 

We will summarise the results which we have so far obtained. 
We find represented in the space figure : 

1. Three saturation surfaces ^ each depicting solutions satu- 
rated with one solid. 

CDLB is the saturation surface of solid )S^, 
FDLE „ „ ,, ,, ^2, 

ABLE ,, ,, ,, ,, Ice. 

2. Three polythermal saturation curves, each depicting 
solutions saturated with two solids. 

These curves are formed by the intersection in pairs, of the 
three surfaces, and they represent solutions saturated with 
the two solids the saturation surfaces of which intersect in 
these curves. 

BL is the saturation curve of solid 8^+ Ice, 

EL „ „ „ „ ^2+ Ic^> 

DL „ „ „ „ /Si+ solid 8^. 

3. One system invariant point L, depicting the solution 
saturated with the three solids 8-^+8^+ Ice. 
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All saturation surfaces and saturation curves meet ia this 
point. 

We have now to consider the isothermal* sections of the 
space figure. Between the temperatures corresponding with 
the eutectic points L and E, a horizontal section of the figure 
will clearly cut each saturation surface along a curve, and each 
ternary saturation curve in a point ; the three points thus 
obtained will be situated at the intersections by pairs of the 
three curves. 

The section wiU cut no binary saturation curve. 

The isotherm (E^Bfi^, Fig. 41) for any temperature within 
this range wiU therefore consist of three isothermal saturation 
curves (that of /Sf^, that of 8^ and that of ice), and three iso- 
thermal invariant points formed by the intersection of these 
curves in pairs, within the triangular section. This is the 
type which we have akeady characterised and represented in 
Fig. 34. 

Between the temperatures corresponding with the eutectic 
points E and B, an isothermal section wUl still cut all three 
saturation surfaces, each along a particular curve. It will 
also cut the ternary saturation curves BL and jDL, but not the 
curve EL^ since we are outside its temperature range. The 
side of this isothermal section will cut the two binary satura- 
tion curves in the system W—S^, The isotherm (A^J)^F^^ 
Fig. 41) within this range of temperature will therefore consist 
of three isothermal saturation curves with /S^, /Sj, and ice 
respectively as solid phases, and two isothermal invariant 
points with 8-^-\- ice and S^-\- S^ as solid phases. The satura- 
tion curves of ice and of S^ will extend to the side of the triangle, 
and terminate there in points representing two binary saturated 
solutions. This is the type represented in Fig. 32. 

Between the temperatures corresponding with the eutectic 
point B and the melting point A an isothermal section will 
cut the three saturation surfaces, but only one ternary satura- 
tion curve DL. It will, however, cut both binary saturation 
curves in the system W—S^, and both binary saturation 
curves in the system W-8^, The isotherm {A^A^-CJ)JF^, 
Fig. 41) will then consist of three isothermal saturation curves 
with 8^, 8^9 and ice as solid phases, and one isothermal invariant 
point with 81+82^8 solid phases. The saturation curves will 
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terminate on one side of the triangle, in two points which 
represent binary solutions saturated with ice and 82 respec- 
tively, and on another side of the triangle, in two points which 
represent binary solutions saturated with ice and 8^ respec- 
tively. This is the isothermal type represented in Fig. 29. 

The most persistent isothermal type will be that given by 
sections of the space figure between the temperatures corre- 
sponding with the melting point A and the eutectic point D, 
for this will be, in nearly all cases, a very wide range — from 
0° to the eutectic point of the fused salts. The isothermal 
section will now no longer cut the saturation surface of ice. 
It will cut only the saturation surfaces of 8^ and 82, the binary 
saturation curve of 81 in the system W—81, and of 82 in the 
system W— iSg, and the ternary saturation curve of 8^+ iSj. 

The isotherm (C^^jFj, Fig. 41) will consist, therefore, of 
two isothermal saturation curves with 8^ and 82 respectively 
as solid phases, and one isothermal invariant point with 
81+ 82 as solid phases ; the saturation curves will terminate 
on the sides of the triangle in points representing binary satu- 
rated solutions. This is the simple type which we considered 
at the beginning of this chapter. 

Above the temperature of the eutectic point D, and below 
that of the melting point F, an isothermal section will still 
cut both the saturation surface of 8^ and that of 829 but it 
will cut no ternary saturation curve ; it will, however, again 
cut four binary saturation curves. The isotherm (C2C5--P1JF5, 
Pig. 41) will therefore consist simply of the saturation curves 
of Sj and of 82, which will not intersect, but which will terminate 
at each end in points on the sides of the triangle, representing 
binary saturated solutions. This is the type shown in Fig. 37. 
Finally, between the temperatures corresponding with the 
melting points F and C, an isothermal section will cut only 
the saturation surface of 8^, and the two binary saturation 
curves representing solutions in equilibrium with this salt as 
a solid phase. The isotherm {G^C^, Fig. 41) will consist, accor- 
dingly, of one saturation curve — that of 81 — terminated at 
each end in a point on the side of the triangle, representing a 
binary saturated solution. This is the type shown in Fig. 38. 
The reader can easily convince himself that the transition 
types are obtained by sections of the spa»ce figure through the 

I 
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seven eutectic or melting points- L, E, B, A, D, F, 
and C. 

In order to complete our discussion of the space figure, we 
must investigate the significance of points which lie neither on 
saturation surfaces nor on saturation curves. Let us consider 
an isothermal saturation curve such as C^Dj^, on the saturation 
surface of solid 8i. It represents solutions which are in equi- 
librium, at this particular temperature, with solid S^, and 
every point on it may therefore be joined by a conjugation 
hue to the point 8\, which represents solid S^ at this tempera- 
ture. The area 8\G^i then depicts all possible phase com- 
plexes of solid 8i and a solution on the saturation curve C^i, 
at the temp6rature of the isotherm. It is clear that as the 
saturation curve G^D^ moves up and down the saturation 
surface, this complex area will generate a corresponding complex 
space, and that points inside this space represent complexes of 
solid 8i and a solution on the saturation surface ODLB. 

In the same way, every point on the saturation surface 
FDLE may be joined by a conjugation line to a point on the 
edge ^8^2^^ representing pure ^2 at the same temperature, and 
a space will thus be generated every point of which represents 
a complex of solid 8^ and a solution on the saturation surface. 
Every point on the saturation surface ABLE may be joined 
to a point on the line WT representing pure ice at the same 
temperature, and a third complex space will thus be formed. 
Returning again to the isotherm C^iF^, we have seen that 
the solution represented by D^ is in equilibrium with both 
8^ and 82 at this temperature, and, therefore, that conjugation 
lines may be drawn joining jD^ to every point on the line 
8\8'2. 

Points in the triangular area 8\Di8\ represent, then, 
complexes of solid 8^, solid 8^, and solution X)^ in this isotherm, 
and as the isothermal invariant point jD^ moves up and down 
the ternary saturation curve DL, so the area 8\Di8\ will 
generate a space every point of which represents a complex 
of solid 8iy solid 8^, and a solution at the same temperature, 
represented on the saturation curve DL. There will clearly 
be two other complex spaces which are generated in a similar 
manner. The points in one of these spaces will represent 
complexes of ice, solid 8^, and a solution represented on the 
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ternary saturation curve BLy and those in the other, complexes 
of ice, solid 8^^ and a solution represented on the saturation 
curve EL. Points in the horizontal plane containing L repre- 
sent, as we have already seen, complexes of one, two, or all of 
the solid phases 8-^^ 8^^ and ice, with the solution L (§ 34). 

The space inside the figure formed by the three saturation 
surfaces is the space of unsaturated solutions, since it is clearly 
generated by the isothermal area of unsaturated solution, when 
the temperature assumes successively all possible values. The 
melting point C of the salt 8^ is the highest temperature at 
which a solid phase can exist in the system, and every point 
in the prism above the horizontal plane which contains the 
point C must, therefore, also represent an unsaturated solution. 
It is somewhat difficult to picture these various spaces in 
a plane drawing, such as Fig. 41, and a space model is a great 
aid to the understanding of the space representation. A 
careful consideration will show, however, that the eight spaces 
detailed above tog'ether comprise the whole of the interior of 
the prism. 

§37. We have discussed two methods by which the poly- 
thermal relations in the ternary system can be represented. 
We may construct, either a series of isotherms at various 
temperatures, or a space figure, but both these methods leave 
something to be desired. The first method necessitates the 
construction of a large number of pictures, particularly in the 
case where binary or ternary compounds can be formed, whilst 
the construction of a space figure in these cases is cumbersome, 
and we are further handicapped by the necessity of depicting 
this space figure in the plane of the paper. Several methods 
have been devised for representing the poljrthermal relations 
in the ternary system by means of a plane figure. It is clear 
that one such figure cannot give us complete information about 
all the variable factors in the way that the space figure does. 
In order to represent the conditions of equilibrium in the 
condensed ternary system by means of a plane figure, we have 
seen that it is necessary either to fix or to disregard one of the 
possible varying factors. For example, we commenced our 
discussion of the ternary system by considering the composi- 
tions of solutions saturated at a fixed temperature, and by so 
doing we reduced the variability of the system. Unsaturated 

I 2 
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solutions were depicted by an area in the isotherm, by a spacA. 
in the polytherm ; solutions saturated with one solid were 
depicted by a saturation cvrve in the isotherm, by a saturation 
surface in the polytherm, and solutions saturated with two 
solids were depicted in the isotherm by an invariant pointy in 
the polytherm by a saturation curve , 

All the methods which are used for representing the poly- 
thermal relations in the ternary system by means of a plane 
figure can be considered as projections upon a plane surface, 
of the space figure shown in Fig. 41. If, for example, the space 
figure is projected perpendicularly downwards upon the base 
W81S2 of the prism, the picture shown in Fig. 42 is obtained. 
The binary eutectic point B (Fig. 41) projects into the point b, 
perpendicularly below it, upon the side W8i of the triangle 
(Fig. 42). The binary eutectic points E and D (Fig. 41) project 
similarly into the points e and d on the sides WS^ and S^S^ 
respectively (Fig. 42). The ternary eutectic point L (Fig. 41) 
projects into a point I within the triangle (Fig. 42), the three 
polythermal saturation curves BL, EL^ and DL (Fig. 41) 
project into the curves 6Z, eZ, and dl (Fig. 42), and the satura- 
tion surfaces of ice, S^ and S^ in Fig. 41 clearly project into the 
areas Wble, S^bld, and /Sfgd/c, respectively, of Fig. 42. These 
areas are marked in the figure with the corresponding solid 
phases, and points on a given saturation curve represent solu- 
tions saturated with the two solid phases the saturation areas 
of which are bounded by that curve ; thus it is easy to see 
from the figure that the curve bl is the saturation curve of 
Ice + Sly since the saturation areas of ice and of 81 are separated 
by this curve. 

The projection shows the essential features of the space 
figure itself ; it shows the three saturation surfaces intersecting 
by pairs in the polythermal saturation curves, and it shows 
the ternary eutectic point as the point in which these three 
saturation siurfaces and three saturation curves intersect. 
Fig. 42 does not, however, give the complete information 
yielded by the space figure, and it must be borne in mind that 
the temperature varies from point to point in the picture ; 
although the actual value of the temperature corresponding 
with any given point is not expressed by Fig. 42, the latter is 
a polytherm and not an isotherm. Every point on a satura- 
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tion curve represents, not a solution saturated with one solid 
at a fixed temperature as in the isotherm, but a solution 
saturated with two solids at a temperature the value of which 
is not expressed. The terminal point of a saturation curve 
on a side of the triangle represents, not a binary solution satu- 
rated with one solid at an arbitrarily fixed temperature as in 
the isotherm, but a binary invariant solution saturated with 
two solids at a definite eutectic temperature the value of which 
is not expressed. Since, however, the temperature corre- 
sponding with points on the saturation curves rises continuously 
from the ternary eutectic point {, and reaches its maxima in 
the binary eutectic points 6, d, and e, the direction of the 
temperature change on these curves can be shown, and it is 
indicated in Fig. 42 by the arrow-heads, which point in the 
direction of rising temperature. The isothermal saturation 
curves lie, as we have seen, on the saturation surfaces, and 
they would be found in Fig. 42 by joining the points which 
represent solutions saturated with the same solid, at one and 
the same temperature. Some of the isothermal types are 
represented by dotted lines in this figure. 

We see that the incompleteness of the polythermal repre- 
sentation given in Fig. 42 lies in the fact that, although the 
temperature varies from point to point, its value at any point 
does not receive actual graphical expression. The composi- 
tions of solutions are, however, completely and correctly* 
represented ; for example, the point I gives the true composi- 
tion of the ternary eutectic solution. This point is the pro- 
jection of the point L in the space figure, and since the pro- 
jection was constructed by means of perpendicular lines parallel 
to the temperature axis, the position of the point I in the 
triangle W8182 is the same as the position of the point L in 
that horizontal triangular section of the space figure which 
contains it. 

The meaning of a point in the plane projection is, to a certain 
extent, ambiguous. Let us consider, for example, the point O, 
which lies on the saturation curve dl in Fig. 42, and is the 
perpendicular projection of a corresponding point on the 
saturation curve DL in the space figure. The point O must 
also be the projection of every other point on the perpendicular 
line which passes through it, and since this line traverses a 
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number of complex spaces, the point represents at one and the 
same time, not only a saturated solution, but also a number 
of phase complexes at a great variety of temperatures ; the 
point corresponds with one definite temperature only when 
it is considered as the projection of a point on a saturation 
curve. In order, therefore, to remove this ambiguity, we shall 
consider a point in Fig. 42 to represent one phase only, namely, 
a solution which is saturated with one, two, or three solids, 
according to whether it lies in one of the areas, on erne of the 
curves, or at the eutectic point ; the complex spaces and the 
space of unsaturated solutions will receive no graphical repre- 
sentation in the plane projection. 

This projection of the ternary polytherm is the one which 
is generally used by Schreinemakers, and we shall return to it 
later (Chapter V). 

§ 38. We will now suppose that the space figure (Fig. 41 ) is 
projected, not upon the base, but upon the front vertical face 
TSiS^ of the prism, by means of lines which are parallel to 
the plane of the base, and which all radiate from points on the 
water axis WT. If, for example, we wish to construct the 
projection of the binary eutectic point B in Fig. 41, we must 
choose a point on the line WT at the same height above the 
base as the point B ; we must join this point by a straight line 
to the point B and continue the Une until it intersects the front 
face of the prism. The point of intersection will clearly lie 
on the boundary line S^T, and it is given by the point 6 in 
Fig. 43, which represents this projection. The binary eutectic 
point E (Fig. 41), projected in the same way, by means of a 
line which passes through a point on the axis WT and is parallel 
to the plane of the base, will clearly give a point such as e, 
which lies on the side 82T in Fig. 43. When the ternary eutectic 
point L is projected by means of a line which passes through 
the axis WT^ its projection will be given by a point such as I, 
which lies within the rectangle in Fig. 43. The binary satura- 
tion curves CD and FD, and the eutectic point D in the binary 
system Si—S^, since they already lie on the front face of the 
prism, will appear unchanged in Fig. 43. The three ternary 
saturation curves, which rise from the ternary eutectic point 
and end in the three binary eutectic points, are given by 26, 
2e, and Id in this figure, and the saturation surfaces of S^ and 8^ 
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by the areas cdW and fdh, which are marked with the oorre- 
sponding solid phases. An examination of Fig. 41 will show 
that the projection of the ice saturation sur&ce upon the front 
face of the prism will be superimposed upon the projections of 
the saturation surfaces of 8^ and 8^, and if, therefore, the points 
of Fig. 43 are to be free from ambiguity, we must consider this 
figure as giving only the polythermal saturation curves and the 
saturation surfaces of 8^ and 8^ ; the saturation surface of 
ice, the space of unsaturated solutions, and the complex spaces 
can recelTe no graphical representation in this plane projection. 

Since the points in the space figure have been projected in 
a direction parallel to the base, their height above the base 
remains unchanged, and the temperature corresponding with 
a point in Fig. 43 is therefore correctly measured by the distance 
of the point above the line 8182^ in a direction parallel to 81T 
or 8^. The compositions of solutions are, however, not com- 
pletely represented by the points in this figure. Let us 
consider, for example, the point Z)^ of Fig. 41, which lies on 
the saturation curve LD, and in' the horizontal triangular 
section W'8\8\. The projection of this point will be given 
by the intersection of the straight line W'D^ with that side 
S\8\ of the triangular section which lies on the front face of 
the prism. Now we have shown that all points on a line such 
as W'D^ represent mixtures which contain the Same propor- 
tion of the two salts 8-^ and iS,. The projection of the point D^ 
wiU give, therefore, the correct proportion of the two salts con- 
tained in the saturated solution represented by D^. Since, how- 
ever, the percentage of water in the solution D-^ is measured 
by the distance of the point D^ from the face of the prism 
opposite to the axis WTy and since we have projected the point 
upon this face, the projected point will give no information 
about the water content of the solution which it represents. 
We see that a point in the plane projection of Fig. 43 represents 
the true temperatures of a solution, and the correct percentage 
composition of the salt mixture contained in that solution, but 
the water content is undefined ; to every point in Fig. 43 there 
corresponds a certain unexpressed value for the water content 
of the solution which it represents, and this value varies from 
point to point. 

We can construct the polythermal representation given in 
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Fig. 43 without reference to the space figure. For this purpose, 
the composition of the liquid phase must be expressed in a 
different form from that hitherto employed. Instead, namely, 
of referring the weight of each component to a total weight of 
100 parts of solution, we shall refer the weight of each com- 
ponent to 100 parts by weight of the total salts Si+ S^. 
Suppose a ternary solution containing Pf , 8^, and Sg '^^s * 
total sfidt content of 100 grams, and let z be the weight of the 
salt S^ in this solution. The weight of the salt S, "^^ ^^^^ ^® 
100 — a:, and the remainder of the solution, which we will 
call y grams, will give the weight of water present in this 
phase. We can then express its composition in the following 
form : 

and in this form the concentrations of the two salts are so 
arranged that their sum is constant and equal to 100. If, 
therefore, a point on the concentration axis S182 of Fig. 43 
divides this axis into two sections, such that the length of one 
section gives the concentration z of the salt iS^ in a liquid 
phase, then the length 100 — a:, of the other section, gives the 
concentration of the salt 82 in that phase. The variations of x 
(and therefore of 100 — x) with the temperature T can then be 
represented by points inside a rectangle such as TS182 of 
Fig. 43, and the picture will show the effect of temperature 
change upon the percentage composition of the salt mixture 
contained in the Uquid phase ; the water content y of these 
phases will vary from point to point, and the actual value at 
a given point will not find expression in the picture. We 
shall, in fact, obtain the same figure as would be given by a 
projection of the space figure (Fig. 41) upon the front face of 
the prism in the way which we have described. 

It can be seen that this method of representing the poly- 
thermal relations in the ternary system resembles the method 
used for the binary system. Points on the axis 81T between 
6 and c represent saturated aqueous solutions of pure 8^ at 
various temperatures, instead of pure 8^ itself as in the binary 
pol3rtherm ; such points correspond, namely, with 100 per cent. 
Si referred to the total salt content, and not to the total weight, 
of the mixtures which they represent. In the same way, a 
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point between e and / on the axis S^T represents a saturated 
aqueous solution of ptire S2 at a certain temperature, and a 
point on one of the saturation curves or surfaces within the 
rectangle, a saturated aqueous solution of a mixture of 8^ and 
iS, in a proportion which can be directly measured from the 
6gure. It must be remembered that, in order to remove all 
ambiguity, we have decided to leave the saturation surface of 
ice and the complex spaces unconsidered. Fig. 43 differs 
further from the binary polytherm, in that the curves lb. Id, 
and Isy being pol3rthermal saturation curves in a ternary system, 
represent the compositions of solutions saturated at various 
temperatures with two solid phases. We have already pointed 
out that the curves demand df are binary saturation curves 
representing the compositions of solutions saturated with one 
solid, and the point d is a binary eutectic point. It is important 
to remember this, since the fact is not at once evident from the 
figure. The binary system Si—S^ is alone completely repre- 
sented by Fig. 43, since in this system the water content is 
constant and actually equal to zero ; the fact that the figure 
fails to express the value of the water content of liquid phases 
is immaterial in the case of the anhydrous system. 

An isotherm is represented in Fig. 43 by a line parallel to 
81S29 every point of which represents, therefore, a solution at 
one and the same temperature. It can be seen clearly that 
such a Une, between the temperatures of the points e and Z, 
will cut all three polythermal saturation curves. These iso- 
therms wiU therefore show three isothermal invariant points. 

The point in which the line of constant temperature cuts the 
curve bl will give the composition of the salt mixture contained 
in the isothermal invariant solution saturated with ice and solid 
Sj ; that in which it cuts the cinrve dl will give the composition 
of the salt mixture contained in the isothermal invariant solu- 
tion which Ib saturated with the two salts, and that in which 
it cuts the curve d, the composition of the salt mixture in the 
isothermal invariant solution saturated with ice and soUd 82- 
Between the temperatures of the points 6 and 6, a constant 
temperature line will cut only two saturation curves ; between 
those of the points d and b only one, and above the temperature 
of the point d, no ternary saturation curve. The corresponding 
isotherms will therefore show two, one, and no ternary iso- 
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thermal invariant points. We do not need to consider this 
case further, since it can only lead us to the isothermal types 
which we have abeady deduced. 

The method of representation described in this p€u*agraph 
was introduced by Janecke, and we shall use it to investigate 
the polythermal conditions of equilibrium in the ternary system 
when a compound can occur as a solid phase. 
f §39. We will suppose that the two simple salts 8^ and S, 
can unite to form an anhydrous double salt D. There are then 
four solid phases which can occur in the condensed ternary 
system, namely, ice, Si, 82, jD, and the possibility arises that 
more than one invariant equilibrium may exist in the system. 
We might conceivably have either of the following solid phase 
triads in equilibrium with solution at a system invariant 
point : 

Ice + 81+ D + Solution ... 1. 

Ice + 5,+ D + Solution ... 2. 

Ice + iSi+ 82+ Solution ... 3. 

^8^1+ ^2+ ^ + Solution ... 4. 

We will consider first the invariant equilibrium No. 4, which 
occurs when the two simple salts and the double salt coexist 
in contact with an invariant solution, and we will determine 
the phase reactions which occur when heat is added to, or with- 
drawn from, the system in invariant equilibrium ; those 
reactions must be such as to leave the composition of the liquid 
phase unaltered. Now since no one of the three solid phases 
iS^, 8^, and D contains water, it is clear that the separation 
or dissolution by the liquid phase of one, two, or all of these 
solids in any proportion must increase or decrease the con- 
centration of water in the liquid phase, and hence that the 
invariant phase reactions must involve the solid phases only, 
the liquid phase taking no part in them. The reactions are 
therefore : 

Si+ 82 — A 

and D -* 8^+ 8^. 

They consist in the union of the two simple salts with the 
formation of the double salt, and in the decomposition of the 
double salt with the formation of the two simple salts ; since 
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these reactions take place only between the solid phases, it is 
clear that they will leave the composition of the liquid phase 
unchanged. Of the two opposing phase reactions given above, 
one must occur when heat is added to, and the other when heat 
is withdrawn from, the invariant system in equilibrium. If 
the double salt is stable at temperatures above that which 
corresponds with this invariant system, it will be formed from 
the two simple salts when heat is added, and decomposed into 
these two when heat is withdrawn. The jAiase reactions in 
equilibrium at the invariant point will then be given by the 
following notation : 

S^+S^~ D . . . .6. 

where, following our custom, we denote the reaction which 
occurs on the addition of heat by the upper arrow, and that 
which occurs on the withdrawal of heat by the lower arrow. 
If, on the other hand, the double salt is stable at temperatures 
below that which corresponds with the invariant system, it 
will be decomposed into the two simple salts when heat is 
added, and formed from them when heat is withdrawn. The 
phase reactions in equilibrium at the invariant point will then 
be given by the following notation : 

D :^ S^+ S2 .... 6. 

Both cases are possible, and we will suppose first that the 
relations are those represented by the notation 5. 

The addition of heat to the invariant system will then result 
in the following phase reaction : 

The system will gain a degree of freedom when one of the 
solid phases S^ or 8^ has been removed during the course of 
this reaction. The two following monovariant systems can 
therefore exist at temperatures above that of the invariant 
point : 

Si+D +Solutioni .... 7. 

S^+D + Solution .... 8. 

' Although the liquid phaso takes no part in the equilibrium reactions, the 
preseooe of this fourth phase is essential to the existence of a ternary 
invariant system. 
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The removal of heat from the invariant system will result 
in the opposing reaction : 

The solid double salt is the only phase which can be consumed 
by this reaction, and the only monovariant system which can 
exist at temperatures below that of the invariant point is : 

^1+ ^2+ Solution 9. 

The ternary system W-S-^-S^ is represented, in this case, 
by Janecke's method, in Fig. 44. The point M is the system 
invariant point representing the conditions of equilibrium in 
the invariant system, S^S^-D-^olatioriy and it gives 
the temperature of the invariant equilibrium, and the composi- 
tion of the salt mixture contained in the invariant solution ; 
the water content of this solution is not expressed by the figure. 
The two monovariant systems shown above (Nos. 7 and 8) 
can exist at temperatures above that of the invariant equi- 
librium, and from the system invariant point M the two corre- 
sponding polythermal saturation curves must diverge in the 
direction of rising temi>erature. 

The curve MB, corresponding with the monovariant system 
No. 7, is the saturation curve of the two solids S^ + D, whilst 
the curve MC, corresponding with the monovariant system 
No. 8, is the saturation curve of the two solids 8^ +D \ 
these curves reach their temperature maxima in the binary 
eutectic points which represent solutions also in equilibrium 
with these salt pairs. Since, namely, the double salt is stable 
at temperatures above that of the point M, it will be a possible 
solid phase in the binary system S^-S^, which will then no 
longer show the simple relations previously assumed for it. 
It must show, as in Fig. 44, three saturation curves AB, BC, 
and (7^ representing liquid phases in equilibrium with the 
solids Si, Z), and 82 respectively. The binary saturation curves 
of 81 and of D intersect in the binary invariant point B, which 
represents a liquid phase in equiUbrium with 8^+ D, and forms 
the end point of the ternary saturation curve also representing 
solutions in equilibrium with these two solid phases. Simi- 
larly, the point G is the binary invariant point at which the 
two solids 8^+ D are in invariant equilibrium with a liquid 
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phase, and this point is, therefore, the end point of the ternary 
saturation curve of 8^ + D. 

The monovariant system No. 9 can exist at temperatures 
below that of the system invariant point My and a corre- 
sponding saturation curve diverges, therefore, from this point 
in the direction of falling temperature. The curve MG is the 
saturation curve of S^ + 82, and its range of existence is bounded 
on the side of low tem{>eratures, by the appearance of ice as 
a third solid phase, and the formation of a second system in 
invariant equilibrium (No. 3). The point G in Fig. 44 is the 
sjrstem invariant point at which the three solid phases 
Si+82+lce are in equilibrium with an invariant solution, 
and the phase reactions occurring at this point when heat is 
added or withdrawn must clearly be represented by the following 
notation : 

Ice + iSi + ^2 — Solution G. 

The three solids wiU be dissolved or separated by the solu- 
tion O in the same proportion as that in which it contains them, 
and its composition will be kept constant in this way. It is 
clear that the point 6r is a ternary eutectic point, and that the 
three following monovariant systems all exist at temperature 
above that with which it corresponds : 

81+82+ Solution . . . . 9. 

Ice + ^51+ Solution . . . 10. 

Ice + /S2+ Solution . . . 11. 

The corresponding polythermal saturation curves diverge 
from the point G in Fig. 44. The curve GM, corresponding 
with the monovariant system No. 9, is the saturation curve of 
81 + 82 which we have just discussed, and its other terminal 
point is the system invariant point M. The curve GF^ corre- 
sponding with the monovariant system No. 10, is the satura- 
tion curve of Ice + /S^, and it reaches its temperature maximum 
at the eutectic point F in the binary system PF-zSj. The 
curve GH is the saturation curve of Ice + jSg* *^d ^^ reaches 
its temperature maximum at the eutectic point H in the binary 

system PF-Sg- 

It can be seen that the system invariant point M, unlike G, 
is not a eutectic point. It is not a lower temperature limit to 



126 PRINCIPLES OP THE PHASE THEORY chap- 

the existence of the liquid phase, since the saturation curves 
do not all diverge from it in the direction of rising temperature, 
as is the case with the eutectic point O ; it is, according to the 
definition given in § 17, a ternary transition point. The 
saturation surfaces, which represent solutions saturated with 
one solid only, are marked in Fig. 44 with their corresponding 
solid phases. It can be seen that the three saturation surfaces 
of S^^ S^^ and D all meet in the point JIf , which represents a 
solution saturated with all three salts, and that the tempera- 
ture of this point is the lowest at which the double salt can 
exist in equilibrium with a liquid phase. The point M is 
therefore said to be the transition point of the double salt ; 
below the transition temperature the two simple salts can 
coexist in equilibrium with solutions, whilst above it they must 
unite to form the double salt. 

§ 40. We must now investigate the second of the two cases 
distinguished in the previous chapter, namely, that in which 
the phase reactions in equilibrium at the invariant point 
Si+ 8^+ D + Solution, are represented by the notation : 

The addition of heat to the invariant system will then 
result in the decomposition of the double salt, and the only 
monovariant system which can exist at temperatures above 
that of the invariant point is the following : 

Si+ 8^+ Solution. 

The withdrawal of heat from the invariant system will cause 
the formation of the double salt, and the two following mono- 
variant systems will exist at temperatures below that of the 
invariant point : 

8^+D + Solution, 

S^+D + Solution. 

This case is represented in Fig. 45, where the point If, 
again a transition point, represents the invariant solution in 
equilibrium with the three salts 8^+8^+ D. The saturation 
curve of 5^+ 8^ now diverges from the point M in the direc- 
tion of rising temperature, and it ends in the eutectic point E, 
which represents the invariant solution in equilibrium with 
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these two solids in the binary system S^-S^. Since, namely, 
the double salt cannot exist, in the case we are considering, 
above the temperature of the transition point JIf , this system 
is of the simplest type, and shows only the saturation curves 
AS and KE of the component salts, and the single eutectic 
point E. 

The saturation curves of Sj + D and otS^ + D diverge from 
the transition point in the direction of falling temperature. 
The curve MR is the saturation curve of S^ + JO, the curve ML 
that of S^ + D, and both these curves are bounded on the side 
of low temperatures by the appearance of ice as a third solid 
phase, and the formation of a system in invariant equilibrium . 
(Nos. 1 and 2 of the previous paragraph.) The point R of Fig. 
45 represents the invariant solution in equilibrium with the 
three solid phases Ice + /Sj + D, the point L that in equili- 
brium with the three solid phases Ice + 8^+ D, and both these 
points are represented in Fig. 46 as eutectic points. The phase 
reactions in equilibrium at the eutectic point R are : 

Ice + S^ + D :^ Solution R, 

and those in equilibrium at the point L : 

Ice + 5, + /) z::^ Solution L. 

Ck>rresponduig with the three monovariant systems which can 
exist at temperatures above that of the eutectic point i2, three 
saturation curves must diverge from this point in the direction 
of rising temperatiure. They are the saturation curves of Si+D^ 
of Ice + 5i, and of Ice + D. The saturation curve RM, 
of Si + D^iB bounded on the side of high temperature by the 
transition point M, as we have already seen. The saturation 
curve RFf of Ice + S^, reaches its temperature maximum at the 
corresponding eutectic point F in the binary system W-S^. 
The third curve JSP, which diverges from the point R, is the 
saturation curve of Ice + D. The three saturation curves 
which diverge from the second eutectic point L represent the 
compositions of solutions in the three following monovariant 
systems : 

S^ + D + Solution, 

Ice + ^8^2 + Solution, 

Ice + D + Solution. 
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The curve LM is the saturation curve of S^ + D, which ends in 
the transition point M. The curve Xff is the saturation curve 
of Ice -h ^2> Aiid it reaches its temperature maximum at the 
eutectic point H in the binary system W-8^. The curve LP is 
the saturation curve of Ice + Z), and we have already seen that 
this saturation curve diverges also from the eutectic point 
R in the direction of rising temperature. It follows that the 
two ternary eutectic points R and L are joined by a continuous 
saturation curve, that of Ice + D, which diverges from both in 
the direction of rising temperature, and attains, therefore, 
a temperature maximum at a point between them ; we shall 
consider later the significance of this temperature 
maximum. 

It is clear from Fig. 45 that the transition point M represents, 
in this case, the highest temperature at which the double salt 
can exist in equilibrium with a liquid phase, and we see that the 
invariant equilibrium denoted by No. 4 in the previous para- 
graph is actually realised when the range of existence of the 
double salt is limited within the temperature interval in which 
saturated solutions can exist ; this invariant equilibrium then 
occurs at the transition point of the double salt. If the transi- 
tion point is a lower temperature limit to the existence of the 
double salt, as in Fig. 44, then the equilibrium No. 3 is also 
realised. If, on the other hand, the transition point is an upper 
temperature limit to the existence of the double salt, as in Fig. 
45, then the two invariant equilibria Nos. 1 and 2 are realised, 
but not No. 3. 

§ 41 . There is a third possibility, since the double salt may be 
stable through the whole range of temperature within which 
saturated solutions can eidst. In this case, which is represented 
graphically in Fig. 46, solid S-^ can never exist in stable contact 
with solid aS^2' they must unite at all temperatures to form the 
double salt, and the saturation surfaces of 8^ and of 8^ will be 
entirely separated from each other by that of the double salt, 
as shown in the figure. The double salt will be capable of 
existence, both in equilibrium with fused salt mixtures in the 
anhydrous system 8^-82, as represented by the curve JBC, and 
in equilibrium with ice and ternary solutions in the system 
PF-fl^i-Sj, as represented by the curve RL. The binar; 
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system S^S^ may then show two eutectic points B BJXd C 
representing binary solutions saturated with : 

and 

82 + D respectively, 

and the ternary system may show two eutectic points R and L, 
representing ternary solutions saturated with : 

8^+D + Ice, 
and 

/8f, + D + Ice respectively. 

Three ternary saturation curves will diverge from the eutectic 
point B. The saturation curve BB^ of 8^ + D, will end in the 
binary eutectic point B, the saturation curve jBJP, of 8^ + Ice, 
in the binary eutectic point jF, while the saturation curve BPL^ 
of D + Ice, must diverge in the direction of rising temperature 
from both eutectic points B and L, as it did in the case repre- 
sented by Kg. 46 of the previous paragraph ; it therefore 
passes through a temperature maximum. 

Of the other two saturation curves which diverge from the 
eutectic point L, LC is the saturation curve of 8^ + D, ending 
in the binary eutectic point (7, and LH is the saturation curve 
of 82 + Ice, ending in the binary eutectic point H. 

The point D, on the side 8^82 of the rectangle in Fig. 46, 
represents the percentage composition of the double salt itself, 
and points on the dotted line DQ, where it traverses a saturation 
surface or intersects a saturation curve, represent, therefore, 
saturated solutions which contain the two simple salts in the 
same proportion as does the double salt itself, and the composi- 
tions of which can thus be expressed in terms of W and D 
alone. Now it is seen that the dotted line traverses only the 
ternary saturation surface of the double salt, and intersects 
only the binary saturation curve BC of this salt, and the 
ternary saturation curve BL of this salt and ice. It f oUows that 
the compositions of all soUd phases in equilibrium with solutions 
which are represented by points on the dotted line can also be 
expressed in terms of water and the double salt alone, and, 
therefore, that every point on this line represents a saturated 

K 
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solution in a system of a lower order than the third. Thus the 
point Q represents the solid double salt in equilibrium with a 
liquid salt mixture of the same composition as the double 
salt ; it is, therefore, the melting point of the double salt in the 
unary system D, Points between Q and P represent saturated 
aqueous solutions which contcdn the simple salts in the same 
proportion as does the double salt, and are in equilibrium with 
solid double salt ; they represent, in other words, solutions 
saturated with the double salt, at various temperatures in the 
binary system W-D, The point P is the eutectic point in this 
binary system, since it represents a solution, containing only 
W and -D, in equilibrium with Ice + D. 

We see that the section DQ, of the figure which gives the 
polythermal conditions of equilibrium in the ternary system 
W-Si-S^, represents in this case a system of the next lower 
order, namely, the binary system W-D (or the tmary 
system D in the limiting case of the point Q where the 
water content is zero). This section divides the figure 
into two parts, which can be considered as giving the con- 
ditions of equilibrium in two ternary systems of the simplest 
type (c/. § 16). The system W-S^-D is represented inside the 
rectangle ASiDQ, and it can be compared with the simple 
system W-Si-S^, in which no compound occurs (Fig. 43). In 
the ternary system W-Si-D, there occur only three polythermal 
saturation curves which diverge from the eutectic point i?, 
and this point is the only ternary invariant point in the system . 
The curve BP is the saturation curve of Ice + JO, and it must 
reach its temperature maximum in the binary eutectic point 
P, at which these two solid phases are in equilibrium with an 
invariant solution in the binary system W-D. The ternary 
system W-S^-D is represented within the rectangle K8^Q, 
and it is also of the simplest type, showing only one eutectic 
point L, and three polythermal saturation curves. The curve, 
LP is the saturation curve of Ice + D in this system, and it 
must also reach its temperature maximum in the corresponding 
binary eutectic point P. We see now the significance of the 
temperature maximum in the continuous saturation curve 
jBPL, of Ice + D. This ternary saturation curve reaches its 
maximum in a point which represents an invariant binary 
system, and not a mono variant ternary system, as do the other 
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points on it. The maximum represents, namely, the euteotic 
point in the binary system W-D^ and it lies at the intersection 
of the line DQ with the ternary satm^ation curve of Ice + D. 

§ 42. We are now in a position to discuss in more detail 
the various isothermal types which may occur in the system 
W-8i-8^ when a double salt can exist as a solid phase, and we 
shall suppose first that the system is represented by Fig. 46, the 
double salt being stable through the whole temperature range. 
We have seen that, in this case, the ternary system can be 
considered at every temperatiure as built up from two others, 
each of the simplest type. The most persistent isothermal type 
will be that which obtains at temperatures between the melting 
point of ice and the temperature of the eutectic point C in the 
anhydrous binary system S^-8^, since this will be, in nearly 
aU cases, a very wide range of temperature. The isotherm at a 
temperature t^, within this range, will be represented in Fig. 46 
by a straight line parallel to the side S^S^y and at such a height 
above it as corresponds with the temperature t^ on the chosen 
scale of measurement. It can be seen that this line traverses 
the saturation surfaces of S^, D, and S^ in order, and intersects 
the saturation curves oi 8^+ D and of 8^ + D. The isotherm 
at this temperature will therefore show the isothermal saturation 
curves of 8^, D, and 8^^ and the isothermal invariant points 
formed by the intersections of these curves, and representing 
solutions saturated with 8i + i>, and 8^ + D, This isotherm 
is represented in Fig. 47, the points M and N on the polythermal 
saturation curves ot8^ + D and 8^+ D respectively in Fig. 46 
reappearing here as isothermal invariant points ; the composi- 
tions of the solutions which these points represent are com- 
pletdy defined by them in Fig. 47, whilst in Fig. 46 the points 
give only the compositions of the salt mixtures contained by 
these solutions. Now, since the system can be considered, 
at aU temperatures, as built up from the two simpler ternary 
systems tf-^i-D and JF-flf,-!), the line WD, in Fig. 47, must 
divide the isotherm into two parts which can be considered as 
giving the conditions of equilibrium, at the temperature ^, 
in two systems of the simplest type. We saw, however, in §§ 29 
and 30 that this can only be the case when the line WD inter- 
sects the saturation curve MN of the double salt, both isother- 
mal invariant points representing congruently saturated solu- 

K 2 
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tions. The isotherm in the system W-Sj-D (Fig. 47) is repre- 
sented within the triangle WS-J)^ and the isotherm in the 
system W-82 -D within the triangle WS^D, We saw that the 
point F, in which the line WD intersects the saturation curve 
of D, represents the saturated solution of the double salt in the 
binary system W-D at the temperature of the isotherm ; this 
point clearly corresponds with the point V of Fig. 46, at which 
the constant temperature line cuts the dotted ,line DQ, the 
points of which represent, not ternary, but binary saturated 
solutions. 

The isothermal types which are derived from Fig. 46 at 
low temperatures show very clearly that the ternary system 
W-81-S2 is built up, in the case that we are discussing, from 
two simpler systems which can be considered quite independ- 
ently of each other. The constant temperature line ^1, in Fig. 46 
Ues just below the ternary eutectic point B in the system 
W-S^-D, which is represented within the rectangle AS^DQ. No 
saturation curves will therefore occur in the triangle WS^D 
which forms parts of the ternary isotherm at this temperature 
(Fig. 48), since aU points in it must represent completely solid 
complexes. In the system W-S^-D^ which is represented 
within the rectangle QD8JS. (Fig. 46), the constant temperature 
line intersects aU three polythermal saturation curves, and the 
points of intersection reappear in the triangle WS^D of the 
isotherm (Fig. 48) as three isothermal invariant points. The 
point A represents the solution in equilibrium with Ice + D &t 
this temperature, the point G that in equilibrium with Ice + S^, 
and the two points are joined by the saturation curve AC 
of ice ; the point B represents the solution saturated at this 
temperature with S^ + D, and it is joined to the point A by 
the saturation curve BA of the double salt, and to the point C 
by the saturation curve BG of the simple salt S^^ This isother- 
mal type can be compared with that shown in Fig. 34, which 
we deduced for the ternary system of simplest type, at a tem- 
perature immediately above its eutectic point. 

At the temperature i^ the constant temperature line in Fig. 
46 is seen to cut all three polythermal saturation curves in the 
system W-Si-Dj and aU three in the system WS^-D. The 
isotherm at this temperature must, therefore, be of the form 
shown in Fig. 49 ; the isothermal type which occurred in the 
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system W-S^-D at the lower temperature ^j, and was repre- 
sented in the triangle W8J), appears now in the system W-Bi-D 
also, and is represented in the triangle WS^D. It is to be 
noticed here that both curves GE and AC represent solutions 
saturated with ice, both curves EF and AB solutions saturated 
with the double salt, while both the isothermal invariant 
points E and A represent solutions in equilibrium with Ice + D. 
It is in fact seen that the constant temperature line ^2 ^^ ^^S* 
46 cuts the polythermal saturation curve BL of Ice + D in 
two points, and these points reappear as isothermal invariant 
points in Fig. 49. As the temperature rises above t^, it can be 
seen from Fig. 46 that these two points, in which the constant 
temperature line cuts the saturation curve BL, will approach 
one another, and will finally coincide in the point P, which is the 
eutectic point in the binary system W-D, The two invariant 
points E and A in the isotherm (Fig. 49) will therefore approach 
one another as the temperature rises, and at the temperature 
/„ of the eutectic point P, the isotherm will show the transition 
form of Fig. 50. The two invariant points E and A of Fig. 49 
have here reached coincidence in the point P, which, since it 
represents the eutectic solution in the binary system TT-D, lies 
on the line WD. There is now only one continuous isothermal 
saturation curve OC of ice, and one continuous saturation curve 
FB of the double salt, these two curves touching in the point 
P, which represents the only solution that can exist at this 
temperature in equilibrium with both ice and the double salt. 

Fig. 46 shows that, at a temperature ^4, slightly above t^, the 
constant temperature line no longer cuts the polythermal 
saturation curve of Ice + D, and therefore that no isothermal 
invariant solution can exist at this temperature in equilibrium 
with these two solid phases. The constant temperature line 
still cuts, however, the remaining four polythermal saturation 
curves, and the isothermal type is therefore given by Fig. 51. 
The two saturation curves of ice and of X), which touch at the 
eutectic temperature t^, separate from each other at higher tem- 
peratures so that no point exists which is common to both, and 
which would represent a solution saturated with the two cor- 
responding solids. A comparison with Fig. 38 will show that, 
in this isotherm also, the two systems represented within the 
triangles WS^D and WS^ both present an isothermal type 
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whioh has already been deduoed for the simplest ternary 
system. 

A number of other isothermal types occur between that 
shown in Fig. 51 and the most persistent type, which we dis- 
cussed first (Fig. 47). The deduction of these will be left to the 
reader ; they can all be considered as combinations of simple 
types, owing to the fact that the two systems WSy;-D and 
W-S^-D can be treated independently of each other. 

§ 43. We will now consider the isothermal types which may 
occur when the conditions of equilibrium in the system are 
represented by Fig. 46, i.e., when the double salt has a transition 
point which forms an upper temperature limit to its existence 
in the system. Above the temperature t^^ of the transition 
point M, the only two solid phases which can occur are the two 
simple salts 8i and S^, and the isothermal types at temperatures 
above t^ must therefore be identical with those which we have 
deduced for the simple system in the higher temperature ranges 
(§ 35). The point D represents, as before, the composition of 
the double salt, and points on the dotted line, where it traverses 
saturation surfaces or intersects saturation curves, represent 
saturated solutions which contain the two simple salts in the 
same proportion as does the double salt, and the composition 
of which can therefore be expressed in terms of W and D alone. 
Points on this line which he between and P represent saturated 
solutions in equilibrium with solid double salt, and since the 
ismnpiinliwM ^ tbe iifuid phases represented by these points, 
and of the solid phase with which these liquids are in equilibrium , 
can be expressed in terms of W and D alone, such points must 
represent saturated solutions in the binary system W-D ; the 
point P, which lies on the ternary saturation curve of Ice + D, 
must represent the eutectic point in this binary system. The 
same argument may be appUed here, to show that the binary 
eutectic point P lies at the temperature maximum of the 
ternary saturation curve RL (Fig. 45), as we used for the 
similar case discussed in the previous paragraph, and repre- 
sented in Fig. 46. It follows that the isothermal types for all 
temperatures up to that of the point O can be considered as 
combinations of two simpler types, and they must, in fact, be 
identical with those deduced in the previous paragraph for the 
case represented in Fig. 46. The isotherm at a temperature t^ 



n . CONDENSED TERNARY SYSTEMS 135 

(Fig. 45), above the melting point of ice, is given for example by 
Fig. 47, in which the line WD intersects the saturation curve of 
the double salt, and thereby divides the figure into two simple 
isothermal types represented within the triangles WS^D and 

At a temperature above that of the point O, the dotted line 
traverses the saturation surface of the simple salt S^, and points 
on it here represent solutions which contain the simple salts in 
the same proportion as does the double salt, but which are in 
equilibrium, not with the double salt itself, but with the simple 
salt Sj^. The composition of this solid phase cannot be expressed 
in terms of W and D alone, and the system W-D ceases therefore 
to be a binary system as soon as the temperature rises above t^, 
that of the point O. The isotherm at a temperature between 
t^ and the transition temperature t^ must still show three satura- 
tion curves, since a line of constant temperature within this 
range still intersects the three saturation surfaces of S^, D, and 
S2 in order, but it will no longer be possible to consider the 
isotherm as a combination of two simple types shown by the 
systems WS^-D and W-S^-D, The isotherm at the tempera- 
ture ^3 is represented in Fig. 52. Since a saturated solution 
containing the two simple salts in the same proportion as does 
the double salt is in equilibrium at this temperature with the 
salt 8^, the line WD of Fig. 52 intersects the isothermal satura- 
tion curve AB of 8^ and not that of the double salt ; the point 
of intersection N clearly corresponds with the point N of Fig. 
45, in which the constant temperature line cuts the dotted line. 
The isothermal type of Fig. 52 is the one which we have dis- 
cussed in detail in § 30 ; it represents the case in which the double 
salt is decomposed by water, one of the isothermal invariant 
solutions being incongruently saturated, and we see now that 
this type occurs between the temperature of the point O and 
that of the transition point M. 

The isothermal relations are very similar when the transition 
point forms a lower stability limit to the existence of the double 
salt, when, therefore, the conditions of equilibrium in the 
system are those represented by Fig. 44. The isothermal types 
at temperatures below that of the transition point M will now 
be identical with those which occur at the lower temperature 
ranges in the binary system of the simplest type (§ 34). At 
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temperatures above that of the transition point the saturation 
curve of the double salt will also appear in the isotherm. Be- 
tween the temperature t^ and ^4 (Fig. 44) the dotted line PQy 
the points of which represent saturated solutions containing the 
simpler salts in the same proportion as does the double salt, 
traverses the saturation surface of the simple salt 8^, and not 
that of the double salt. Within this temperature range the 
double salt is therefore decomposed by water, and the isothermal 
type is that of Fig. 62, in which the line WD intersects the satur- 
ation curve of Si. At temperatures above t^, the dotted line 
traverses the saturation surface of the double salt, and satur- 
ated solutions which can be formed by dissolving the double 
salt in water are therefore in equilibrium with solid double salt 
at these temperatures. The double salt is not then decomposed 
by water, and the isothermal type is that of Fig. 47, in which the 
line WD intersects the saturation curve of the double salt. 

The range of temperature within which the double salt is 
capable of existing as a solid phase, in equilibrium with a 
solution, is called the *' existence interval " of the double salt. 

The existence interval can be resolved into other tempera- 
ture intervals, each characterised by the particular behaviour 
which is observed when the double salt is brought into contact 
with water or ice. Thus the temperature range within which 
the double salt is dissolved by water or ice to form a saturated 
solution in equilibrium with solid double salt is called the 
'' interval of pure solution," whilst that range within which 
the double salt is decomposed by water with the separation of 
one of the simple salts is called the ** transition interval." 

We see that when a double salt possesses a transition point it 
also possesses a transition interval within which it is decom- 
posed by water. This interval lies in the neighbourhood of the 
transition temperature, and its extent, which depends partly 
upon the shape of the ternary saturation curves, cannot be 
predicted by the phase theory. 

When the conditions of equilibrium in the system are repre- 
sented by Fig. 44, the existence interval of the double salt 
extends from the temperature of the transition point M to the 
melting point Q of the pure double salt. This interval consists 
of a transition interval (^2 ^ot^), and an interval of pure solution 
(<4 to the melting point Q). When the conditions of equilibrium 
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in the system are represented by Fig. 45, the existence interval 
of the double salt extends from the temperature of the lower 
eutectic point L to that of the transition point M, Since, 
however, the point P is the eutectic point in the binary system 
IT-D, only solid complexes of Ice -|- D can exist in the system 
at temperatures below it, and therefore a mixture of ice and 
double salt represented by a point on the dotted line below P 
will remain unchanged. The double salt will neither be de- 
composed nor dissolved, and the range of temperature which 
extends from that of the ternary eutectic point L to that of the 
binary eutectic point P is therefore called the " indifferent 
interval. ' ' Since the double salt can still exist at these tempera- 
tures in equilibrium with ternary solutions (as shown by the 
saturation surface of D, which extends to the eutectic point L), 
the indifferent interval forms a part of the existence interval of 
the double salt. The interval of pure solution extends, in the 
case represented by Fig. 45, from the temperature of the binary 
eutectic point P to the temperature t^^ and the transition inter- 
val from the temperature t^ to the transition temperature ^2* 
We see that the existence interval can, in this case, be resolved 
into three other intervals : the indifferent interval, the interval 
of pure solution, and the transition interval. 

Finally, if the conditions of equilibrium in the system are 
represented by Fig. 46, there exists no transition interval, since 
saturated solutions formed by dissolving the double salt in 
water are in equilibrium at all temperatures with solid double 
salt. The existence interval extends from the lower eutectic 
point L to the melting point Q of the pure double salt, and it 
consists of an indifferent interval (from the ternary eutectic 
point L to the binary eutectic point P), and an interval of 
pure solution (from the binary eutectic point P to the melting 
point Q), 

§ 44. We shall now suppose that the two salts 8^ and S^ 
do not form a double salt, but that the simple salt S^ can form 
a crystalline hydrate, which can be in stable equilibrium with 
solutions and which we will denote by jBTj. There are again 
four solid phases which can occur in the system, namely 
Ice, iSj, 8^ and JSTj, but this case is simpler than that in which 
a double salt forms the fourth solid phase, since the existence 
of the hydrate H-^ will always be limited to the lower temperature 
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ranges, whilst the anhydrous salt Si will be incapable of existing 
in stable equilibrium with ice and saturated solutions. The 
only solid phase triads which can possibly exist in invariant 
equilibrium with a liquid phase in this condensed system are 
therefore the following : 



Si + S^+Hi + Solution . 
Ice + 8^ + Hi + Solution . 



1. 
2. 



The conditions of equilibrium in the ternary system are repre- 
sented for this case by Fig. 53. No compoimd can occur in the 
binary system 81-829 and it is, therefore, of the simplest type, 

y showing only the saturation 

. jt curves AB and Cfi, of 8^ and 8^ 

respectively. The point B repre- 

^L 4 . J jj^ sents the composition of the 

eutectic solution which is in 
equilibrium with 8^ + 8^ m the 
anhydrous binary system, and 
the ternary saturation curve 
^ ^D, of 81 + 5j|, must diverge 
from it in the direction of falling 
temperature. At a certain tem- 
i. "f|-— 1.^. \ J P^rature the formation of the 

hydrate Hi will become possible, 
and the curve BD will there- 
fore be boimded on the side of low 
temperatures by the appear- 
Fio. 63. ance of the hydrate as a third 

solid phase, and the formation 
of the system No. 1, which is in a state of invariant equilibrium. 
The conditions of equilibrium in this invariant system are repre- 
sented by the system invariant point D of Fig. 53. If heat is 
added to, or withdrawn from, the invariant system, the phase 
reactions which will occur at constant temperature must be such 
as to maintain the constant composition of the liquid phase. 
Let us suppose that on withdrawing heat from the invariant 
solution D in contact with the three solid phases 81, 8^^ and Hy 
a certain amount of the salt ^2 is deposited, then it is clear that 
if the solution is to remain unaltered in composition, both the 
weight of water and that of the salt Si in the liquid phase must 
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be reduced proportionately. The weight of water in the liquid 
phase can only be reduced to the necessary value by the 
simultaneous separation of a definite weight of the solid hydrate 
H^. This separation wiU, at the same time, effect a decrease 
in the weight of the third component S^ contained by the liquid 
phase, but this decrease may be either too small or too great to 
leave the composition of the solution unchanged, and the third 
solid phase S^ may, therefore, either separate or redissolve, 
according to the relative compositions of the liquid phase and 
the solid hydrate. Either of the following phase reactions may 
therefore occur on the withdrawal of heat from the invariant 
system : 

Solution D — -ffi + iSfj + 8^, 

in which all three solid phases are formed at the expense of the 
liquid phase, or : 

Solution D + 5j — -ffi + ^2, 

in which only the two solid phases H^ and 82 are formed at the 
expense both of the liquid phase and the solid phase 8^. 

The phase reactions in equilibrium at the system invariant 
point D may, therefore, be represented by either of the following 
notations : 

Hi+8^ + 8^z^ Solution D . . .3. 
or Bi+8^ :^ Solution D +8^. .4. 

where the upper arrow indicates the phase reaction which 
occurs on the addition of heat to the invariant system, the 
lower arrow that which occurs on the withdrawal of heat from 
it. In the case represented by the notation No. 3, the system 
invariant point D is a eutectic point, since the phase reaction 
which occurs on the withdrawal of heat must eventually result 
in the total disappearance of the liquid phase at constant 
temperature. In the case represented by the notation No. 4, 
the phase reaction which occurs on the withdrawal of heat 
may result first in the disappearance of the solid phase Si 
and the formation, at lower temperatures, of the monovariant 
system Hi+ 8^+ Solution ; in this case, the system invariant 
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point D is not a lower temperature limit to the existence of 
the liquid phase — ^it is a transition point. 

We see that, as in the binary system, so too in the ternary 
system, the polythermal type is dependent upon the relations 
which exist between the composition of the phases in equi- 
librium at the invariant point, when the salt hydrate forms one 
of those phases. We shall discuss in this paragraph only the 
case in which the system invariant point i) is a transition point, 
when, therefore, the phase reactions in equilibrium at this 
point are given by the notation No. 4 ; this is the more usual 
case, and it is the one represented in Fig. 53. (We shall in- 
vestigate the ternary system in which a salt hydrate appears 
as a solid phase more fully in Chapter V.) In this case, the 
monovariant system -ffi-flfj-Solution is stable at tempera- 
tures below that of the transition point D. The corresponding 
polythermal saturation curve, DO, of jffi+ Sj, diverges there- 
fore from the transition point D in the direction of falling 
temperatures, and it ends in the eutectic point O^ which repre- 
sents the solution in equilibrium, not only with J7i+ S^^ but 
also with the third solid phase ice (Invairiant system No. 2). 
The phase reactions in equilibrium at this eutectic point are : 

jfiTi-t- Sj-t- Ice ^ Solution C?. 

The three curves which diverge from it are the saturation 
curves OD, OF, and OL, of H^+ 8^, H^+ Ice, and 5, 4- Ice 
respectively. The first terminates, as we have seen, in the 
transition point D, the two latter in the corresponding binary 
eutectic points F and L, 

Wh^n heat is added to the system in equilibrium at the 
transition point, the following phase reaction occurs : 

H^+S^ — Solution D + 5j, 

and the two following monovariant systems can therefore 
exist at temperatures above the transition temperature : 

S^+S^+ Solution, 
^1+^1+ Solution. 

The curve i)J5, corresponding with the first of these, is the 
saturation curve of 8^-{- Sj which we have already mentioned, 
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and it ends at the eutectic point B in the binary system 
S^—S^. The curve DE is the saturation curve of Hi + S^, 
and it ends in the binary system invariant point Ej which 
represents a binary solution also in equilibrium with these 
two solid phases. We saw in the previous chapter that 
a binary system invariant point such as E, which represents 
a solution in equilibrium with Hi+ Siin the binary system 
W—Sif may be either a transition point or a eutectic 
point, according to the relations which exist between the 
composition of the invariant solution and that of the 
hydrate. In most cases the binary invariant point E and 
the ternary invariant point D will be either both transition 
points or both eutectic points, although this is not necessarily 
the case ; we shall assume that the binary invariant point E 
in Fig. 53, like the ternary invariant point D, is a transition 
point. 

At the transition point E the following phases are in invariant 
equilibrium in the binary system W—Sii 

Hi+ Si+ Solution E ; 

both the hydrated and the anhydrous salt exist in equilibrium 
with a binary liquid phase, and the point E is called the binary 
transition point of the hydrate. 

At the transition point D, the following phases are in 
invariant equilibrium in the ternary system W—S^-S^: 

Hi+8i+8^+ Solution D ; 

both the hydrated and the anhydrous salt are here in equi- 
librium with a ternary liquid phase, and the fourth phase, which 
is essential to the existence of the ternary invariant system, is 
the second solid salt ^j. The point D is called the ternary 
transition point of the hydrate ; and the polythermal satui-ation 
curve ED, of ^1+ S^y which ends in this point, can be con- 
sidered as giving the lowering of the binary transition tempera- 
ture due to the addition of increasing amounts of the third 
component 8^. 

The various saturation surfaces are marked in Fig. 53 with 
the corresponding solid phases, and it can be seen that the 
ternary transition point D of the hydrate gives the lowest 
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temperature at which anhydrous 8i can exist as a solid phase 
in equilibrium with saturated ternary solutions. Below this 
point a line of constant temperature will intersect only the 
saturation surfaces of H^ and ^2, and the only isothermal 
saturation ciurves which can occur in an isotherm below this 
temperature are those of H^ and 82^ The only isothermal 
invariant point will therefore be that which represents a solu- 
tion saturated with Hi+ S^^ and which corresponds with the 
point of intersection of the constant temperature line with the 
polythermal saturation curve DO of Hi+ 8^. The isothermal 
type is given, in this case, by Fig. 22 of § 31. 

The temperature of the binary transition point E is the 
highest at which the hydrate can exist as a solid phase in equi- 
librium with ternary solutions, and a line of constant tempera- 
ture above this point will intersect only the saturation surfaces 
of 81 and ^2, and the polythermal saturation curve DB of 
8j^+ 82- The isothermal types above this temperature will 
therefore be identical with those which we deduced for the 
simplest system in the higher temperature ranges. 

Between the binary transition point E and the ternary 
transition point D, a line of constant temperature will intersect 
all three saturation surfaces. The isotherms between these 
temperatures must therefore show the isothermal saturation 
curves of JI^, 8^, and ^2 in order, and the isothermal invariant 
points which represent solutions saturated with Hi+ 8^ and 
8^+ 829 and which correspond with the points of intersection 
of the constant temperature line with the polythermal satura- 
tion curves DE and DB, of Hi+ 8^ and 8^+ 82 respectively. 
The isothermal type within this temperature range will there- 
fore be that discussed in § 32 and represented in Fig. 23. 

If the second salt 82 can also form a hydrate ^2> then the 
relations are somewhat more complicated, but they can readily 
be deduced by the methods which we have previously adopted. 
This case is depicted in Fig. 54, where the assumption is made 
that the second hydrate possesses, like the first, a transition 
point in the ternary system. This point is represented by J 
in the figure, and the ternary transition temperature of the 
hydrate jEf, is supposed to be higher than that of the hydrate JET^* 
which is given by the point D, As before, the ternary satura- 
tion curve J5t/, of 81+ iS,, diverges from the corresponding 
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binary eutectic point B^ and it is bounded on the side of low 
temperatures by the appearance of a hydrate as a third solid 
phase. This will be the hydrate H^^ since the latter has a 
higher transition temperature thah has the hydrate H^. The 
conditions of equilibrium are then represented by the system 
invariant point J, and since this point is a transition point the 
reactions in equilibrium are : 

JIj+ iSfi -^ Solution J + 8^. 

Besides the saturation curve of 8^+ 8^^ that of H2+ 8^ must, 
therefore, diverge from the 
point J in the direction of 
rising temperature, and it reaches 
its maximum in the binary 
system invariant point K^ at 
which the hydrate H^ and the 
anhydrous salt ^^2 are in equili- 
brium with a saturated solution 
in the binary system W-8^ ; 
we may assume this point 
to be a transition point 
also. 

The saturation curve JD, of 
JJj+ iSi, diverges from the point 
J in the direction of falling tem- 
perature, and it must be bounded 
on the side of low tempera- 
tures by the appearance of the 
hydrate H^, as a third solid phase, 
point D the four phases : 

J?2+ ^1+ J?i+ Solution D 

are in a state of invariant equilibrium. This point is the 
ternary transition point of the hydrate H^^ for this hydrate 
and the anhydrous salt 8^ are 'both in invariant equilibriimi 
with a ternary solution, the third solid phase which partakes 
in this invariant equilibrium being the hydrate H^. The phase 
reaction in equilibrium are therefore represented by the 
following notation : 

JI1+ Hj ^ Solution D + 8^. 




Fig. 64. 



At the system invariant 
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The saturation curves of 11^+ S^ and Hj^+ S^ diverge from the 
point D in the direction of rising temperatures. The former 
ends in the ternary transition point J, as we have already seen, 
and the latter ends in the binary transition point E. The 
saturation curve of H^+ H^ diverges from the point D in the 
direction of falling temperature, and it ends in the ternary 
eutectic point (?, where a liquid phase is in equilibrium with 
three solids ff^+^ffj+Ice. The reactions in equilibrium at 
this eutectic point are : 

H^+H^-\- Ice :^ Solution O, 

and the saturation curves of ffi+ Ice, H^+ Ice and 

H^ + H2 all diverge 
from it in the direction 
of rising temperature ; 
the two former end in 
the corresponding bin* 
ary eutectic points F 
and 2/, the latter in the 
ternary transition point 
D. 

The isothermal types 
which may occur in 
this case depend upon 
the relative position of 
the various binary and 
ternary transition 
points. If the relations 
are those represented in 
Fig. 54, then the isotherm may contain at different tempera- 
tures one, two, or three isothermal invariant points. The 
constant temperature line, t in Fig. 54, for example, is seen to 
cut four saturation surfaces and three polythermal saturation 
curves. The isotherm at this temperature (Fig. 55) contains 
the isothermal saturation curves of H^, Si, S^, and H2 in order, 
and three isothermal invariant points which represent solutions 
saturated with Hi+ S^, 8^+ S^, and 8^+ H^. If the tempera- 
ture of the binary transition point E lies below that of the 
ternary transition point J, and not above it as in the figure. 
this type cannot occur. 




Fia. 66. 
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A discussion of the ternary system in which the ternary 
compotind (the double salt hydrate) appears as solid phase will 
be given in a later chapter (Chapter V). 

§45. Many condensed ternary systems composed of water 
and two salts have been investigated experimentally, and the 
results are to be foimd in the chemical literature. It is outside 
the scope of this book to give a complete bibliography of these 
investigations, and we shall therefore content ourselves with a 
brief discussion of a few of them.^ 

We have, hitherto, always used one of two different mathe- 
matical forms for expressmg the composition of the Uquid 
phase. In the first of these the concentrations of the three 
components were so chosen that their sum was constant and 
equal to 100 : 

T^^-Sl+/Sl= 100, 

where the letters TF, S^^ ^^^ ^2 d^i^ote the concentrations of 
the corresponding components. The method of graphical 
representation to be used when the composition of the liquid 
phase is expressed in this way is the triangular method. 

If the equilibrium conditions represented by points in the 
triangle refer to a constant temperature, then each solid phase 
which can occur at the considered temperature possesses its 
own saturation curve in the isotherm. If, on the other hand, 
the polythermal conditions of equilibriimi are represented 
within the triangle, then points on the saturation ciurves repre- 
sent solutions saturated with two solid phases and the tempera- 
ture varies from point to point along the curves, its actual 
value at any point being unexpressed (§ 37). 

In the second mathematical form which we have used the 
concentrations of the two salts S^ and S^ were so chosen that 
their sum was constant and equal to 100 : 

^1+^2= 1^^- 

In this case the method of representation to be used is the 
rectangular method of Janecke. We adopted this method in 
the preceding paragraphs to represent the polythermal relations 

^ A lacge number of ternary systems are desoribed in Schreinemakers* book, 
"Die heterogenen Gleichgewiohte vom Standpmikte der Phaaenlehre,'* 
Roozeboom, Vol. III. 

L 
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in the ternary system, and for this purpose we measured 
along the vertical axis the temperature, and along the hori- 
zontal axis the composition of the salt mixture contained 
by saturated solutions (§ 38). The value of the temperature 
corresponding with any point on a saturation curve thus received 
graphical expression, but the water content of solutions re- 
mained unexpressed. It is cle€ur that we could also represent 
the isothermal relations at any given temperature by Janecke's 
method, for in order to do this it would only be necessary to 
meaisure the water content of solutions along the vertical axis 
instead of the temperature, which does not now vary. The 
resulting picture would give the complete isothermal condi- 
tions of equilibrium represented within a rectangle instead of 
the triangle which we have always used. 

There is a third method which the reader will often meet in 
the literature, and which refers the concentration of the 
components in the liquid phase to a constant water content of 
100: 

Tf == 100. 

The composition of the liquid phase is then written in the form 

and the graphical representation of the isothermal conditions 
of equiUbrium is very simple. Two rectangular axes are chosen 
and the weight of 8^ contained in 100 parts of water is measured 
parallel to one axis, the weight of 8^ contained in 100 parts of 
water being measured parallel to the other axis. This method 
of representation was used by van't Hoff in his classical 
researches on the oceanic salt deposits. We have already 
emphasised the fact that the isothermal or polythermal type 
in any particular case is not dependent upon the method of 
graphical representation employed ; the shapes of the various 
curves and fields are alone affected by a change in the method 
of representation. 

We shall now illustrate some of the isothermal types which 
have been deduced in the theoretical treatment of the ternary 
system. The isotherm in the system H20-{NH4)2S04-NH4C1 
at 30^ ^ is represented diagrammatically in Fig. 56 by means 

^ Schreinemakers, Zeitach. physikcU Chem., 1909, 69, 667. 
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of a triangle, in Fig. 57 by means of a rectangle, and in Fig. 58 
by means of reotangolar axes. The system at 30° belongs to 
the simplest type, neither double salt nor salt hydrate occurring 
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Fig. 66. 
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at this temperature. The poiat A in oach of the three figures 
gives the composition of the saturated solution of ammonium 
sulphate at 80'' in the binary system Kfi^iliiK^I^O^. The 

L 2 
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actual composition of this solution, expressed in the three 
necessary forms, is approximately : 

NH4C1. (tm^jso^.n^o. 

44 66, where W + Si+ 8^= 100. 

100 127, where iSfi+Sg =100. 

78-6 100, where W « 100. 

The composition of the saturated solution in the binary system 
H2O-NH4CI is represented by the point J5, and it is 

NH4a. (NH4)2S04. HgO. 

29-6 71-6, where TT + 5^ + 5,= 100. 

100 242, where Si +5j =100. 

41-3 100, where W = 100. 

The point G represents the isothermal invariant solution 
saturated with both ammonium sulphate and ammonium 
chloride. Its composition is : 

NH4CI. (NH4),S04. H,0. 

17-6 25-7 66-7, where W + 8^+ 5j= 100. 

40-6 69;4 131, where Si+ /Sj =100. 

31 46-3 100, where W = 100, 

All three figures show two saturation curves, that of ammonium 
sulphate and that of ammonium chloride. Points on one or 
other of these saturation curves may be obtained by reference 
to the original. Fig. 56 differs from the other two figures in 
that it treats all three components symmetrically, whUst 
Figs. 57 and 68 are peculiar in respect to their representation 
of the water component. Thus, points in Fig. 67 (Janecke's 
representation) give the weight of water in a solution which 
contains 100 parts of the mixed salts. The point which repre- 
sents pure water in this figure is, therefore, removed to an 
infinite distance along the vertical axis, since pure water 
represents the limiting case of solutions which are formed by 
a very large weight of water to 100 parts of the mixed salts. 
In this representation the area of unsaturated solutions is 
clearly of unbounded extent. 

Points in Fig. 58 give the weight of each of the salts contained 
in solution by 100 parts of water. Pure water is therefore 
represented in this diagram by the origin of co-ordinates 0, 
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since, at this point, the weight of both salts contained by 
100 parts of water is zero. Pure ammonium sulphate is repre- 
sented, however, by a point infinitely far removed along the 
ammonium sulphate axis, since it represents the limiting case 
of complexes which are formed by a very large weight of 
ammonium sulphate to 100 parts of water. Pure ammonium 
chloride is similarly represented, in this figure, by a point 
infinitely far removed along the ammonium chloride axis. 
The conjugation lines which start from points on the satura- 
tion curve of ammoniimi sulphate, end in the point repre- 
senting pure ammonium sulphate, and since this point is 
infinitely far removed along the corresponding axis, they must 
run parallel to this 
axis. Similarly, the 
conjugation lines 
which start from 
points on the satura- 
tion curve of ammo- 
nium chloride must 
run parallel to the 
anmionium chloride 
axis. The complex 
areas, and the area 
of unsaturated solu- 
tions, are all of un- 
bounded extent in AgNO^ AgNHjNoj, NH^NO^ 
this method of repre- ^o. 69. 
sentation. 

In the examples which follow we shall use the triangular 
method only for the representation of the isotherm. The 
conditions of equilibrium at 30^ in the systems 

HjO-AgNOs-NH^NOj and HjO-AgNOa-KNO,! 

are represented in Figs. 59 and 60 respectively. In the first 
of these a double salt of the composition AgNH4(N08)2 occurs 
as a solid phase, and its composition is represented by a point 
on that side of the triangle which joins the vertices representing 

^ Schrainemakers, Chem, Weekblad, 1010, 7, 259, and Zeitech^ fhyHhal Chem,t 
009, 66, 676. 
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the two simple salts. There are three saturation curves in 
the isotherm : AB that of AgNO,, BC that of AgNH4(NO,)j, 
and CD that of NH^NO,. The points B and G give the 
compositions of the invariant solutions saturated at 30'' with 
AgNO,+ AgNH^CNO,),, and with NH4N0,+ AgNH^CNO,), 
respectively. The line joining the point which represents the 
double salt to the water vertex cuts the saturation curve BC 
of the double salt, and this salt dissolves, therefore, in water, 
without decomposition at this temperature. The point of 
intersection P gives the composition of the saturated solution 
in the binary system H,0-AgNH4(N0,>j at 30^, and the 

isotherm is divided 
by the dotted line 
H,0 - AgNH4(N0,), 
into two parts which 
give the conditions 
of isothermal equili- 
brium in the simple 
ternary systems 
H,0-AgNO,~ 

AgNH,(NO,)„ 
and HjO-NH^NO,- 
AgNH,(NO,),. 
In the system 
H,0-AgNO,-KNO, 
(Fig. 60), a similar 
double salt, 
AgK(N08)2, occurs as a solid phase at 30^. This isotherm 
dijSers, however, from the previous one in the fact that the 
line which joins the point representing the double salt to the 
water vertex does not intersect the saturation curve of the 
double salt. It intersects, instead, the saturation curve of 
potassium nitrate, and the double salt is therefore decomposed 
by water with the separation of solid potassium nitr;^te. The 
saturation curve BG of the double salt lies wholly within the 
triangle H,0~AgN08-AgK(N08)2) and the solid double salt 
can, therefore, only exist in stable contact with solutions which 
contain more silver nitrate in proportion to potassium nitrate 
than is contained by the double salt itself. 
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The two types illustrated by Figs. 59 and 60 have been 
discussed theoretically in §§ 27 and 30. 

We mentioned in § 28 that more than one double salt may 
be capable of existing as a solid phase in the system at a given 
temperature. An example of this is found in the system 
H,0-NH4N0,-(NH4);S04 ; the isotherm at 30** is shown in 
Pig. 61.1 This isotherm shows, besides the saturation curves 
AB and ED, of the simple salts (NH4)^04 and NH^NOj, the 
saturation curves BG and CD of the two double salts 

(NH4)^04.(NH4NOa), and (im;)fiO^.{lim^NO^)^. 
If solid ammonium nitrate is added to the invariant solution B 
in contact with solid 
ammonium sulphate, 
the composition of 
the solution will not 
at first alter. The 
two simple salts will 
not, however, remain 
unchanged on the 
bottom of the con- 
taining vessel, but 
they will unite to 
form the double salt 
(NH,)^04. 

(NHiK0a)2, (^f^Ji^O^ (f^Hj^SOJNH^NOj^ (NH^i^SOJNH^NO^ NH^NO^ 

and the continued Fio. 61. 

addition of am- 
monium nitrate will ultimately result in the conversion of 
the whole of the ammonium sulphate, present as a solid, into 
this double salt. The composition of the liquid will then 
change, and its successive values, as it becomes richer in 
ammonium nitrate, will be represented by points on the satura- 
tion curve BG. When the composition of the solution in 
contact with the double salt (NH4)2S04.(NH4NOa)2 has 
reached the value represented by (7> the addition of more 
ammonium nitrate will again be, at first, without effect upon 
the composition of the solution, and again ammonium nitrate 
will not remain unchanged as a second solid phase. It will 

1 Schreinemakera, Ohem. WeeWad, 1900, 6, 61. 
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unite with the first double salt to form the second double salt 
(NH4)2S04.(NH4NO,)„ which is richer than the first in 

^ Q ammonium nitrate. 

The first double salt 
will eventually be 
consumed by this re- 
action, and solutions 
will then be obtained 
which are in equili- 
brium with the second 
double salt only, and 
which are represented 
by points on the 
c urve CD. When the 
composition of the 
^^^^ solution has finally 
reached that repre- 
sented by the point Z>, 
ammonium nitrate wiUremain unchanged as a second solid phase 
in equilibrium with thedoublesalt (NH4)2S04.(NH4N08)8and the 
invariant solution!). 

The system HjO- 
NaCl-Na^SO^i is re- 
presented at 15^ and 
25'' in Figs. 62 and 
63 respectively. The 
stable solid phase in 
equilibrium with solu- 
tions in the binary 
system H20-Na2S04 
at both these tem- 
peratures is the deca- 
hydrateNa2S04. lOH^O 
(c/. Fig. 10). This Na^8(k 
hydrate is represented 
by a point on the 

side of the triangle in Figs. 62 and 63, and the binary saturated 
solution, represented by 2I in both figures, is in equilibrium 

^ Seidell, Amer, Ohem, J.f 1902, 27, 52; Sohreiaemakers, Zeitach. physikai 
ghem., 1909, 67, 553. 
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with it. In the ternary system at 16'^ (Fig. 62) the saturation 
curve AC of the hydrate Na^SO^.lOHgO diverges from the 
point A^ and ends in the invariant point (7, which represents 
a solution saturated not only with Na2SO4.10H2O, but also 
with sodium chloride. 

In the isotherm at 25° (Fig. 63), the saturation curve AC oi 
the decahydrate, NasSO^.lOH^O, also diverges from the point ^, 
but, when the concentration of sodium chloride in the solution 
has reached the value represented by the point C, dehydration 
of the hydrate occurs, and this point represents, therefore, 
the invariant solution in equilibrium with both hydrated and 
anhydrous sodium sulphate. The addition of sodium chloride 
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Ba(OH)^H, 
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Fig. 64. 

to the solution (7, in contact with sodium sulphate decahydrate, 
does not alter the composition of the solution until the hydrate 
has been completely dehydrated. The composition will then 
again alter and its successive values, as more sodium chloride 
is added, will be represented by points on the saturation 
curve CD of anhydrous sodium sulphate. At the composition 
represented by the point D the solution becomes saturated 
with sodium chloride, and the invariant solution D is, there- 
fore, in equilibrium with the two solid phases NagSO^ + NaCl. 
The two isothermal types illustrated by Figs. 62 and 63 have 
been discussed in §§ 31 and 32. 
An example in which progressive dehydration of a hydrate 
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oocurs is afforded by the system B[,0-Ba(OH)2-NaOH, which 
is represented, at 30^, in Fig. 64.^ The stable solid phase 
at this temperature, in the binary system H20-Ba(OH)2, is 
the octahydrate Ba(OH)2.8H20, and the point A gives the 
composition of the binary solution saturated with this hydrate 
at 30°. The curve AB is the ternary saturation curve of 
Ba(OH)2.8H20. When the concentration of sodium hydrate 
has reached a certain value, given by the point B^ partial 
dehydration of the octahydrate occurs, and the tiihydrate 
Ba(OB[)2.3H20 is formed. The point B represents the iso- 
thermal invariant solution which is in equilibrium with the 
two solid phases Ba(OH)2.8H20 + Ba(OH)2.3H20, and the 
curve BG is the saturation curve of Ba(OH)2.3H20. At a 
higher concentration of sodium hydrate, given by the point (7, 
this trihydrate suffers partial dehydration in its turn, and the 
monohydrate Ba(0H)2.H20 is formed. The point G represents 
the isothermal invariant solution which is in equilibrium with 
the two solid phases Ba(OH)2.3H20 + Ba(OH)2.H20, and the 
curve GD is the saturation curve of the monohydrate. This 
hydrate is not further dehydrated at 30°, and at the composi- 
tion represented by the invariant point 2) the solution becomes 
saturated with the hydrate NaOH.H20, which is the stable 
solid phase in the biliary system H20-NaOH at 30°; the 
point E gives the composition of the binary solution saturated 
with it at this temperature, and the curve ED is its saturation 
curve in the ternary system. 

We shall now give a few examples of ternary systems in 
which the polythermal conditions of equilibrium will be repre- 
sented by Janecke's method. Although many ternary systems 
have been investigated over considerable temperature ranges, 
a complete and systematic investigation is, unfortunately, rare. 
It is generally necessary to collect the' results from various 
sources, and to reduce them to the same mathematical form in 
order to obtain a graphical representation of the system, 
which, even then, must often remain incomplete. 

The system H20-Na2S04-NaCl is represented diagrammati- 
cally in Fig. 65 as an illustration of the ternary system in 
which, besides the components, only simple hydrated salts 

^ Scbreinemakers, ZtilKh phynkal Chem,, 1909, 68, 83. 
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can occur as solid phases, a case which we discussed in type 
in §44. 

The point A (- 1*2°) in this figure is the eutectic point in 
the binary system H20-Na2S04, and the point B (— 21-4°) is 
the eutectic point in the binary system H20-NaCl. The solid 
phases in equilibrium with these binary eutectic solutions are 
ice and the two hydrates Na2SO4.10H2O and NaC1.2H20 respec- 
tively (c/. Figs. 10 and 9). The points A and B form the 
starting points of the ternary saturation curves AC and BC^ 
of Ice + Na2SO4.10H2O and Ice + NaC1.2B[20 respectively, 
and these two curves intersect in the ternary eutectic point G. 
This point represents the ternary 
invariant solution which is in 
equilibrium with the three solid 
phases 

Ice + NagSO^.lOHjO + 

Naa.2H20, 
and the corresponding tempera- 
ture is only slightly lower than 
that of the binary eutectic 
point B. The third curve CD, 
which diverges from the ternary 
eutectic point in the direction 
of rising temperature, is the 
saturation curve of the two 
hydrates Na2SO4.10H2O | + 
NaCa.2H20 . The first hydrate to 
sufEer dehydration with rising temperature is the dihydrate 
of sodium chloride, and the saturation curve CD ends in the 
point D where anhydrous sodium chloride appears as a third 
soUd phase. This point is the ternary transition point of the 
hydrate NaCi.2H20, and it represents the invariant solution 
which is in equilibrium with the three following soUd phases : 

Na2SO4.10H2O + NaC!1.2H,0 + NaCl ; 

the corresponding transition temperature has not been deter- 
mined. The two saturation curves DE and DF^ of NaC1.2H20 -f 
NaCl and of Na2SO4.10H2O + NaCl respectively, diverge from 
the transition point D in the direction of rising temperature. 
The former ends in the binary transition point JE (+ 0,15**), at 
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which both hydrated and anhydrous sodium chloride are in 
equilibrium with an invariant solution in the binary system 
HgO-NaCl (c/. Fig. 9). 

At a higher temperature the decahydrate of sodium sulphate 
also suffers dehydration, and the saturation curve DFy of 
NajSO^. lOHjO + NaCl, ends in the invariant point F where 
anhydrous sodium sulphate appears as a third soUd phase. The 
point F (17.9°) is, therefore, the ternary transition point of the 
hydrate Na2SO4.10H2O, audit represents the invariant solution 
which is in equilibrium with the three following solid phases : 

NaaSO^.lOHjO + Na2S04+ NaCl. 

The two saturation curves FO and FK, of Na,SO4.10H2O + 
Na2S04 and of Na2S04 + NaCl respectively, diverge from the 
transition point F in the direction of rising temperature. The 
former ends at the corresponding transition point (7(32.5^) in the 
binary system H20-Na2S04 (c/. Fig. 10), whilst the upper 
temperature limit of the latter is unknown. This curve 
must, however, extend continuously to the binary eutectic 
point in the anhydrous system Na2S04-NaCl if the salts are 
not decomposed by water at this high temperature, if the 
liquid phase does not separate into two layers, and if the 
critical temperature of the mixture is not attained. 

We can see from Fig. 66 that, between the temperatures 
32*5° and 17-9°, of the binary transition point O and the 
ternary transition point F^ a constant temperature line will 
cut the saturation surfaces of Na2SO4.10H2O, Na2S04, and NaCl 
in order. The isotherm in this system at 25° has already 
been given (Fig. 63), and, in agreement with this, it shows the 
isothermal saturation curves of Na2S04.10H20, Na2S04, and 
NaCl. At a temperature below that of the point F (17-9''), 
the constant temperature line cuts only the saturation surfaces 
of Na2SO4.10H2O and NaCl. The isotherm below this tem- 
perature will show, therefore, only the saturation curves of 
Na2SO4.10H2O and NaCl, as we have already seen to be the 
case at 15° (Fig. 62). 

The system H20-AgN08-NH4N08^ offers an example of a 
ternary system characterised by the appearance of a double 

^ Sohrememakers, Chem. Weekblad, 1910, 7, 269. 
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salt the existence interval of which extends over the whole 
temperature range within which saturated solutions are 
possible (§41). This system, which is represented diagram- 
matically in Fig. 66, is one of the very few gfystems, composed 
of two salts and w»ter, in which the polythermal saturation 
curves have been shown to extend continuously to the corre- 
sponding binary eutectic points in the anhydrous salt system. 
The double salt AgNH4(N08)2 appears as a solid phase in the 
binary system AgNOa-NH^NOj, and CD is its binary satura- 
tion curve. This curve passes through a temperature maximum 
E (109-6**), which gives the melting point of the pure double 
salt, whilst the points A (209)'' 
and B (leT-S**) give the melting 
temperatures of the pure simple 
salts, silver nitrate and am- 
monium nitrate respectively. 

The point G (109-6*') is the 
binaryeutectic point represent- 
ing the composition, of the 
anhydrous melt which is in 
equilibrium with the two 
solid phases 

AgNOa + AgNH4(N03)2. 
The ternary saturation curve 

OH diverges from this point 

in the direction of falling 

temperature, and points on it 

represent ternary solutions 

in equilibrium with these same two solid phases. This 

saturation curve ends in the ternary eutectic point H 

(— 14-9**), which represents the solution in equilibrium, 

not only with these two salts, but also with the third solid 

phase ice. In the same way, the point D (lOl-S**) represents 

the binary eutectic solution in equilibrium with the two solid 

phases AgNH4(N08)2 + NH4NO8, the curve DJ is the ternary 

saturation curve of these two solids, and the point J (— 18-7°) 

represents the ternary eutectic solution in equilibrium with 

the three solid phases AgNH4(N08)2+ NH4NO8+ loe. 

The two ternary eutectic points H and J are joined by the 

ternary saturation curve jff J of AgNH4(N08)2+ Ice. This 
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ourye reaches a maximum in the point K ( — 14- 8°), which 
represents a solution the composition of which can be expressed 
in terms of water and the double salt alone, and which is in 
equilibrium with both ice and the double salt. The system 
H20-AgNH4(N03)2 behaves, in fact, as a true binary system 
of the simplest type, and the point K is the eutectic point in 
this binary system. The ternary system HjO-AgNO ,-NH4NO , 
can be considered, at all temperatures, as built up from the 
two simpler sjrstems HjjO-AgNOa-AgNH4(N03)2 anct HjO- 
NH4NO j-AgNH^CNO a) J. The isotherm at 30** has abeady been 
discussed (Fig. 59). 

We shall give, finally, a few examples ojf the ternary system 
which is characterised by the occurrence of a double salt with 
a transition point. In the theoretical discussion of this case 
(§§ 39 and 40), we assumed that the double salt was anhydrous, 
and we saw that at the transition temperature the double salt 
and the two simple salts were all in equilibrium with an invariant 
liquid ; on altering the temperature in one direction, de- 
composition of the double salt into the two simple salts occurred, 
and on altering it in the opposite direction, formation of the 
double salt from the two simple salts. In the examples which 
we give below the double salt is hydrated, but similar theo* 
retical considerations apply ; the double salt may break down, 
at temperatures above or below the transition point, into two 
simple anhydrous salts, into two simple salt hydrates, or into 
one simple salt hydrate and an anhydrous salt. Since the 
simple salt hydrate must, at some temperature, sufiEer de- 
hydration, the examples given will be found to combine the 
types shown in Figs. 44 and 45 with those shown in Figs. 63 
and 54. 

The systems HaO-Na,S04-FeS04, HjO-NaaS04-CoS04, HjO- 
NajSO^-NiSO^, and HiO-NaaS04-ZnS04i can all be represented 
diagrammatically by Fig. 67, where the heavy metal is denoted 
by R, In each of these systems a hydrated double salt occurs 
of the general formula Na2SO4.RSO4.4H2O, and this double 
salt possesses, in each case, a transition point which marks 
a lower stability limit to its existence as a solid 
in the system. In order to take a concrete example, we wiD 
suppose that the letter R in Fig. 67 denotes the metal sdnc. 

> Koppel, Zeiuch. physikal. Chem., 1903» 42» 1 ; 1905, 62, 408. 
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The transition point A corresponds, in this case, with a tempera- 
ture of 8*7^, and it represents the invariant solution in equi- 
librium with the hydrated double salt and the two hydrated 
simple salts : 

Na^04.ZnS04.4H,0 + Na^SO^.lOHjO + ZnS04.7HjO. 

At temperatures below that of the point A the double salt cannot 
exist in equilibrium with solutions, and the only saturation 
curve {AB) which diverges from the transition point in the 
direction of falling temperature is that of the two hydrated 
simple salts : ! iM 

Na,SO4.10H2O + ZnS04.7H,0. 

This saturation curve ends in 
the ternary eutectic point B, 
where ice appears as a third 
solid phase. At temperatures 
above that of the transition point, 
the two simple salt hydrates 10' 
cannot exist together in equili- 
brium with solutions, and the 
two curves AE and AK which .,q- 
diverge from the point A in 
the direction of rising tempera- -^ ,a so,rso^^4ho, 
ture are, therefore, the satura- ' Fio 67 

tion curves of 

NajSO^.lOHjO + Na,S04.ZnS04.4H20 

and of ZnS04.7H,0 + Na^04.ZnS04.4H20 

respectively. The saturation curve AE terminates on the 
side of high temperatures in the invariant point E (31*5^), 
where anhydrous sodium sulphate appears €U3 a third solid 
phase. This point is the ternary transition point of sodium 
sulphate decahydrate, and the invaricmt solution which it 
represents is in equilibrium with the three solid phases : 

Na2S04.10HjO + NajS04 + Na2SO4.ZnSO4.4H2O. 

The two saturation curves EF and EN, which rise from the 
transition point E, represent solutions saturated with 

Na2SO4.10H2O + NajS04 
and Na2S04 + Na2SO4.ZnSO4.4H2O 
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respectively. The former ends in the binary transition point F 
(32-6'') of the decahydrate. 

The saturation curve AK terminates similarly in the ternary 
transition point K (37*4^) of zinc sulphate heptahydrate, and 
this point represents the invariant solution in equilibrium with 
the three solid phases : 

ZnSO^.THjO + ZnS04.6H,0 + NajS04.ZnS04.4H,0, 

Complete dehydration of the hydrate ZnS04.7H,0 does not 
occur at the transition point K^ the hexahydrate ZnS04.6H20 
appearing as the new solid phcuse. 

The two saturation curves KL and KM represent solutions 
saturated with 

ZnS04.7H20 + ZnS04.6H,0 
and ZnS04.6H20 + NaS04.ZnS04.4H,0 

respectively. The former ends at the transition point L (39°), 
of the heptahydrate, in the binary system H20-ZnS04. 

Every point on the dotted line in Fig. 67 represents a solu- 
tion containing the simple salts in the same proportion as does 
the double salt. The lowest temperature at which the solid 
double salt can exist in the system is that of the transition 
point A (8*7°), but between this temperature and that of the 
point^^ (2V) the dotted line traverses the saturation surface 
of the decahydrate NajS04.10H20, and not that of the double 
salt. This temperature range (8«7° to 21**) forms, therefore, 
the transition interval of the double salt, and within this 
range the latter is decomposed by water with the formation 
of the solid hydrate Na2SO4.10H2O. 

In the system Hj0-Na,S04-(NH4)2S04i the hydrated double 
salt NaNH4S04.2H20 occurs as a solid phase, and it possesses 
a transition point which, unlike the examples we have just 
discussed, forms an upper limit to its existence. The poly- 
thermal relations in this system are represented diagram- 
matically in Fig. 68, where the point A is the transition point 
of the double salt. The corresponding transition temperature 
is 59° and, since both the simple salts sodium sulphate and 
ammonium sulphate can only exist at this temperaturp in the 

' Matignon and Meyer, OompLrend., 1917. 165, 787; 1918, 166, 155. 
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anhydrous state, the following are the three solid phases which 
are in equilibrium with the invariant solution A : 

Na^04+ (NH4)^04+ NaNH4S04.2H20. 

At temperatures above the transition temperature the double 

salt cannot exist in equiUbrium with solutions and the curve 

AKy which diverges from the point A in the direction of rising 

temperature, is, therefore, the saturation curve of the two 

^ anhydrous salts : 

Na,S04+ (NH4)jS04. 

The curves AG and AE, which diverge from the point A in 
the direction of falling temper- 
ature, are the saturation curves 
of 

(NH4),S04+ NaNH4S04.2H,0 
and of 

Naj|S04+ NaNH4S04.2H,0 
respectively. The former ex- 
tends continuously to the 
ternary eutectic point O ( — 21®) 
where ice appears as a third 
solid phase. The latter ter- 
minates, however, at a point 
E (26^), where the formation 
of sodium sulphate deca- 
hydrate occurs. The point E 
is the ternary transition point 
of this hydrate, and the invariant solution represented by it 
is in equilibrium with the following three solid phases : 

NajS04+ Na2S04.10HaO + NaNH4S04.2HjO. 

Below the temperature of the transition point E the anhydrous 
salt, Na2S04, cannot exist as a soUd phase, and the curve EB, 
which diverges from this point in the direction of falling tem- 
perature, is, therefore, the saturation curve of 

NaaS04.10HjO + NaNH4S04.2H20. 

This curve ends in a second ternary eutectic point B { — 21®), 
where ice appears as a third soUd phase. The curve EF is the 
saturation curve of : 




Na,SO^ 
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and it ends at the corresponding transition point F (32*5^)> 
of the deoahydrate, in the binary system H20-Na2S04. 

It is clear that, between the temperature of the ternary 
transition point E (26^) and that of the binary transition 
point F (32*5*'), an isotherm wiU show four saturation curves, 
namely, those of Na^SO^.lOHjO, Na^SO^, NaNH4S04.2H20, and 
(NH4)2S04, in order. 

§ 46. We saw in the previous chapter that the system formed 
by water and a simple salt offers, in the general case, an example 
of a binary system. We have seen further, that the system 
formed by water and a double salt is also a binary system, if 
the double salt is not decomposed by water into its constituent 
simple salts ; but, if such a decomposition does occur, the 
compositions of phases can no longer be expressed in terms of 
water and the double salt alone, and the system becomes 
ternary. ' 

It sometimes happens that a simple salt is decomposed by 
water according to the following scheme : 

AB + HjO '-^HA+ BOH, 

where AB denotes a salt, HA and BOH the corresponding 
acid and base. When the salt AB is hydrolysed by water in 
this way, the system Hfi-AB may no longor be a binary 
system, since the acid or the base may separate in the solid 
phase, the composition of which will then no longer be capable of 
expression in terms of the salt and water alone. Such a system 
would, at first sight, appear to be a quaternary system of the 
four components AB, AH, BOH, and H,0. These four com- 
ponents are, however, not all independent components, and 
the system is in reality a ternary system. Let us suppose, 
foi* example, that 100 gram molecular weights (which we will 
call 100 moles) of a certain solution contain x moles of the 
acid HA, and 100 — x moles of water. We can express the 
composition of this solution in molecular percentages by the 
form : 

xHA,lOO - xHjO, 
or, since the equation 

1 mole HA = 1 mole AB + I mole HjO - 1 mole BOH 
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Ib ineUhenMiically true, we may express it in the form : 

xABy xHfi, - xBOH,{lOO - x)Kfi, 

or xAB, — 3^B0H, lOOHjO. 

If, tlierefore, we choose as three independent components 
AB, BOB, and H^O, the compositions of all phases can be 
expressed in terms of these three, since th« concentration of 
the acid HA can ahirays be expressed, in virtue of the equation 
given above, in terms of AB, BOH, and HgO. 

It mtist be very clearly understood that the actual molecular 
condition of the liquid phase is quite immaterial to the present 
considerations. Whether we express the composition of the 
above solution in terms of the acid and water, or in terms of 
the salt, the base, and water, we do not imply that these 
substances actually exist as chemical individuals in the solution 
in these particular concentrations, or even that they e2d8t at 
all. In the example which we have just given, the composition 
of a solution was expressed by the form : %. 

xAB, - xBOH.lOOTLfi, 

a form which attributes a negative value to the concentration 
of the base. From a purely chemical point of view, this is 
devoid of meaning. The fact that the compositions of all 
phases of the system 'Hfi-AB-AH-BOH can be expressed 
mathenuUicaUy in terms of three components establishes it as 
a ternary system, although an imlimited number of molecular 
species may exist. We may choose any three of the four 
substances AB, AH, BOH, H2O as our independent com- 
ponents ; whichever three we choose, however, the concentra- 
tion of the fourth can only be expressed by assigning a negative 
value to the concentration of one of them. If, for ex- 
ample, we choose BOH, HA, and HjO as independent com- 
ponents, then the concentration of the salt AB can be expressed 
in terms of these by means of the mathematical relation : 

1 mole AB =^l mole HA + I mole BOH - 1 mole H^O, 

which involves a negative value for the water concentration. 

We may obviate the use of negative values by choosing as 

components water, and the corresponding acid and basic 

oxides. Let us consider, for example, a system foimed frcm 

M 2 
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mixtures of water, Bodium chromate, caustic soda and chromic 
acid. If we choose as components of this system water and 
the two oxides NajO and CrO,, then the compositions of all 
possible mixtures can be expressed in terms of positive amounts 
of these -components, since sodium chromate can be expressed 
in positive terms of NajO and CrOg, caustic soda in positive 
terms of Na^O and HgO, and chromic acid in positive terms of 
CrOs and H2O. This is the method generally used .in dealing 
with systems of this type. Such systems, although of con- 
siderable practical interest, require no new theoretical con- 
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sideration, and we shall confine ourselves, therefore, to the 
discussion of a few examples. 

§ 47. Bismuth nitrate, Bi(N08)3, is a salt which is hydrolysed 
by water. The system H20-Bi(N03)3 is, therefore, not a 
binary, but a ternary system. It has been investigated by 
Rutten and van Bemmelen^ at various temperatures, and the 
isotherm at 20^ is represented diagrammatically in Fig. 69 where 
water and the two oxides BijOg and N2O5 are chosen as the 
components of the system. 

The neutral nitrate of bismuth Bi(N03)8 is then represented, 
in terms of these components, by the formula BijOa.SNjO^. 
The point A gives the concentration of bismuth oxide in its 
binary saturated solution. This concentration is exceedingly 

^ Zeitach. anorg, Chem., 1902, 30, 408. 
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small, and it has been exaggerated in Fig. 69 for convenience 
in drawing ; the point A Ues, in reaUty, very close to the 
water comer. The curve AB is the ternary saturation curve 
of bismuth oxide ; it is very short, and has not been experi- 
mentally realised. Solutions represented on the saturation 
curve BC are in equilibrium with a ternary compound the com- 
position of which is expressed by the formula Bi2O8.N2O5.2H2O. 
This compound is a hydrated basic salt, for it contains more 
bismuth oxide in proportion to the acid oxide than does the 
neutral salt. When the concentration of N2O5 (or of nitric 
acid) in the system has reached that represented by the point C, 
dehydration of this basic salt occurs, and the lower hydrate 
Bi2O3.N2O5.H2O is formed. The two basic salt hydrates are 
in equilibrium with the invariant solution C. The curve CD 
is the saturation curve of the basic salt monohydrate, and the 
curve DE is the saturation curve of the neutral salt hydrate 
Bi2O8.3N2O5.10H2O, the composition of which is also repre- 
sented by the formula Bi(NO 3) 3. 5H2O . Th^joint representing 
this salt is marked as III in the figure, and the line which joins 
it to the water comer cuts the saturation curve of the basic, and 
not that of the neutral, salt. The latter is therefore decomposed 
by water with separation of the basic salt. The point D gives 
the composition of the invariant solution which is in equi- 
librium with both the monohydrated basic salt and the deca- 
hydrated neutral salt. Let the line joining III to D be 
continued to meet the side H2O-N2O6 in the point O. This 
point O represents an aqueous solution of nitric acid of a certain 
concentration, and a point such as J7, nearer than O to the 
N2O5 comer, represents an aqueous solution of nitric acid 
containing a greater percentage of the acid than does the 
solution O. Now the ternary solution formed by saturating 
the aqueous acid H with the hydrated neutral salt Bi203. 
.N2O5.IOH2O must be represented on the line joining III to 
Hy and since this line cuts the saturation curve of the 
neutral salt, the resulting solution is in equilibrium with the 
latter. Thus the neutral salt, although decomposed by 
water, is stable in the presence of an aqueous solution of 
nitric acid containing more acid than the solution 0. 

On continuously increasing the concentration of nitric acid 
a point is reached where the salt Bi2O,.N,O5.10H2O is partially 
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dehydrated with the formation of the lower hydrate Bi^Os. 
.3N2O5.3H2O. The curve EF is the saturation curve of this 
trihydrate, and the point E r^resents the composition of the 
invariant solution in equilibrium with both the tri- and the 
dcK^a-hydrated neutral salt. The trihydrate is also decomposed 
by water with separation of the basic salt. It is clearly con- 
verted into the deca-hydrate by aqueous solutions of nitric 
acid the compositions of which are r^resented betwe«i the 
points and J, whilst it is stable in presence of citric acid 
more concentrated than that repres^ited by the point J. The 
system has not been investigated at higher N^O^ concentra- 
tions than that given by the point F, It is possible that 
there exists a fifth invariant point, nearer to the N^O^ 
comer than the point Fy where the trihydrate is further 
dehydrated to the anhydrous neutral salt. 

Neutral mercuric sulphate (H^SO^) and water also form a 
ternary system, since this salt is hydrolysed by water. The 
system H^O-HgO-SOs has been investigated at 25° and at 
60° ;^ it closely resembles, in type, the system which we have 
just discussed. The isotherm at 26° contains five saturation 
curves : that of HgO, those of the anhydrous basic salt 
SHgO.SO, and of the hydrated basic salt 3HgO.2SOs.2HjO, 
and those of the neutral salt monohydrate HgO.SO^.H^O and 
of the anhydrous neutral salt. In this case also, both the 
hydrated and the anhydrous aeutral salts are decomposed by 
water with the separation of a basic salt. 

It is clear that a study of the conditj^ms of equjlibriuHi in 
the system composed of water, a basic, and an acid o^e, most 
reveal all compounds of the two o;(ide8 which are capable of 
existing in the solid state in contact with a liquid phase. It 
wlQ show not only the conditions under which the neutral salt 
is capable of existing, but it will also show what basic and 
acidic salts can exist, and the conditions under which they may 
be in equilibrium with solutions. A large number of previously 
unknown salts have been discovered in this way. * 

The systems HaO-CrOa-M^O, where M,0 is the oxide of one 
of the alkali metals, lithium, sodium, potassium, rubidium, 
caesium, or ammonium, have all been investigated at 30°.' 

^ Hoitsema, ZeUach, physikcd Chem., 1895, 17, 661. 

> Schzeineinaken, Zeitach. phyeikal Chem., 1900, 66» 71; Chem. WeMhd, 
1906.8. 157: 1908,5,811. 
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There exist no fewer than six compounds in the system 
H^O-NaaO-CrOs at this temperature, each with its corre- 
sponding isothermal saturation curve ; they are anhydrous 
sodium chromate, Na^O-CrOs, and its tetrahydrate, Na^O. 
.Cr03.4H20, thehydrated basic chromate, 2Na,O.CrOs.l3H30, 
and the three hydrated acid chromates, Na2O.2CrO3.2H2O 
(sodium di-chromate), Na20.3CrO,.H20 (sodium trichromate), 
and Na2O.4CrO3.4H2O (sodium tetrachromate). All these 
dissolve in water without decomposition. 

If the neutral salt is not decomposed by water, and we wish 
to investigate only the acid salts in a given system, we may 
choose as components water, the neutral salt, and the acid, 
or, if we wish to investigate only the basic salts, then we may 
choose water, the neutral salt, and the base, as components. 
The system the components of which are H20-Li2S04-H2S04^ 
shows at 30^, for example, the saturation curve of the acid 
salt, LiHS04, and the system H20-BaCl2-Ba(0H)„» at the 
same temperature, shows the saturation curve of the hydrated 
basic salt, BaCl2.Ba(OH)2.H20. 

1 D'Ans, Zeiteeh, cmorg, Ohem,, 1906, 48, 356 ; 1909, 61, 91. 
^ Sohrdnemakeis, Zeitaoh, phymkal Chem., 1909, 68, 85. 
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CONDENSED QXTATERNABY SYSTEMS ' 

§ 48. Systems formed by water and three salts having a 
common ion are quaternary systems, provided that no one of 
the three salts is hydrolysed by water. The salts can be repre- 
sented by AD, BD, and CD, where the common ion D may be 
either basic or acidic, and the composition of the liquid phase, 
which we assume to be the only phase of varying composition, 
can be expressed in terms of water, AD, BD, and CD. It 
follows from the phase theory that, when five phases are in 
equilibrium with each | other in this condensed four component 
system at constant pressure, the equilibrium is invariant. Four 
solid phases can exist in stable contact with solution, only at 
a definite temperature, and the composition of the solution 
will then have a definite value. Three solid phases in equi- 
librium with solution constitute a monovariant quaternary 
system. At a given temperature within a certain range, there 
can exist one solution of definite composition, saturated with 
three salts. Such a solution is, therefore, an isothermal in- 
variant solution. The quaternary system in which two solid 
phases are in equilibrium with solution possesses two degrees 
of freedom. At a fixed temperature one other condition must 
be fixed (let us say the concentration of the salt AD in the 
solution) before all the conditions of equilibrium become 
defined ; when the concentration of ^D has been fixed, then 
the concentrations of the other two salts BD and CD also 
become fixed, and to every concentration of the one salt there 
corresponds, within certain limits, definite concentrations of 
the other two salts at the temperature considered. We may 
say that the quaternary solution in equilibrium with two solid 
salts forms a monovariant system at constant temperature, and 
the compositions of such solutions must, therefore, be repre- 

168 
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Bented by points on an isothermal saturation curve . Quaternary 
systems composed of one solid phase in equilibrium with solution 
possess a still greater variability. Solutions saturated with one 
salt are represented by points on an isothermal saturation 
surface, since, at a given temperature, it is necessary to fix the 
concentrations of two of the salts in order completely to define 
the system. 

We shall now consider how the conditions of equilibrium in 
the quaternary system W-AD-BD-CD can be represented 
graphicaUy. 

§ 49. We shall again express the concentration of each 
component in the liquid phase as a weight percentage of the 
whole solution. If we denote the three salts and water by 
the symbols /Sj, 8^, /S3, and TF, then the composition of the 
liquid phase will be expressed in the -form : 



The composition of a quaternary solution involves, thei;efore, 
three independent concentration factors x, y, and z, and the 
relations which exist at a fixed temperatiu:e, between the 
concentrations of the salts in the various saturated solutions, 
can, therefore, only be represented graphically in space. The 
complete quaternary isotherm is a space figure. 

We have seen that the use of a triangle to represent isothermal 
relations in the ternary system enables us to express graphi- 
cally, not only the two independent concentration variables, 
but also the third dependent variable, which is related to the 
other two by the fact that the sum of the three equals 100. 
This was a result of the geometrical property of an equilateral 
triangle, that the sum of the distances of a point inside the 
triangle from the three sides, and in directions parallel to those 
sides, is constant and equal to the length of the side of the 
triangle. 

We shall now show that it is possible to represent the composi- 
tion of a quaternary mixture by a point inside a space figure 
in such a way as to express, not only the three independent 
concentration factors, x, y, and 2, but also the dependent 
factor 100 — x + y + z. 

In Pig. 70, WSi8^3 is a regular tetrahedron, that is, a 
pyramid the base of which, 8182,8^, and each of the faces of 
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which, WS182, WS^Ss, WS^S^, is an equilateral triangle. The 
six edges of the tetrahedron (namely, S^S^, 8^8^, 8^8^, WS^^, 
W8^^ and W8^) are, therefore, all equal in length. P is a point 
inside the tetrahedron, and through this point six lines are 
drawn parallel to the six edges of the tetrahedron. These six 
lines are EF, AB, CD, LM, OH, JK^ parallel, respectively, to 
the six edges enumerated above, and they form the edges of 
four smaller tetrahedra having a common vertex in P. One 




Fio. 70. 

face of each of the smaller tetrahedra lies in a face of the large 
tetrahedron. Let the length of the edge of the tetrahedron 
P-DFL be called x, that of the tetrahedron P-BEG, y, that 
of the tetrahedron P-ACJ, 2, and that of the tetrahedron 
P-HKM, t. Now it is a geometrical property of the regular 
tetrahedron that the sum of the edges of these four smaller 
tetrahedra, x + y + z + ty is equal to the edge of the large 
tetrahedron, and the following method for the graphical 
representation of the quaternary mixture can therefore be 
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deduoed.^ The four components, W, S^^ /Sg, and /S,, are repre- 
sented by four points in space, situated at the vertices of a 
regular tetrahedron the edge of which is equal to 100. A 
point P inside the tetrahedron represents a mixture of the 
four components, and the weight percentage of S^ contained 
in this mixture is measured by the distance of P from the 
tetrahedral face WS^S^, i.e., the face opposite to the Si vertex, 
in a direction parallel to either of the three edges not contained 
by this face ; it is, in other words, measured by the length, a?, 
of the edge of the small tetrahedron P-DFL. Similarly, the 
weight percentage of S2 contained in the mixture is measured 
by the distance of P from the face WS^S^y opposite to the S^ 
vertex, in a direction parallel to either of the three edges not 
contained by this face ; it is therefore given by the length, y, 
of the edge of the small tetrahedron P-BEO. Finally, the 
weight percentage of 8^ is measured by the distance of P from 
the face WS^S^, opposite to the 8^ vertex, in a«direction parallel 
to either of the three edges not contained by this face ; it is 
therefore given by the length, z, of the edge of the small tetra- 
hedron P-ACJ. These three distances, x, y, and z, will suffice 
to fix the position of P in space, and when it has b^ so fixed, 
then the distance t of the point from the face of S^SJS^ opponte 
to W, measured in a direction parallel to FT/^i, TF5,, or W8^, 
gives the weight percentage of water in the mixture which is 
represented by P ; for we have shown above that 

x + y + z + ^=5^3= 100, 

and therefore t= 100— « + y + z. 

This representation is, therefore, symmetrical with respect to 
each of the four components. The concentration of each com- 
pon^it in a quaternary mixture finds expression in the figure, 
and each is similarly measured by the distance of the point 
representing the mixture from the face opposite to the vertex 
which denotes the particular component, in directions parallel 
to the edges of the tetrahedron. 

§ 50. Let us consider a point such as A on the face W8^^ 
of the tetrahedron (Fig. 71). Since this point lies on the face 
opposite to 81, its distance from that face is zero, and the 

' From the construction in Fig. 70, it can be seen that 
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point represents, therefore, a mixture containing none of the 
component S^. The percentage weight of 82 contained in the 
mixture represented by A is given, in accordance with the 
method of representation described above, by AB or AG, the 
distance of the point A from the face WS^S^ opposite to S^, 
measured parallel to S^W or to 8^^. The percentage weight 
of iSg contained in the mixture represented by A is similarly 
given by AD or AE, and that of water by AF or AO. We see, 
therefore, that a point such as A on the tetrahedral face WS^/S^ 
represents a ternary mixture of TF, /Sj* ^^^ ^b7 ^^'^ the composi- 




Fig. 71. 



tion of this ternary mixture is defined in the usual way by the 
distance of the point from the three sides of the triangle WS^S^ 
in directions parallel to those sides. 

In the same way, points on the face WS^S2 represent ternary 
mixtures of W,8i, and 8^, points on the face W8^8i, ternary 
mixtures of TF, 8^, and 8^, and points on the face 818^8^, 
ternary mixtures of 8^, 82, and 8^. 

A point such as E, on the edge W82 of the tetrahedron, lies 
on both the faces W8182 and TT/SaSo, and represents, therefore, 
a mixture containing neither of the components 81 and 8^, 
which are denoted by the vertices opposite to these faces. The 
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percentage weight of 8^ contained in the mixture represented 
by the point E is measured by WE, its distance from the face 
WS^Si^ and the percentage weight of W by ES2, its distance from 
the face SiS^^. Hence points on the edge WS2, represent binary 
mixtures of W and /Sj, the percentage by weight of each of the 
two components in the mixtiu*e being measured in the usual 
way by the lengths of the sections into which the line WS^ is 
divided by the point. In the same way, points on each of the 
other five edges represent binary mixtiures of the two com- 
ponents denoted by the corresponding end-points. Summarising, 
we see that if the four comers of a regular tetrahedron represent 
four piu*e components, then points on the six edges represent all 
possible mixtures in the six binary systems formed from the 
four components by taking them in pairs, points on the foiu* 
faces represent all possible mixtiu*es in the four ternary systems 
formed from the components by taking three at a time, and 
points in the space within the tetrahedron represent all possible 
mixtures of the four components in the quaternary system. 

Deductions may be made from the graphical representation 
of quaternary mixtures inside a regular tetrahedron which are 
precisely analogous to those which resulted from the representa- 
tion of ternary mixtures inside an equilateral triangle. It can 
be proved by purely geometrical considerations that if two 
points R and 8, referred to the tetrahedron, represent two 
quaternary phases or complexes, then any mixture of the two is 
represented by a point on the line R8; and further that 
the point representing the mixture divides the joining line 
into two sections the lengths of which are proportional to 
the amounts of the two phases or complexes contained in the 
mixture (c/. § 23). 

pet is proved in solid geometry that if the positions of two 
points, R and 8, in space are defined by their co-ordinates 

^i> Vi' H> ^^^ ^3» y%y ^2 referred to any three axes, then the 
co-ordinates of a point P on the straight line R8 are 

axi + 6x2 ay I + by 2 az^ + fczj 
a-f6' a + 6' a -\-b 

where a and b are the lengths of the sections into which the 
line R8 is divided by the point P.] 

For example, a point H on the base 8-JS^^ of the tetrahedron 
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iu Fig. 7 1 represents a ternary mixture containing Si, S^, and S^. 
If water be added to this mixture, then the resulting quaternary 
phase or complex is represented by a point on the line WH. 
Conversely, the point K represents a quaternary mixture, and 
if water be continuously removed from it, as for exam]^e, by 
evaporation, then the point representing its composition will 
move along the line WH in the direction of H, and a dry salt 
mixture of the composition represented by H will be finally 
obtained. 

§ 51. We will first assume that, in the system W-Si-82-S^, 
only the components can appear as solid phases, i.e., that no 
binary or ternary compound exists, and we shall denote the 
pure components by the vertices of the regular tetrahedron 
WS^S^i (Fig. 72). We must consider first th^^ ternary and 
binary systems which form the limiting cases in the quaternary 
system when the concentration of one or two of the components 
is zero. At the fixed temperature T, there is one saturated 
solution in the binary system W-S^ which is in equilibrium 
with the solid salt 8^ ; its composition is given by the point A 
on the edge WS^. The point B on the edge WS^ gives the 
composition of the binary solution saturated with 8^ at tiie 
temperature 7, and the point C on the edge WS^ givte th^ 
composition of the binary solution saturated with 8^ at the 
same temperature. We suppose that this temperature is so 
far below the melting points of the salts that all anhydrond 
salt mixtures are solid. In this case, no solution will be repre- 
sented on the edges 818^, 8^^, 8^8^ or on the face 8^8^^. 

At the temperature T there will be but one solution satturated 
with 81+ S^ia the ternary system W-S^-S^* Its composition 
is represented by the point D on the face W81829 whilst 
AD and BD are the ternary saturation curves of 8^ and of 82 
respectively. The point E on the face W8^^, represents the 
composition of the solution saturated with 8^+ 8^ in the 
ternary system W-S^-S^ at the temperature T, and BE and 
CE are the ternary saturation curves of 8^ and of 8^ in this 
system. The point F on the face WS^/S^ gives the composi- 
tion of the solution saturated at this temperature, with 8^+ 81 
in the ternary system W-8^-8i ; CF and AF are the ternary 
saturation curves of 8^ and 8^ respectively^ in this 
system. 
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The point D represents, as we have seen, a ternary solution 
saturated with 8^+ 8^. Suppose now that, to an unsaturated 
solution formed by dissolving a small quantity of 8^ in water, 
such quantities of the other two salts 8^ and ^2 ^^ added that 
excess of each remains over, in stable contact with solution, 
when equilibrium has been attained. The resulting quaternary 
solution will be represented by a point such as P inside the 
tetrahedron. The distance of the point P from the face 
WS1S2, opposite to /S3, will be a measure of the amount of 8^ 
contained in the solution, whilst the distance of the point from 
the faces W8^^ and Tf /Sfg/S^ will measure the percentages of 
8^ and 82 contained in the quaternary solution saturated with 
these two salts ; the addition of 8^ will, in general, cause these 
to differ from the corresponding values for the ternary solution 
D^ which is saturated with the same two salts. If more 8^ be 
added, the solution still remaining, however, unsaturated with 
respect to this salt, but saturated with respect to 8^+ 8^9 then 
its composition will be represented by a different point, such 
as Q, further removed from the face W8i82> Proceeding in 
this way, we obtain a series of points lying on a curve which 
is characterised by the fact that its every point represents a 
solution saturated, or in equilibrium, with the two solid salts 
Si and /S2 ; • it is the quaternary isothermal saturation curve 
of Si + iSj. We have already given the proof (§ 48) that 
quaternary solutions saturated with two solids must be repre- 
sented by points on such an isothermal saturation curve. This 
curve will clearly end in a point which represents a solution 
saturated with respect, not only to the two salts 81 and 82, 
but also with respect to the third salt, 8^. This solution is 
represented in Fig. 72 by the point O ; since the solution 
is in equilibrixmi with the three solid salts, it must be an 
isothermal invariant solution (§ 48). It is the only solution 
which is saturated, at the temperature T, with 8^+82+8^. 

In the same way, the point £, representing the ternary 
solution saturated with 82+ 8^, must form the starting point 
of a quaternary saturation curve EO every point of which 
represents a quaternary solution saturated with 82+ 8^. 
This curve must also end in the isothermal invariant point O, 
which represents the solution saturated with all three salts 
Si+ 82+ 82. Finally, the curve FO, which starts from the 
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ternary invariant point F and ends in the quaternary invariant 
point G, is the saturation curve of 8^ + 8^. 

Quaternary solutions saturated only with the salt 8^ are 
represented by points on a surface which is bounded by the 
four curves the points of which also represent solutions saturated 
with this salt. These are the two ternary saturation curves 
AD and AF, and the two quaternary saturation curves DO 
and FO (which represent solutions saturated, not only with 
jSi, but also with a second salt, jS, or 8^). The surface ADOF 
is the saturation surface of 8^ ; BDOE is, similarly, the satura- 
tion surface of 8^^ and GEOF the saturation surface of 8^. 

The isotherm contains, therefore, three saturation surfaces, 
the points of which represent solutions saturated with one salt. 

ADOF is the saturation surface of 8^, 
BDOE „ „ „ ^8, 

GEOF „ „ „ 8^. 

These saturation surfaces, intersecting in pairs, give rise to 
three saturation curves, the points of which represent solutions 
saturated with two salts. 

DO is the saturation curve of 8^+ 8^^ 
EG „ „ „ 82+ 5,, 

FO „ „ „ 53+^1.- 

All the saturation surfaces and curves intersect in one point, 
representing the solution saturated with all three salts. 

O is the saturation point of 8^+82+8^. 

§ 52. We must next consider the meaning of points inside 
the tetrahedron, which lie neither on saturation curves nor 
on saturation surfaces. Points on the surface BDOE (Fig. 73) 
represent, as we have seen, solutions saturated with the salt 82, 
and every point on this surface may therefore be joined by a 
conjugation line to the 8^ vertex. A pyramid is thus formed 
the apex of which is the vertex 829 and the base is the satura- 
tion surface BDOE. A point within this pyramid represents 
a phase complex of solid 82 and a solution on the saturation 
surface ; it is called the two-phase space iSf^-Solution. The 
pyramid can be distinguished more clearly in Fig. 74, in which 
the tetrahedron is dissected into the various complex spaces. 
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There clearly exist two other two-phase spaces in the tetra- 
hedron. Any point inside the pyramid S^-CEOF (Figs. 73 
and 74) represents a phase complex of solid 8^ and a solution 
on the saturation surface GEOF ; any point inside the pyramid 
S^-ADOF represents a phase complex of solid Si and a solution 
on the saturation surface ADOF. 

The point D represents the ternary solution saturated with 
Si + S^y and points in the triangular area DSyS^ represent the 
ternary phase complexes jS^ + jS, + Solution. If, beginning 
from the ternary solution D, increasing amounts of the third 
salt S^ are added to the solution, which remains in equilibrium 
with the two salts 8^ + S^y the point which represents, in its 
successive positions, the compositions of the resulting 
quaternary solutions will move along the saturation ctirve 
from DtoOy and the area DS^S^^ the points of which represent 
the complexes 5i+jS^,+ Solution, will generate the three phase 
space /S^-iSfs-^olution. This space forms a tetrahedron the 
vertices of which are D, 0, /fif^, and S^ ; two of the faces of this 
tetrahedron, namely, DS^S^ and OS^S^, are plane triangles, 
but the other two, S^DO and 8^0, are, in general, sectors of 
a conical surface. This space can be^ more clearly distin- 
guished in Fig. 74. There are two other three-phase spaces in 
the quaternary isotherm, and these are generated in a similar 
way. The tetrahedron E0S28^ is the three-phase space 
/^^--^r-Solution, and the tetrahedron FOS^S^ is the three-phase 
space /Sg-zSi-Solution. 

The point O represents the quaternary solution which is in 
equilibrium with the three solid salts 8^, 82, and 8^ ; points 
in the tetrahedron O81S283, the apex of which is the point 
and the base of which is the triangle SiS^Sz^ represent com- 
plexes of solid Sly solid 8^9 solid /S3, and the invariant solu- 
tion O; this space is called the four-phase space 81-8 ^-S^- 
Solution. 

Finally, points in the space above the saturation surfaces 
represent mixtures which do not contain sufficient of the salts 
to form a saturated solution. It is therefore the space of un- 
saturated solutions. It will be found that the eight spaces 
enumerated comprise the whole of the interior of the component 
tetrahedron WSiS^^. In addition to the saturation curves 
and surfaces, there are three two-phase spaces, three three-phase 

N 
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spaces, one four-phase space, and one space of unsaturated 
solutions. 

§ 53. The representation inside a regular tetrahedron gives, 
as we see, a good qualitative survey of the isothermal condi- 
tions of equilibrium in the quaternary system. It would, 
however, be very difficult to represent actual quantitative 
analytical results in this way. For the latter purpose, a plane 
projection of the space figure may be constructed, and in order 
to reconstruct the space figure, two such projections will clearly 

be necessary, for 
example, a projection 
upon a horizontal plane 
and one upon a verti- 
cal plane. The two 
projections which repro* 
duce the features of 
the space figure most 
clearly are those which 
have been used by 
Schreinemakers to re- 
present the results of 
his investigations on 
quaternary equilibria. 

In the first method 
of Schreinemakers, the 
tetrahedron and the space figure contained within it are 
projected upon the base of the tetrahedron by means of 
parallel lines perpendicular to the base. The triangle S^S^^ 
of Fig. 75 represents the base of the tetrahedron drawn in the 
plane of the paper. 

The vertex of the tetrahedron, which represents pure water, 
projects into a point upon the base perpendicularly below it, 
and this point is clearly given by the centroid W of the triangle 
S^S^^ in the projection (Fig. 75). The three edges WS^, W8^, 
and WS^ project into parts of the three medians of the triangle 
iSi/Sj/Sj, and the three tetrahedral faces TT/S^jSj, WS^^, and 
WS^S^ project into the corresponding isosceles triangles in 
Fig. 75. 

When the typical quaternary isotherm which we discussed 
in the previous paragraph is projected in this way upon the 




Fig. 76. 



in 



CONDENSED QTUTERNARY SYSTEMS 179 



base of the tetrahedron, a figure is obtained similar to that 
shown in Fig. 76. The points a, 6, and c (Fig. 76) are the 
projections of the points A, B, and C (Fig. 72) which give the 
compositions of the binary saturated solutions. They lie on 
the medians W8^, WS^, WS^ of the triangle S^S^^, since these 
medians are, as we have seen, the projections of the corre- 
sponding edges of the tetrahedron. 

The three ternary systems are now represented inside the 
triangles WS^S^, WS^^, and WS^S^ (Fig. 76), which are the 
projections of the tetrahedral faces ; ad and bd give, therefore, 
the ternary saturation curves of 8i and of 8^ in the system 
pr-Si-/8fj, be and ce the 
ternary saturation 
curves of 82 and of 8^ 
in the system TF-zSj-iSs, 
and cf and af those of 
S3 and of 81 in the 
system W-S^-S^. The 
point g is the projection 
of the quaternary in- 
variant point O, whilst 
dgy eg, and fg are the 
quaternary saturation 
curves of 8^ + 8^, of 
S, + 53,andofi8f3 + /8fi, 
respectively. It can 
be seen very clearly 

from the projection that these curves are formed by the 
intersections of the saturation surfaces, adgf that of 8^, 
bdge that of 8^^ and cegf that of 8^, 

In order to construct such a projection as that shown in 
Fig. 76 from actual exerimental data, it is clearly necessary 
to know the relation which exists between the position of a 
point in the tetrahedron and that of its projection in the 
triangular base. The position of any point P within the 
tetrahedron has already been defined by x, y, z, and t, the 
percentages of the four components 8^, 8^, 8^, and W contained 
by the quaternary mixture which P represents (§ 49). The 
position of its projection p (Fig. 75) we can define in the usual 
way by the distances of p from the three sides 8^8^, 8^8^, and 

N 2 
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S1S2 of the triangular base, measured in directions parallel 
to those sides. We will call these three distances x\ y\ and z'\ 
respectively. The point p is, actually, the projection of a 
point in space which represents a quaternary mixture, but if we 
suppose for the moment that, in virtue of its position within 
the triangle S^S^S^, it represents a ternary mixture with the 
three salts as components, then the distances x\ y\ and z' 
would give the percentage of 8^, iSj, and iSg, respectively, 
contained by this ternary mixture. The relations which exist 
between x, y, z, and t on the one hand and x\ y\ and z' on the 
other can be obtained from purely geometrical considerations. 
They are : 

x'=x + tjZ, 

z'= z f tfS. 

The position of the projection ;> of a point representing a 
quaternary mixture of the known percentage composition 

xS^,yS^,zS,,tW, 
is therefore determined by the following simple rule. 

The actual percentage (x) of 8^ in the quaternary mixture is 
increased by one-third the percentage of water (^/3) in that 
mixture, and the percentages {y and z) of 82 and of £^3 are each 
increased by the same amount. 

The point in the triangle 81828^ which would represent a 
ternary mixture of S^, 82, and 8^ of the composition given by 
these new values : 

(X + t/S)S,,{y + tlS)82.{z + //3)S„ 

gives the position of the desired projection on the base of the 
tetrahedron. 

§ 54. The second projection which is used by Schreinemakers 
is obtained in the following way : 

The base 81^828^ of the tetrahedron represented in Fig. 72 is 
supposed to rest upon the ground plane, and the vertex W is 
then perpendicularly above the centroid of the base triangle 
8182/3^. Suppose now that the tetrahedron with its space 
figure is rotated about the edge SgjSj, which remains upon the 
g 'ound plane, until the other two vertices 8^ and W are equi- 
distant above that plane and the edge 8iW is, therefore, parallel 
to it. 
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Fig. 77. 



The tetrahedron alone is represented in this position by 

Fig. 77, and it is now projected upon the ground plane by means 

of lines perpendicular to that plane, as indicated by the dotted 

lines in the figure. The s ' w 

line 8{U) is the projection 

of the tetrahedral edge 

SyW^ and since this edge 

is parallel to the ground 

plane, its length will not 

be altered by the perpen- 
dicular projection ; 8^ is 

therefore equal to S^^ in 

length, and these two 

lines, from the symmetry 

of the figure, must 

clearly bisect one another 

at right angles. Hence 

the lines ^^u? and 8^^ 

form the diagonals of a square wS^^S^, and the four sides of 

this square are evidently the projections of the remaining four 

edges of the tetrahedron. 

The typical isotherm of Fig. 72 is represented in this projec- 

S« tion by Fig. 78. The 

sides of the square 
WS^S^S^ and its two 
diagonals are the projec- 
tions of the six edges of 
the tetrahedron repro- 
duced in the plane of 
^ the paper from Fig. 77. 
The three ternary 
systems are represented 
inside the three triangles 
WS^S^, W8^^, and 
WS^S^, which are the 
projections of the three 
corresponding faces of 
the tetrahedron. As 

before, ad and bd, be and ce, cf and af are ternary saturation 

curves, whilst dg, ejr, and fg are quaternary saturation curves, 
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and the point g is the quaternary invariant point. The satura- 
tion surfaces, which represent solutions saturated with one 
salt, are marked in the figure with their corresponding solid 
phased. Here again, in order to construct the projection from 
experimental results, we must know the relation which exists 
between the position of a point P inside the tetrahedron and 
that of its projection p inside the square. The position of P 
in the tetrahedron is defined, as before, by the four concentra- 
tions X, y, z, and /. We can define that of its projection p 
inside the square (Fig. 79) by the distances of p from the 
diagonals S^^W and S^S^, which can then be regarded as axes 

of co-ordinates. If the distance 
pb of the point p from the axis 
S^S^ is called a, and its distance 
pd from the axisiS^ff is called 6. 
then we must know the relations 
which exist between x, y, z, and 
t on the one hand, and a and b 
on the other. These relations, 
which are purely geometrical. 




are 



a = 



t — X, 



Fia. 79. 



„2: - y. 



The position, in this picture, of the point which represents 
the quaternary mixture the composition of which is a;iSx»y^2> 
zS^jtW can therefore be found in the following way. The lines 
OW and 08^ (Fig. 79) are taken as axes, and the coordinates- 
a, 6 of the required point, referred to these axes, are calculated 
by means of the relations given above. The co-ordinate a is 
measured' parallel to the axis OW, and it is equal to half the 
difference between the concentrations {t and x) of the two 
components {W and 8i) which are represented on this axis. 
The co-ordinate 6 is measured parallel to the axis 08^, and it is 
equal to half the difference between the concentrations {z and y) 
of the two components {8^ and 8^) which are represented on it. 
Due regard must, however, be paid to the algebraic sign of 
these co-ordinates. Thus t — x will be negative if the concen- 
tration of the salt 8^ is greater than the concentration of water, 
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and in this case the distance must be measured parallel 

to the axis OW, but in a negative direction, i.e., in the direction 
from O to Si\ the point will then lie in the left half of the 

picture. Similarly, if 2 is negative, it must be measured 

in the direction of OS^ and the point will lie in the lower half 
of the picture. 

In the foregoing description, we have supposed the two 
opposite tetrahedral edges WSi and 828^ to be projected into 
the diagonals of a square upon the ground plane, but clearly 
any pair of opposite edges could be so projected by a suitable 
arrangement of the tetrahedron. Thus by keeping the edge 
8^1 of the tetrahedron represented in Fig. 72 upon the ground 
plane, and rotating the tetrahedron until the edge W82 is 
parallel to this plane, we should be in a position to project 
these two edges (8^8^ and W82) into the diagonals of a square 
upon the ground plane. In a similar way, the opposite edges, 
8^82 and W8^, might be made the diagonals of a square, but 
in any of these cases the point in the projection which repre- 
sents the composition of a certain quaternary mixture is deter- 
mined by the rule which we have given above ; the co-ordinates 
of the point, referred to the diagonals as axes, will be equal 
to half the difference between the concentrations of those 
components in the quaternary mixture which are denoted by 
opposite comers of the square. 

§ 56. The behaviour of various mixtures on the isothermal 
addition or removal of water is more complicated than was 
the case in the ternary system, but it can be studied by similar 
methods. Let us first consider an unsaturated solution which 
is represented by a point such as T, within the space of unsatu- 
rated solutions (Fig. 80). On the isothermal evaporation of 
water from the solution T, it will, at first, remain unsaturated, 
and its composition wiU be represented by a point which moves 
along the straight line WS from T in the direction of R. This 
condition will continue until the solution attains the composition 
given by the point Q, where the line WR intersects the saturation 
surface of 8^, 

At this point, the solution will become just saturated with 
respect to the salt iS^, and further evaporation of water must 



184 PRINCIPLES OF THE PHASE THEORY chap. 

therefore result in the deposition of this salt. A series of 
solutions will then be obtained all saturated, or in equilibrium , 
with solid S^. The path traced out by the point representing 
the composition of the solution during this stage of the evapora- 
tion must therefore lie on the saturation surface ADOF^ and 
its exact position is determined by the following considerations. 
Since the salt 8i is alone deposited, the proportion of the 
salt 82 to the salt 8^ contained by the solution must remain 
constant during this stage of the evaporation, and equal to 
the proportion of 8^ to 8^ contained by the original unsaturated 
solution T. Now we have shown in § 50 that the composition 
of the salt mixture contained by the unsaturated solution T is 
given by the point R in which line the WT produced intersects 
the base of the tetrahedron. The point R represents a ternary 
mixture of the three salts 8^^ 8^^ and 8^^ and it contains the 
two salts 82 and /S, in a proportion given by the point H in 
which the line 8yR produced intersects the side 8^^ ^^ ^^ 
triangle 8y8^2 (^/- § ^3). The point H gives, therefore, the 
proportion of the salt 8^ to the salt 8^ contained by the un- 
saturated solution T. All quaternary mijctures which can be 
formed by bringing together the binary mixture £, the salt 
8^ and water are represented by points in the triangle HSjW 
or, in other words, all quaternary mixtures which contain the 
two salts 8^ and 8^ in the constant proportion given by H (and 
therefore also by T) are represented by points on the triangular 
section H81W of the tetrahedron. We have shown above, 
however, that when water is evaporated from the saturated 
solution Q solid 81 separates, the proportion of 8^ to 8^ con- 
tained by the solution remains unchanged, and the point 
representing the composition of the solution traverses a path 
on the saturation surface ADOF. It follows, therefore, that 
this path must be the line of intersection of the surface with 
the triangular section H81W of the tetrahedron. This line of 
intersection is given by the curve AL in Pig. 80 ; it is one of 
the paths of crystallisation on the saturation surface of 8^. 
When so much water has been evaporated that the composi- 
tion of the solution is represented by the point JD, which lies 
on the quaternary saturation curve FO, the solution will 
become saturated with a second salt, namely, with the salt 8^. 
The continued evaporation of water will therefore cause the 
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separation of this salt together with S^y and the point repre- 
senting the composition of the solution will now follow the 
curve FO, the points of which. give the compositions of all 
solutions saturated with the two salts Si and 8^. When the 
composition of the solution has reached the value given by the 
point 0, the solution itself will be just saturated with the third 
salt 8^' Further evaporation of water will therefore cause the 
separation of solid 82, and since the solution is now in contact 
with the three solid salts, its composition will no longer alter. 
It will dry completely at the constant composition given by (?, 
with the simultaneous separation of all three salts. The 
point O is, therefore, the quaternary drying-up point. 

We will now suppose that the position of the point T can 
vary, and we will assume first that the line WT produced still 
intersects the saturation surface of 8^, but that the proportion 
of the two salts 8^ to 8^ contained by the solution T is given 
by the point P instead of by the point H. The path of 
crystallisation on the saturation surface of 81 will now be given 
by the curve of intersection AM, of the triangular section 
P8yW, with the surface. We may say, quite generally, that 
the paths of crystallisation on the saturation surface of 8^ are 
given by curves which radiate from the point A and end on a 
quaternary saturation curve ; these paths are the inter- 
sections, with the saturation surface, of all possible triangular 
sections of the tetrahedron which pass through the edge WS^. 

The position of the point T in the space of unsaturated 
solutions may, however, be such that the line WT produced 
intersects the saturation surface CEOF of 8^. In this case, 
the unsaturated solution T will become saturated first with the 
salt iS,, when water is evaporated from it, and the path of 
crystallisation during the separation of solid 8^ will be given 
by a curve on the saturation surface of 8^. It can be shown 
by the method which we have already used that the paths of 
crystallisation on the saturation surface of 8^ are curves which 
aU radiate from the point (7, and which are formed by the inter- 
section, with the siu*face, of all triangular sections which pass 
through the edge WS^. 

In exactly the same way, the paths of crystallisation on the 
saturation surface of 82 are curves which radiate from the 
point B, and which are formed by the intersection, with this 
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surface, of all triangular sections which pass through the edge 

The projection of the typical quaternary isotherm upon the 
base of the tetrahedron (§ 53) is shown in Fig. 81, and the paths 
of crystallisation are marked. On the saturation surfaces these 
paths are given by Unes which radiate from the points a, 6, 
and c. These lines are, strictly, not straight, although they 
are so represented in Fig. 81. They are the projections of 
curves such as AL and AM in Fig. 80 ; the projection is made 
by means of lines perpendicular to the base, and since the 
triangular sections HSiW^ PS^W^ which contain the curves 
AL and AM are not, in general, perpendicular to the base, 
they will not contain the perpendicular projecting lines. The 
projections of the paths AL and AM will, therefore, still be 
curves and not straight lines. 

The directions in which the point representing the composi- 
tions of solutions traverses the paths of crystallisation are 
indicated by the arrow-heads in Fig. 81. The quaternary 
saturation curves dg, eg, and/g are themselves paths of crystal- 
Usation, and the invariant point g is the quaternary drying-up 
point. 

§ 56. The quaternary isotherm can be represented in a slightly 
different form by the method of Janecke. For the purpose of 
Janecke's representation, we have seen that it is necessary to 
refer the concentrations of the components in the liquid phase 
to 100 parts by weight of the total salts in that phase, instead 
of 100 parts by weight of the whole solution. The composi- 
tion of a quaternary solution must therefore be expressed in 
the form 



where the sum of the concentrations of the three salts 8-^^ S^, 
and 8^ is constant, and equal to 100. This expression for the 
composition of a quaternary solution contains the three varying 
factors m, x, and y, and the isothermal conditions of equilibrium 
can, therefore, still be represented graphically only by means 
of a space figure. We can, however, obtain a partial representa- 
tion of the quaternary isotherm in one plane if we omit the 
expression of the water content m. The simultaneous varia- 
tions of X with y can be represented in a plane figure, and if 
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these two variables are referred to the tw6 sides of an equilateral 
trispiigle in the usual way, then the dependent, variable 

100 — a? + y also receives actual graphical expression. 
The resulting figure will show the percentage composition, 



of the salt mixture contained in a given saturated solution, 
but it wiU give no information concerning the water content m 
of the solution. The simple quaternary isotherm which we 
have already discussed is represented in this way by Fig. 82. 
The point g in this figure gives the composition of the salt 
mixture contained in the isothermal invariant solution, and 
it is the common point of intersection of the three saturation 
curves. The curve dg is the saturation curve of the two salts 
S^ + /Sj, and it ends in the point representing the composition 
of the salt mixture contained in the ternary invariant solution 
which is also saturated with these two salts. This point must 
clearly he on the side SiS^, since the ternary invariant solution 
contains these two salts only ; it is the point d of Fig. 82. The 
curves eg and fg are the saturation curves of 82 + S^ and of 
82 + Sly respectively, and they end in the points e and /, which 
represent the compositions of the salt mixtures contained in 
the ternary invariant solutions which are in equilibrium with 
jS| + 8t and jS, + 8^, respectively. 

This partial representation of the quaternary isotherm can 
also be considered as a plane projection of the complete isotherm 
which is represented within the tetrahedron in Fig. 72. We 
have already described two parallel projections of this space 
figure (§§ 63 and 54), i.e., projections produced by parallel 
lines — ^in the cases considered, lines which were all perpendicular 
to the plane of projection. Suppose now that the space isotherm 
is projected upon the base of the tetrahedron by means of lines 
which all radiate from the vertex Wy as shown by the dotted 
lines in Pig. 83. This will give us, not a parallel, but a per- 
spective projection, in which W is the vertex of perspection. 
The point D (Fig. 83) on the face WS^S^ will clearly project 
into a point d on the edge 8^82, the point E into the point e 
on the edge /S^,, and the point F into the point / on the edge 
S^S^. The quaternary invariant point O will project into a 
point g within the triangle S^S^/S^, and the quaternary satura- 
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tion curves DO, EO, and FO will project into the onrveB dg, 
eg, and f^ in the base triangle. We have, however, shown in 
§ 50 that a point such as g (Fig. 83), formed by the intersection 
of the line WO produced, with the base of the tetrahedron, 
gives the composition of the salt mixture contained in the 
solution represented by O. The projection shown on the base 
of the tetrahedron in Fig. 83 is, therefore, identical with 
Janecke's representation shown in Fig. 82. This method of 
representation possesses one important advantage which the 
projections of §§ 53 and 54 do not. We showed in the previous 
paragraph that the paths of crystallisation, for example, on the 
saturation surface of Sj^, were formed by the intersections, with 
the surface, of triangular sections of the tetrahedron through 
the edge WS^, In the perspective projection of Fig. 83 these 
paths will be projected upon the base of the tetrahedron by 
means of lines which radiate from W, and which are, therefore, 
contained by the triangular sections themselves. It follows 
that the paths of crystallisation on the saturation surfaces 
will project into straight lines on the base of the tetrahedron, 
they are, therefore, correctly represented as straight lines in 
Fig. 82. 

We see that, as in the case of the ternary polytherm (§ 38), 
so too in the case of the quaternary isotherm, we can consider 
Janecke's method of representation from two points of view. 
We can regard it as the projection of a figure which involves 
an additional space dimension, and which more completely 
depicts the system. We can, on the other hand, consider the 
concentration variables as separated into that variable which 
gives the water content of saturated solutions, and those 
variables which give the composition of the salt mixture 
contained by saturated solutions. Janecke's graphical repre- 
sentation is then obtained by treating these variables inde- 
pendently. 

It can be seen from a comparison of Figs. 81 and 82 that a 
close similarity exists between Janecke's representation of the 
quaternary isotherm and the projection of the space figure 
which was described in § 53. This arises from the fact that 
both figures can be obtained by projecting the space isotherm 
upon the base of the tetrahedron, the former by means of lines 
perpendicular to the base, and the latter by means of lines 
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radiating from the vertex W. They differ only in the fact that, 
whereas the ternary saturation curves appear within the 
triangle 81828^ of Mg. 81, these curves project actually into 
the sides 8^8^, 8^^, and 8^8^ of the triangle 8^8^ j^ of Figs. 82 
and 83. 

§ 57. We have seen that the composition of a quaternary 
liquid involves three independently variable factors. The 
conditions of equilibrium at a fixed temperature could only be 
represented completely by a figure of three dimensions, i.e., 
by a space figure. If now we allow the temperature to vary, 
it must be considered as a fourth variable, and we should 
therefore require a figure of four dimensions in order to depict 
graphically all the conditions of equilibrium. Since such a 
figure exists only as a mathematical abstraction, we are unable 
to obtain a complete representation. 

The composition of a quaternary liquid, expressed by 
Janecke's method, is given in the form 

w»f,Xi8fi,y/8f„^00-«+y)?3, 

containing the variables m, x, and y, with which we must now 
include the fourth variable T. By referring the two inde- 
pendent variables z and y, and the dependent variable 

100 — a: + y, to the sides of an equilateral triangle, we were 
able to obtain a partial representation of the quaternary 
isotherm in one plane. If in a second plane, perpendicular 
to the first, we measure the water content m of solutions 
saturated at a fixed temperature, then we shall obtain a space 
figure which represents the complete isothermal equilibrium 
conditions within a triangular prism, in place of the regular 
tetrahedron which we have previously used. We may, however, 
as an alternative, neglect the variable m, and measure instead 
the temperature T in the second plane. We can, in this way, 
represent the effect of temperature change upon the composi- 
tion of the salt mixtures contained in saturated solutions ; the 
representation will be incomplete, since it will take no account 
of the water content of solutions. The conditions of equi- 
librium in the quaternary system W-8i-82-8i are repre- 
sented in Fig. 84 within a triangular prism, at all temperatures 
where solutions may exist. We assume here that the salts 
suffer no decomposition by water, that two liquid layers are 
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not formed, and that the critical temperature of mixtures is 
not reached. A point on a saturation curve or surface of this 
figure represents a solution of the salt mixture the composition 
of which is given by the distance of the point from the three 
sides of the horizontal triangular section in which it lies. The 
temperature of the solution is given by the perpendicular 
distance of this section above the base Si8^^ of the prism, 
which is considered as lying in a horizontal plane ; the tempera- 
ture is, therefore, measured parallel to either of the three 
vertical edges of the prism. We must first consider the three 
fundamental ternary systems which are represented, one on 
each of the three vertical prismatic faces. Since no binary or 
ternary compounds are supposed to exist, these systems are 
all of the type represented by Fig. 43 in a previous chapt^^. 
The system W-Si-S^ at varying temperatures is shown in the 
face ASi8^, The points A and B are the melting points of 
the pure salts, and the point D is the eutectic point in the 
binary salt system Si-S^- This latter system is completely 
represented by the two binary saturation curves AD and BD 
of Si and S^, since the water content is here actually sero. 
The points O and H represent the eutectic points in the two 
binary systems W-S^ and W-S^j and K is the ternary eutectic 
point where the three solids Si, 8^, and Ice are in equilibrium 
with an invariant solution in the system W-Si-S^. From this 
point, three ternary polythermal saturation curves radiate in 
the direction of rising temperature, KO that of Ice + ^i, KH 
that of Ice + ^2 and KD that of 8^+ 8^. The last extends 
continuously to the eutectic point D in the binary salt system, 
where soUd 8^ and solid 82 are both in equilibrium with an 
anhydrous melt. Identical with this in type are the other two 
systems W-S^-S^ and W-8^-8iy represented on the corre- 
sponding faces. 

The ternary system iSj-jSg-jSj is represented by the space 
figure ADBECFN. It is also identical in type with the other 
ternary systems, but since it is represented completely (water 
being absent, the concentrations of all its components receives 
graphical expression), it must be compared with the space 
figure depicted in Fig. 41 of a previous chapter, which gives 
the complete representation of equilibrium conditions in the 
system W-S^-S^. There exists no difierence in type between 
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the ternary system where water forms one component and the 
anhydrous ternary system such as 81-82-8^; the latter system 
will, in general, be more symmetrical than the former, since 
no such large difference will exist between the melting points 
of the three salts, as exists between those of ice and the two 
salts. Thus the point N represents the ternary eutectic melt 
in equilibrium with the three solids 5^, 8^, and S3. The curve 
ND is the polythermal saturation curve of 81+ 8^, NE that of 
S2+ 5$, and NF that of S3+ 81 in the ternary system ; the 
surfaces ADNF, BDNE, and CENF are the ternary saturation 
surfaces of 8^, S^, and flfj, respectively. We see that this 
ternary system receives a preferential treatment in the repre- 
sentation, in the same way that the anhydrous binary system 
receives a preferential treatment in Janecke's representation of 
the ternary system (§ 38). The reason is the same in both 
cases, namely, since the system contains no water, the condi- 
tions of equilibrium are completely reproduced. 

We can now consider the various quaternary saturation curves 
and surfaces which are represented in the interior of the prism. 
The point P is the system invariant point which represents 
the quaternary solution in equilibrium with the four solid 
components Ice, Sj, 8 2, and S,, (more strictly, it represents the 
composition of the salt mixture contained by this solution). 
We have seen that a system invariant point of this kind, whether 
binary, ternary or quaternary, is always a eutectic point (§18) 
On withdrawing heat from the invariant system, the constant 
composition of the liquid phase is maintained by a phase 
reaction which consists in the deposition of the four solid com- 
ponents in the same weight proportion as that in which they 
are contained by the quaternary liquid. Oh the addition of 
heat to the invariant system, the opposing phase reaction 
occurs, namely, the dissolution of the four solid components 
in this same proportion. These phase reactions are represented 
by the following scheme : 

Ice +8^+ 82+8^ ^ Solution P. 

If heat is withdrawn from the system, the following phase 
reaction occurs : 

Solution P Ice + Si+ /Sf2+ /Sfj, 

and the temperature will not fall until the Uquid phase has 
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been completely removed by this reaction. The point P gives 
the lowest temperature at which a liquid phase can exist in 
the system, and it is, therefore, the lowest point in the poly- 
therm of Fig. 84. If heat be added to this invariant sjrstem, 
the temperature will not alter, but the following reaction will 
take place : 

Ice + /Si+ iSa+ 5, -* Solution P. 

When, during the course of this reaction, one of the solid 
phases has been completely removed, then the system will gain 
a degree of freedom, the temperature will commence to rise, 
and we shall be left at higher temperatures with one of the four 
following monovariant systems : 

Ice + iSi+ ^2+ Solution, 
Ice + 5i+ /8f,+ Solution, 
Ice + /S2+ ^s+ Solution, 
^1 +fl^i+fl^8+ Solution. 

Four saturation curves must therefore radiate from the point P. 
The curve PK is the saturation curve of Ice + <Sx+ ^a> *^d it 
ends in the ternary eutectic point K where these three solids 
are in equilibrium with the ternary eutectic solution. The 
curve PL is the saturation curve of Ice + /SgH- /S„ and it ends 
in the ternary eutectic point L ; the curve PM is the satura- 
tion curve of Ice + 82+ S^ and it ends in the ternary eutectic 
point M. The curve PN is the saturation curve of 81+8^+ S^: 
it has much the longest temperature range, extending continu- 
ously from the quaternary eutectic point P, where the three 
solid salts and ice are in equilibriimi with solution, to the 
ternary eutectic point N where the three solid salts are in 
equilibrium with an anhydrous salt melt. 

The condensed quaternary system formed by three solid 
phases in stable contact with a solution is a system in mono- 
variant equilibrium (§ 48). If, however, we fix one of the 
equilibrium conditions — ^the temperature — ^the system then 
becomes invariant, as we have already seen. The polythermal 
saturation curve PNy which represents the monovariant system 
81-82-8 gSolntion, can therefore be considered as giving the 
locus, with varying temperature, of the isothermal invariant 
point which represents the solution in equilibrium with the 
three solid salts. Solutions saturated with two solids were 
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represented in the isotherm by saturation curves, and, there- 
fore, in the polytherm they are given by saturation surfaces 
which can be considered as generated by the isothermal curves 
when the temperature varies. The surface DNPK is the 
saturation surface of 5^+ fl^j, bounded, as we see, by the four 
saturation curves — -two ternary and two quaternary — ^which 
also represent solutions saturated with these two salts. Simi- 
larly, EN PL is the saturation surface of 8^+ S^, and FNPM 
that of 8^ + 8-^. In addition to these, there are three other 
saturation surfaces, representing solutions saturated with ice 
and one salt. The surface OKPM is the saturation surface of 
Ice + 8^, HKPL that of Ice + 8^, and JMPL that of Ice + 8^. 
The saturation surfaces bound spaces the points of which 
represent solutions saturated with one solid only. These 
spaces can be more clearly distinguished from Eig. 85, in which 
the model is dissected into the satiuration spaces of 8^, 8^, 
and 8^. 

The quaternary isotherms are given by plane sections of the 
space figure parallel to 81828^, sections the points of which 
represent mixtures at one and the same temperature. In 
Fig. 84, QRT is such a section. It intersects the polythermal 
saturation curve PN in the point g, which represents, therefore, 
the isothermal invariant solution saturated with 8^+82 + 8 2. 
It intersects further the saturation surface of 8^+ 82, of 
'5*+ 8^9 and of 8^+ 8^, and the curves of intersection dg, eg, 
and fg are the corresponding saturation curves. Lastly, the 
surfaces Qfgd^ Rdge, and Tegf are the intersections of the plane 
QBT with the three spaces which represent solutions saturated 
with one salt ; they are the isothermal satiuration surfaces of 
^i> ^2> *^d '^z' The section gives, therefore, the isothermal 
type which we have already deduced, and which is represented 
in the plane of the paper in Fig. 82. This type obtains over a 
very wide range of temperature, namely, from the melting point 
of ice to the ternary eutectic point in the anhydrous system 
/Si-tSj-S,. Other types occur at temperatures outside this 
range. Below 0°, ice may occur as a solid phase, and the 
quaternary isotherm must then contain a fourth saturation 
surface — ^that of ice. On the other hand, above the tempera- 
ture of the ternary eutectic point in the system 81-82-8^, the 
three solids 8^, 82^ and 8^ cannot all remain in stable contact 

o 
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with liquid. The point N of Fig. 84 is the upper temperature 
limit of the saturation curve of 8^+82+ S^, so that above 
this temperature the isotherm can contain no quaternary 
isothermal invariant point. We do not propose to give a 
detailed description of the various isothermal types which 
may arise ; they are very numerous, but they can all be 
deduced from Fig. 84. A transition form will exist at every 
melting point of a pure component, at every binary and ternary 
eutectic point, and at the quaternary eutectic point. There 
are therefore fifteen transition forms and a corresponding 
number of isothermal types. As we have seen, one of these 
types has a very much longer temperature range than the 
others. It is the type which we have already discussed at 
length. When, however, a binary compound can exist as a 
solid phase in the quaternary system, a series of very important 
isothermal types arises, which we shall consider in detail in 
the next paragraph. 

§ 58. It must have already become evident that the classifica- 
tion of heterogeneous equilibria on the basis of the phase theory 
reveals a close analogy between the comparatively simple 
relations which obtain in the ternary system and the con- 
siderably more complex relations of the quaternary system. 
As the number of components in the system increases, so the 
possible variability of the system increases, and this is mani- 
fested by the increased number of phases necessary for the 
definition of invariant equilibrium, and the increased number 
of possible isothermal types. 

We will suppose that a salt hydrate iS^.a^HjO, which we will 
denote by H^^y can appear as a solid phase. We have seen 
that, iQ this case, the ternary system W-Si-S^, at a temperature 
sufl&ciently low, is of the simple type which shows only two 
isothermal saturation curves, those of the hydrate H^ and the 
anhydrous salt S^^ At a temperature sufficiently high, the 
hydrate will be imable to exist, and the ternary isotherm will 
again be of the simplest type ; it will show only the saturation 
curves of the two anhydrous salts 8^ and iSj. At intermediate 
temperatures, another isothermal type may, however, occur. 
The salt hydrate, stable in the binary system W-81 at the 
temperature considered, may suffer dehydration when the 
concentration of the second salt in the ternary system has 
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reached a certain value. The isotherm will then contain the 
saturation curves of H^y 8^, and /Sg, following each other in 
order (c/. § 44). 

In the quaternary system W-81-S2-8S, where the salt 
hydrate Hi appears as a sohd phase, the isotherm (in plane 
projection upon the base of the tetrahedron) will show the 
simple type of Fig. 86 at a temperature sufficiently low. The 
anhydrous salt S^ wUl be unable to exist as a stable solid phase. 
The isotherm will then contain only three saturation surfaces, 
those of Hi, Sg, and 8^ ; three saturation curves, being the inter- 
sections by pairs of these surfaces ; and one isothermal invariant 
point, being the common point of intersection of the three 
curves and the three surfaces. 

At a temperature suflSciently high, the quaternary isotherm 
wiU again be of the simplest type, as shown in Fig. 87. The 
hydrate is now unable to exist, and Fig. 87 differs from Fig. 86 
only in the substitution of the saturation surface of the 
anhydrous salt 81 for that of the hydrate H^. Between the 
temperatures for which Figs. 86 and 87 obtain, a number of 
isothermal types occur which show the saturation surfaces of 
both the hydrate H^ and the anhydrous salt /Sj. There exists, 
namely, between these two temperatures a quaternary system 
invariant point ; it is the point at which all four solid phases 
Hi, Si, 82, and 8^ are in equihbrium with a quaternary solu- 
tion. In order to deduce the intermediate isothermal types, 
we must know the phase reactions which are in equilibrium 
at this invariant point. These reactions will, however, depend 
upon the relation which exists between the composition of the 
hydrate and that of the invariant solution, as we have already 
seen to be the case in the binary and in the ternary invariant 
systems in which both the hydrate Hi and the anhydrous salt 
81 occur as soUd phases (c/. § 44). 

At the binary invariant point in the system W-81, where 
the two solid phases Hi and 81 are in equihbrium with an 
invariant solution, we found (§ 18) that the equilibrium reactions 
might be represented by one of the following schemes : 

Hi+^i — Solution 1. 

or Hi ^ Solution +81 2. 

In order to determine which of these schemes represents the 

o 2 
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equilibrium in a given case, we must decide which of the phase 
reactions represented by them is capable of maintaining the 
constant composition of the liquid phase in the given case. 
On the addition of heat to the invariant system ^T^-zS^^-iSolution, 
the hydrate dissolves, and if, by so doing, it raises the concen- 
tration of water in the solution, then anhydrous salt must 
dissolve simultaneously in order to counteract this effect ; 
the equilibrium reactions will then be represented by scheme 1. 
If, on the other hand, the hydrate, in dissolving, raises the 
concentration of the salt in the solution, then anhydrous Si 
must simultaneously be deposited in order to maintain the 
constant composition of the solution, and the equilibrium 
reactions will then be represented by the scheme 2 ; we have 
called the system invariant point in this latter case a transition 
point. 

At the ternary invariant point in the system WSi-^^ 
where the three solid phases H^, 8^, and ^^2 are all in equi- 
librium with an invariant solution, the equilibrium reactions 
may be represented by one of the following schemes : 

Hi+flfi+S, z=i Solution 3. 

or Hi+flf, ^ Solution + Si 4. 

If the hydrate, in dissolving, lowers the concentration of the 
salt 8i in proportion to that of the water in the solution, then 
the anhydrous salt must dissolve simultaneously in order to 
counteract this effect. The dissolution of the hydrate will, in 
any case, lower the concentration of the salt S^ in proportion 
to that of the water, and this salt must, therefore, also dissolve 
in order to maintain the constant composition of the liquid 
phase ; the equilibrium will then be represented by scheme 3. 
If, however, the hydrate, in dissolving, raises the concentration 
of the salt S^ in proportion to that of water in the liquid phase, 
then clearly the composition of this phase can only be main- 
tained constant by the simultaneous separation of anhydrous 
Si ; the equilibrium reactions will then be represented by 
scheme 4. In our discussion of the ternary system, we restricted 
our consideration to this case, to the case in which the salt 
hydrate possesses a ternary transition point (§ 44). If the 
binary invariant system Hi-Si-Sohition marks a transition 
point, then the ternary invariant system Hi-Si-S^-^ohiiion 
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will generally, though not necessarily, mark a transition point 
also. 

At the quaternary invariant point in the system TF-jS^-Sg-iSf , 
where the four solid phases Hi, 8^, fl^g* *^d 8^ are all in equi- 
librium with an invariant solution, the equilibrium reactions 
may similarly be represented by one of the following schemes : 

^1+5^1+^2 +^3= Solution .... 6. 
or H^+S^+S^:^ Solution + 8j^ ... 6. 

We shall assume in the following discussion that the quaternary 
invariant equilibrium is represented by the scheme 6. 
The hydrate will then possess a quaternary transition point, 
and we shall assume further, what in practice will then generally 
be the case, that the hydrate also possesses a ternary transition 
point in each of the systems, W-81-82 and W-8^-8i, where it 
can appear as a solid phase, and a binary transition point in the 
system W-81. Between the temperature of the isotherm 
shown in Fig. 86, at which the anhydrous salt 8^ is capable of 
existence as a solid phase in the binary, ternary and quaternary 
systems, and that of the isotherm shown in Fig. 87, at which the 
hydrate H-^ is incapable of existence, the four following in- 
variant equilibria must, therefore, occur : 

Hi zn Solution + 8^, at the binary transition temperature Tj, 
in the system W-81. 

H^ + 8^^:^ Solution + 81 at the ternary transition tempera- 
ture T2, in the system Tf-Sj-Sj. 

H^ + 82 z^ Solution + 81 at the ternary transition tempera- 
ture T^ in the system W-81-82. 

H^ + 82 + 8^::=^ Solution + 8^ at the quaternary transition 
temperature T^, in the system W'-8i-82-8^. 

At each of these- transition temperatures the isotherm will 
show a transition form. We will first consider the equilibrium 
at the quaternary transition point of the hydrate. The with- 
drawal of heat from the invariant system in equilibrium at this 
point causes the following phase reaction to occur : 

Solution + 8j^ -- Hj^ + 82 + 8^. 

The temperature will not alter until a phase has been con- 
sumed by this reaction. If the liquid phase is the first to dis- 
appear a solid phase complex will alone remain. If the soUcl 
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phase Si is the first to disappear, the following monovariant 
system will remain : 

Hi+ S^ + S3 + Solution 7. 

At every temperature below the quaternary transition tempera- 
ture there will exist, therefore, one isothermal invariant solution 
saturated with the three solids H^ + 82 + S^. This solution 
is clearly represented by the point g in Fig. 86, and we see that 
the isothermal type depicted in this figure obtains at tempera- 
tures below the quaternary transition point. 

If heat is added to the system in equilibrium at the quater- 
nary transition point, the following phase reaction occurs : 

Hi + 82 + S^ - Solution -|- S^. 

When one phase has been consumed by the reaction, the system 
will gain a degree of freedom, and at temperatures immediately 
above the quaternary transition temperature T^ the three 
following monovariant systems can exist : 

Si+ 82 + Sji + Solution 8. 

81+ Hi+8;i+ Solution 9. 

81+HI + 82 + Solution 10. 

The isotherm at a temperature immediately above T^ shows , 
therefore, three isothermal invariant points, and it is repre- 
sented in plane projection by Fig. 88. In this figure, the point 
n represents the solution saturated with the three salts 8^ + S^ 
+ /Sj, since it lies at the common point of intersection of the 
three corresponding saturation surfaces ; it represents, in 
other words, the saturated solution, at the temperature of the 
isotherm, in the monovariant system 8. The points m and I 
represent, similarly, the solutions saturated with the salts 
8^ + H^ -{- fif, and 8^ + H^ + 82 in the monovariant systems 
9 and 10 respectively. We see, therefore, that if, starting from 
that of the isotherm shown in Fig. 86, the temperature is 
raised above the quaternary transition point of the hydrate, a 
new saturation surface (Imn) appears — that of the anhydrous 
salt 8^ — -and this surface intersects the other three in such a way 
as to cut off their common point of intersection. At the transi- 
tion temperature itself, the isotherm can still be represented by 
Fig. 86, but in this case the point g will represent a solution 
saturated with the four solids 11^ + 8^ + 82 + 8^, the satura- 
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tion surface of 8i being represented by the single point g 
itself ; this point g at the temperature T^ will be not only an 
isothermal invariant point, but also a quaternary system 
invariant point, and the saturation surface of 8^ will grow out 
from it when the temperature is raised, as Fig. 88 shows. 

It is characteristic of the isothermal type shown in Fig. 88 
that the saturation surface of S^ lies wholly within the tetrahe- 
dron and does not extend to either of the faces. Dehydration 
of the hydrate H-^ occurs in the quaternary system, but not 
in either of the ternary systems ; the system W-S^-S^, which is 
represented within the triangle WS^S^ (Fig. 88), shows only the 
ternary saturation curves ad and bd, of H^ and 82, the system 
W-S^-Si only the ternary saturation curves of and c/, of H^ 
and jS^3. 

The ternary invariant point d represents the solution in 
equiUbrium with H^ + 8^. The addition of increasing amounts 
of 8^ to this solution, which still remains saturated with the 
two solids Hi and Sg, will cause the point representing the com- 
position of the resulting quaternary solution to traverse the 
saturation curve dl of H^ + /Sg. When the composition of the 
solution is represented by the point Z, dehydration of the hydrate 
begins. The dissolution of the salt 8^ is now accompanied by 
the abstraction of water from the hydrate H^, and the con- 
sequent appearance of 8^ as a third solid phase ; the composition 
of the solution remains constant at the value represented by the 
isothermal invariant point { as long as the three soUd phases 
^1 + ^2 + ^1 *r® present. The addition of a third salt 
to the ternary invariant solutions e and / will lead similarly to 
dehydration of the hydrate when the composition of the liquid 
has reached the values represented by the isothermal invariant 
points n and m respectively. 

When the temperature is raised above the value correspond- 
ing with the isotherm in Fig. 88, the saturation surface Imn of 
the anhydrous salt 8^ will continue to grow until finally it 
touches one of the faces of the tetrahedron. We will suppose 
that this saturation surface reaches first the face TF/Sj/Sg, and 
the isotherm will then be represented by Fig. 89. The quater- 
nary invariant point I of Fig. 88 approaches, and at the tempera- 
ture of the isotherm in Fig. 89 actually coincides with, the 
ternary invariant point d. The three solids H^ + S^^ + S^ 
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Fio. 89. 



are then in equilibrium with a solution in the ternary system 
WS^S^. The point d in this figure is, therefore, a ternary 
system invariant point, -and the temperature must be the 

transition temperature 
T, of the hydrate in 
the* ternary 'system 
TT-Si-zSj, since this is 
the only temperature 
at which the three 
solids Hi, Si and S^ 
can exist in equilibrium 
with a ternary liquid, 
Fig. 89 represents the 
second isothermal 

transition form. If 
the temperature is 
raised above ST,, the 
saturation sin^ace of 
8i, growing larger, 
will extend into the face WS^S^ of the tetrahedron, 
and the isothermal type shown by Fig. 90 is obtained. 
Dehydration of the 

hydrate now occurs S, 

in the ternary sys- 
tem W-Si-S^y and the 
quaternary invariant 
point I of Fig. 88 
is replaced by the two 
ternary invariant 
points p and q of Fig. 
90. We have already 
seen (§ 44) that at 
temperatures immedi- 
ately above the ter- 
nary transition tem- 
perature jT, of the 
hydrate the ternary 

isotherm must show three saturation curves ; these are 

ap that of Hi, pq that of Sj, and qb that of S^. 

The isothermal invariant point m (Fig. 90) has approached 




Fig. 91. 
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the ternary invariant point / with the growth of the saturation 
surface of 8^, and when the temperature is still further raised it 
will ultimately coincide with this point. The three solids 
Hi+ 8^+ 8^ will then be in equilibrium with a ternary solution 
and the isotherm will be represented by Eig. 91. The point / 
in this figure is a ternary system invariant point, and the tem- 
perature must be the transition temperature T2 of the hydrate 
in the ternary system W-8i-8^. Fig. 91 represents a third 
isothermal transition form. At a temperature slightly above 
Tj, the saturation surface of 8^ will extend into the face W8^82, 
and the isothermal type will be given by Fig. 92. Dehydration 
of the hydrate occurs now in the ternary system W-8i-8^ 
also ; since the temperature is immediately above the transition 
temperature of the hydrate in this system, this ternary 
isotherm also shows three saturation curves, ar that of Hi, rt 
that of 81, and tc that of 8^. The quaternary invariant point m 
of Pig. 90 has been replaced by the two ternary invariant 
points r and L 

If we continue to raise the temperature, the saturation 
surface of 8^ will continue to grow at the expense of that of Hi 
until, when the latter is completely displaced, the isotherm will 
show the simple type of Fig. 87, the existence of which at 
sufficiently high temperatures we have already deduced. The 
hydrate is here incapable of existing as a solid phase,, and the 
isotherm shows only the three saturation surfaces of the 
anhydrous salts 8^, 82 and 8^. The growth of the saturation 
surface of 81 in Fig. 92 is accompanied by the gradual approach 
of the two ternary invariant points p and r to the binary 
saturation point a. These two ternary invariant points both 
represent solutions saturated with H-^ + 8^, and the saturation 
surface of H^ will finally disappear when they reach coincidence 
with the point a. At the temperature at which this occurs the 
two solids Hi and 81 will be in equilibrium with a binary solution 
given by the point a, and the saturation surface of H^ will be 
represented by this single point. The corresponding tempera- 
ture — ^that at which H^ and 8^ are both in equilibrium with a 
binary liquid — ^must be the transition temperature Tj, of the 
hydrate, in the binary system TF-iSj, and above this tempera- 
ture the isotherm will show the simple type of Fig. 87. 

Summarising, we see that when a salt hydrate occurs as a 
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solid phase in the quaternary system WSi-S^-S^, the isotherm 
shows the simple type of Fig. 86 at temperatures below the 
quaternary transition point of the hydrate, and the simple type 
of Fig. 87 at temperatures above its binary transition point. At 
temperatures between these two the isothermal types shown in 
Figs. 88, 90, and 92 can occur ; these types are separated from 

each other by transition 
C forms, which occur at 
the tertiary transition 
points of the hydrate in 
the two ternary systems 
W-S^-S^ and W-S^-S^ 
in which it can occur as 
a solid phase. 

§ 69. By the aid of the 
foregoing considerations, 
the space figure which 
gives, by Janecke's method, 
a partial representation of 
the polythermal conditions 
of equilibrium in the 
quaternary system can be 
constructed for the case in 
which a salt hydrate 
appears as a solid phase. 
It is given in Fig. 93, 
and this figure may be 
compared with Fig. 84, 
which represents, in a 
similar way, the polyther- 
mal conditions of equili- 
brium in the quaternary 
system where only the 
components appear as solid 
phases. The two ternary systems W-Si-Sz and PF-/S,-<Si, 
in which the hydrate H^ can exist as a solid phase, are repre- 
sented on the side faces of the prism, and they may be com- 
pared with Fig. 53 of the previous chapter, which represents 
the typical ternary polytherm when a hydrate appears as a 
solid phase. The point Z is the transition point of the hydrate 



5 



»2 




Fio. 93. 




s, s. 





Ill CONDENSED QUATERNARY SYSTEMS 203 

in the binary system W-S^, The points U and V are ternary 
transition points of the hydrate in the systems W-Si-S^ and 
W-S^-Si r^pectively. The system W-Sz-S^ is still of the 
simplest type, and it is represented on the front face of the 
prism, whilst the system Si-S^-S^ is completely represented by 
a space figiure, as was the case in Fig. 84 ; the hydrate cannot 
appear in this anhydrous system and it is, therefore, also of 
the simplest type. We have already discussed in § 67 the 
relations existing at a quaternary eutectic point such as P in 
Fig. 93. This point differs from the corresponding point in 
Fig. 84 only in the fact that the four solid phases with which 
the iQvariant solution>is in equilibrium are Hi+ ^8^2 +^8+ I^® I 
the anhydrous salt 8^, being incapable of existing at this 
temperature, is replaced by the hydrate Hi. 

The quaternary transition point of the hydrate defines a 
second system invariant point X, where the four solid phases 
JJj, 8^, 82, and 8^ are all in equilibrium with solution : 

Hi+8^+8^ — Solution X + 8^. 

We have seen in the previous paragraph that four saturation 
curves radiate from this point, one in the direction of falling 
temperature which corresponds- with the monovariant system 
7 (§ 68) : 

Hi+82+8;^+ Solution, 

and three in the direction of rising temperature which corres- 
pond with the monovariant systems 8, 9 and 10 : 

Si+ 82 + 83+ Solution, 
8i+Hi+8^+ Solution, 
81+ H 1+82+ Solution. 

The curve XP is the saturation curve oi H + 82+ 8^, and it 
ends in the quaternary eutectic point P where ice appears as a 
fourth solid phase. The curve XU ib the saturation curve of 
8^+ -ffi+ 829 and it ends in the ternary transition point U 
where these three solids are in invariant equilibrium with a 
solution in the ternary system IV-zSi-zSg- The curve XF is the 
saturation curve of 8^+ H^ +8^, and it ends in the ternary 
transition point V where these three solids are in invariant 
equilibrium with a solution in the ternary system lF-iSs-/Si. 
The curve XN is the saturation curve of iSj+ 58+ 8^, and it 
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ends in the ternary eutectic point N where these solids are in 
equihbrium with an anhydrous melt. The isothermal types 
in the neighbourhood of the quaternary transition point of the 
hydrate can be deduced as sections of this space figure. A 
section above both ternary transition points U and V and below 
the binary transition point Z is shown in Fig. 93, and reproduced 
in the plane of the paper in Fig. 94. It corresponds with 
Pig. 92 in our previous series of types, which represent perpen- 
dicular projections of the space isotherm upon the base of the 
tetrahedron. 

The two figures (92 and 94) clearly depict the same isothermal 
type, represented, however, by two dijSerent methods. They 
diflEer only in the fact that the ternary saturation curves, which 
appear within the triangle SiS^S^ in Fig. 92, have been pro- 
jected into the sides of the triangle S^S^^ in Fig. 94 ; this is 
the characteristic difference between Janecke's method of 
representation and the perpendicular projection, as we have 
already pointed out in § 56. 

§ 60. We will next suppose that, besides the components, 
an anhydrous double salt can occur as a solid phase in the 
system W-Si-S^S^. We will suppose this double salt to 
contain the two simple salts S^ and /Sg, and we will denote it 
by Z). The quaternary isotherm is then represented as a 
perpendicular projection upon the base of the tetrahedron in 
Fig. 95. The double salt must appear as a solid phase in the 
ternary system PT-zS^-zSj within a certain temperature range, 
namely, within its existence interval (§ 43). The ternary 
isotherm, within this range of temperature, will then show three 
saturation curves. The curves ak, he, and eb of Fig. 95 are 
the ternary saturation curves of iSj, D, and 8^^ respectively, 
in the system W-Sy-S^, The addition of S, to the ternary 
invariant solution k saturated with S^+ D will cause the point 
representing the composition of the solution, which is supposed 
to remain saturated with these two salts, to traverse the curve 
km. This curve is the quaternary saturation curve of 8-^+ Z), 
and it must end in a quaternary isothermal invariant point m, 
which represents a solution saturated, not only with 8'^+ D, 
but also with the third salt 8^. The invariant point m is the 
terminal point of two other quaternary saturation curves ; 
these are gm, the saturation curve of 8^+ S,, which starts 
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from the ternary invariant point g, and mn the saturation 
curve of D + /S,. In the same way, the point c represents the 
ternary solution saturated with D and 8^-, eni& the quaternary 
saturation curve of D + /S^, and it ends in a second quaternary 
invariant point n, which represents the solution saturated with 
D + S^-\- iS,. This point must form the terminal point of 
two other saturation curves, namely, fn that of 8^+ 8^, and 
fan that of D + iS,, the other terminal point of which is the 
quaternary invariant point m, as we have already seen. The* 
three quaternary saturation curves km, mn, and en, and the 
ternary saturation curve ke, bound the quaternary saturation 
surface of the double salt D. It can be seen from Fig. 95 that 
the saturation surfaces of 8^ and 8^ are entirely separated by 
that of the double salt D. The two simple salts cannot there- 
fore exist together in equilibrium with solution ; they are then 
said to be incompatible. The saturation surfaces of D and 8^ 
meet, however, in the saturation curve mn, and these two salts 
can therefore exist together in equilibrium with solution ; they 
are said to be compatible. We saw in § 41 that the double 
salt may be capable of existing as a solid phase in the ternary 
system, through the whole temperature range within which 
saturated solutions are possible. Its existence interval may 
extend from the temperatures of the eutectic points, where ice 
is present as a sohd phase, to the melting point of the pure 
double salt. In this case, the two simple salts will be incapable 
of existing together at any temperature in equilibrium with 
ternary solutions. The ternary saturation curves ak, ke, and 
eb of 8i, D, and 8^, respectively, must always follow each other 
in order, and the quaternary saturation surfaces of 8-^ and 8^ 
must, at all temperatures, be separated by that of D, as shown 
in Fig. 96. 

We have seen; however, that the double salt may possess a 
transition point in the. ternary system (§§ 39 and 40), and at 
the transition temperature, both simple salts and the double 
salt are in equilibrium with a ternary invariant solution. This 
transition point forms either an upper or a lower limit to the 
existence of the double salt as a solid phase in the ternary 
system. 

In this case the existence of the double salt as a solid phase 
wiQ be limited also in the quaternary system. If we assume 
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that its existence is limited on the side of low temperatures, 
then, at a temperature suiBciently low, the double salt will be 
incapable of existing as a solid phase in the system, and the 
quaternary isotherm will show the simplest type — that depicted, 
for example, in Fig. 96, where the only saturation surfaces are 
those of the simple salts jSj, 82, and S^. We shall consider the 
way in which the change occurs from the type shown in 
Fig. 96 to that shown in Fig. 96. Between the temperatures 
•of these two types, a quaternary invariant system occurs, 
namely, the system : 

D + Sj^+ S^+ S.^+ Solution, 

formed by the double salt and all three simple salts in contact 
with an invariant solution. We may call the corresponding 
quaternary system invariant point the quaternary transition 
point of the double salt, in analogy to the ternary transition 
point of the double salt where the following invajiant equi- 
Ubrium exists : 

D +S^+8^+ Solution. 

The phase reactions which occur when heat is added to, or 
removed from, the quaternary invariant system 

D + S^+ Sz+ S;^+ Solution 

are very simply determined by the considerations which we 
applied to the ternary invariant system D +8^+82+ Solution 
(§ 39). It is clear that if a phase reaction occurs in which some 
or all of the soUd phases D, aSj, 82, 8^ are either dissolved or 
deposited by the solution in any proportion, then the composi- 
tion of the solution must alter, for since none of these solid 
phases contain water, the concentration of this component in 
the solution must be either decreased or increased by such a 
reaction. Since, however, the equilibrium reactions must be 
such as to leave the composition of the liquid phase unaltered, 
this phase can take no part in them. These phase reactions 
must be such as to involve the soUd phases only, and they can, 
therefore, only consist in the formation of the solid double 
salt from the two solid simple salts, and its decomposition into 
these two : 

8^+ 82 — D. 

The phase reactions which are in equilibrium in the quaternary 
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invariant system D +8^+82+8^+ Solution are, therefore, 
identically those which are in equilibrium in the ternary 
invariant system X> + 81+8^+ Solution ; in the former case, 
the third solid phase 8^ and the quaternary liquid, and in the 
latter case the ternary liquid, take no part in the reaction. 
The temperature at which the invariant equilibrium occurs 
must, therefore, be the same in the two cases, for the conditions 
of equilibrium cannot be affected by the presence of a solid 
phase, or the composition of a liquid phase, which plays no 
part in the equiUbrium reactions, in the same way, for example, 
as they cannot be affected by the composition of the vessel 
which contains the equihbrium mixture. Although the equi- 
librium occurring at the transition point of the^ double salt 
is not affected by the composition of a solution which may be 
present, yet if that solution is a ternary one composed of water, 
S^, and 82, then there is only one such solution which is stable 
at the transition point, since the coexistence of three solid 
phases with solution defines, in this case, an invariant equi- 
librium. In the same way, if the solution in contact with 
81, S29 and D at the transition temperature is a quaternary 
solution, and a fourth solid phase 8^ is present, then the equi- 
librium is invariant, but the temperature corresponding with 
it must be the same as that of the ternary invariant equilibrium. 
It is, namely, the temperature of the binary phase equilibrium, 

/Sfi+ 82 -^ D. 

which cannot be affected by the composition of a solution, or 
by the presence of an additional solid phase, which does not 
participate in the equilibrium reactions. We can, therefore, 
draw the important conclusion that the transition temperature 
of the anhydrous double salt in the ternary system TF-iSi^/Sg, 
i.e.y in the presence of a ternary liquid, is the same as that of 
the double salt in the quaternary system W-8j^82~8^, i.e. in the 
presence of a quaternary liquid. In the latter case, however, 
the presence of a third soUd phase 8^ is necessary in order to 
render the conditions of equihbrium completely defined, the 
composition of the solution as well as the temperature. 

The difference between the phenomena which occur at the 
transition point of the anhydrous double salt and those which 
occur at the transition point of the salt hydrate will be made 
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clear by comparing the equilibria which occur at these points. 
The equilibria which occur at the transition point of the salt 
hydrate are 

Hi -::^ Solution + /S^ in the binary system, 

J?j+ Sj -:^ Solution + /S^ „ ternary 

^1+^2+^8 ^^ Solution + S^ „ quaternary 

Here the solution participates in the equilibrium reactions, and 
its composition is therefore a defining factor for the transition 
temperature. The addition of a new component lowers the 
transition temperature of a salt hydrate in the same way that 
it lowers a melting point or a eutectic point. The equilibrium 
which occurs at the transition point of the anhydrous double 
salt is 

where as many additional phases are present as is necessary 
to define all the conditions of equilibrium. These phases take 
no part, however, in the equilibrium reactions, and the transi- 
tion temperature is therefore independent of the number of 
components in the system. 

Let us now return to the quaternary isotherm which is 
represented in Fig. 95, and we will assume that the double 
salt the saturation surface of which appears in this isotherm 
possesses a transition point which forms a lower stability limit 
to its existence as a solid phase. If now the temperature is 
lowered, the ternary saturation curve he of the double salt will 
diminish in length, the two points k and e will approach one 
another, and at the transition temperature T they will coincide 
in one point, which represents the ternary invariant solution 
saturated with S-^+ S^-^- D. We have shown that at the 
same temperature T the quaternary satmration surface of D 
must also disappear. The only way in which this can occur 
is by the gradual approach of the two quaternary saturation 
curves km and en, until, at the temperature T, they reach 
coincidence throughout their whole length. We will suppose 
that the quaternary isotherm at the transition temperature T 
is represented by Fig. 96 ; the ternary invariant points k 
and e, and the quaternary saturation curves km and en of 
Fig. 95, must be supposed to have just reached coincidence in 
the point v and the curve vy of Fig. 96. The ternary saturation 
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curve of the double salt is represented in this figure by the single 
point V, its quaternary saturation surface by the single line vy. 
The point v, since it also lies on the ternary saturation curves 
of 8^ + /Sgj represents the ternary system invariant solution 
saturated with the three salts 8^+ S^-\- D, and points on the 
line vy, since it also lies on the quaternary saturation surfaces 
of Si and 82, represent a series of quaternary solutions saturated 
with 81+82+ D. The point y must, in this case, give the 
composition of the quaternary system invariant solution which 
is saturated with the four salts 8^+ 8^+ D + 8^. It is the 
transition point of the double salt in the quaternary system, 
and it occurs in the same isotherm (t.6., at the same tempera- 
ture) as the transition point v of the double salt, in the ternary 
system. When the temperature is altered, the ternary satura- 
tion curve of the double salt grows out from, or disappears in, 
the invariant point v, and its quaternary saturation surface 
grows out from, or disappears in, {lie saturation curve vy. 
This behaviour is distinct from that of the anhydrous salt 8^ 
when the hydrate H^ can appear as a solid phase in the 
quaternary system ; we saw in the previous paragraph that, 
in this case, the saturation surface of 8^ grew out from, and 
disappeared in, a quaternary system invariant point. 

A quaternary solution in equilibrium with three solid phases 
forms a condensed monovariant system, and such a system is 
characterised, in general, by the pro{>erty that it is in stable 
equilibrium over a range of temperature, but that to every 
definite temperature within that range there corresponds a 
definite composition of the liquid phase (§ 4). The monovariant 
system formed by the three solids /Sj, /Sg, and D in contact with 
a solution, in the quaternary system W-S^-S^-S^y exists, 
however, as we have seen, only at the definite transition 
temperature T, It clearly cannot exist over a range of tempera- 
ture, since below T the saturation surface of D does not exist, 
and above T the two simple salts 8y^ and 8^ are incompatible, 
i.e., can never be together in stable contact with a solution. 
This monovariant system can, therefore, exist at one tempera- 
ture only, but to this temperature there corresponds, on the 
other hand, an infinite number of solutions of diflEerent composi- 
tion which are in equilibrium with the three soUds ; they are 
the solutions represented by points on the curve %yy of Fig. 96. 
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The curious behaviour of this monovaiiant system is due to 
the fact that the solution does not participate in the phase 
equilibrium, 

S^+ 8^ = D. 

The system can therefore only exist at the invariant tempera- 
ture of this binary equilibrium, which in no way defines the 
composition of any quaternary liquid which may be present. 

§61. The deduction which we have made concerning the 
transition point of the anhydrous double salt in the t.emary 
and quaternary systems is a particular example of a more 
general law, the proof of which was given by Schreinemakers, 
and which was called by him " the principle of similar isothermal 
parts." This law, as applied to salt solutions, may be stated 
in the following way. If at a particular temperature in the 
system X-jSj-zSg, where X is a given solvent, the isothermal 
saturation curves of 8-^ and of Sg ^^^ interrupted by that of a 
binary compound of jS^ and 82, then this will be the case, at 
the same temperature, where X is any other solvent ; if the 
saturation curves of 8^ and of 82 intersect without such interrup- 
tion whqre X is a given solvent, then they will do so when X 
is any other solvent. The group of curves formed by the 
saturation ciu*ves of 8^, of /Sj, and of all binary compounds of 
81 and 82 which can exist, is called by Schreinemakers the 
isothermal part 8^82, and the principle is then enunciated in 
the following form : AU ternary systems containing the com- 
ponents 81 and 82 possess similar isothermal parts 8^82- The 
rigid proof of this principle can only be given by thei mo- 
dynamical methods, and its general validity shown only by 
a treatment which considers the metastable, as well as the 
stable, equilibria. We shall, therefore, not discuss it further 
than will suffice to show its application in the case of the transi- 
tion point of the anhydrous double salt. For this purpose, we 
shall choose a projection of the quaternary isotherm which is 
clearer for our present purpose than the one which we have 
hitherto used. Fig. 97 represents the isotherm of Fig. 96 pro- 
jected upon a plane parallel to the two opposite tetrahedral 
edges W82 and 8^82, instead of upon the base of the tetra- 
hedron as in the latter figure ; the lettering of the two figures 
corresponds, and a comparison will show that they represent 
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the same isothermal type. We have already described the 
construction of this projection" in § 64, and Fig. 97 may be 
compared with Fig. 78, which represents the simplest quaternary 
isothermal type in a similar projection. We may suppose the 
edge WS^ of the tetrahedron (Fig. 97) to rest upon the ground 
plane and the edge 8^82 to be above this plane, though parallel 
to it, and perpendicular to W8^, and we will consider sections 
of the tetrahedron through the upper edge 8182- P8182 is 
such a section, where P is a point on the lower edge W8^, 
representing a binary mixture of W and 8^. The points in 
the section P8182 represent mixtures which can be formed by 
bringing together the binary mixture P, of W and /S3, with the 
two salts 8^ and 82. We shall assume that the section inter- 
sects only the saturation surfaces of 81, D, and /Sg, and such 
mixtures will then form either an unsaturated solution or a 
solution which is in equilibrium with one or two of the solid 
phases 8^, Z), 82', no phase complex will occur which contains 
the salt 82 as a solid phase. It follows, therefore, that all 
saturated and unsaturated solutions which can be formed by 
mixing P, 8^, and 82 will contain the two components W and 8^ 
in the same proportion as that in which they are contained by 
the binary mixture P ; their compositions can, in other words, 
be expressed in terms of P, /Sj, and /Sj. The binary mixture P, 
and the two salts 8^ and 82, can, in this case, be considered as 
the three components of a ternary system. The isotherm in 
this ternary system is given by the intersection of the section 
P8jS2 with the quaternary isotherm in Fig. 97. It shows the 
ternary saturation curves hv, vq, qr, of aS^, D, and 82, respec- 
tively, and it can be compared with the ternary system 
W'-8j--82, which is represented on the face W8182 of the tetra- 
hedron in Fig. 97, and which shows the ternary saturation 
curves ak, ke^ and eb of 8^, D, and Sg- The only difference 
which exists between the two ternary systems W-8^-82 and 
P-5j-iS'j|, is that the solvent W in the former has been replaced 
by the solvent P in the latter. It is true that the solvent P 
is a binary mixture of W and 8^, and the solvent W is a chemical 
individual, but this does not affect the validity of the principle 
of similar isothermal parts. This principle states that if the 
system W-8^-82 shows the saturation curves of iSj, D, and 82 
following each other in order, then this must also be the case 

p 2 
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in the system P-S^-S^ at the same temperature, where P is 
a certain binary mixture of W and 8^ represented by a point 
on the edge WS^ (we premise, however, that the section PS-^S^ 
does not intersect the saturation surface of 8^, i.e., that the 
system P-8'^-8^ is a true ternary system). This is true for 
every isotherm, and therefore for isotherms in the neighbour- 
hood of the transition temperature of the double salt. All 
parts of the saturation surface of D must, therefore, disappear 
at one and the same temperature ; immediately 8y^ and 8^ 
become compatible in the ternary system W-8^8^ they become 
everywhere compatible in the quaternary system W-'8^-8^S^. 

Hence we arrive at the conclusion which we have previously 
drawn, that the transition temperatures of the double salt in 
the ternary and the quaternary systems are identical, and that 
the quaternary saturation surface of the double salt disappears 
in a saturation curve, and not in an invariant point. 

§ 62. Fig. 98 represents, within a regular tetrahedron, the 
complete quaternary isotherm in the case under consideration, 
where an anhydrous double salt D is formed. Its lettering 
corresponds with that of Figs. 96 and 97 which we have previ- 
ously used, and which are projections of this complete spcbce 
isotherm. An unsaturated solution is represented in Fig. 98 
by a point in the space above the saturation surfaces. If 
water be evaporated from such a solution, the point representing 
its composition will move away from the point PT, along a 
straight line passing through TT, until it reaches one of the 
saturation surfaces. If, for example, this surface is the satura- 
tion surface of 8^, then on the further evaporation of water 
solid /Sj will separate, and the path representing the varying 
composition of the solution, as the evaporation of water is 
continued, will lie on this surface. We have already shown in 
§ 55 how the paths of crystallisation on the satiu*ation surface 
of /Sj can be determined, and we will briefly recall the reasor ing 
given in that paragraph. During the separation of solid 8-^ 
from the quaternary solution, the proportion of /Sj *^ ^z ^^^' 
tained by the solution must remain constant, and the behaviour 
will be that of a ternary system the components of which are 
PT, 8-^ and a certain binary mixture of 82 and iS,, represented by 
a point such as T on the edge 8^8^ of the tetrahedron. The 
path of crystallisation on the saturation surface of 8-^ is there- 
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fore given by the intersection of the plane WS^T with that 
surface. Since T may be situated anywhere on the edge S^S^ 
the paths of crystallisation are represented by carves on the 
quaternary saturation surface of Sj, radiating from the point A, 
and terminating on one of the quaternary saturation curves 
KM or OM, They are represented in this way in the plane 
projection given in Fig. 99. Similarly, the paths of crystallisa- 
tion on the saturation surface of S^ are represented, in this 
figure, by lines radiating from the point 6, and those on the 
saturation surface of 8^ by lines radiating from the point c. 
Let us now consider an unsaturated solution such as that 
represented by P in Fig. 98. On the removal of water from 
this solution the point representing its composition will move 
along the straight line WPR until its position is given by the 
point Q on the saturation surface of the double salt. Here, 
separation of that salt will commence, and the subsequent path 
of crystallisation must lie on the saturation surface. The 
position of this path may be determined by the following con- 
siderations. The double salt itself is a binary compound of the 
two simple salts 8^ and 8^, and its composition is represented, 
therefore, by a point D, which lies on the edge 8^8^ of the tetra- 
hedron in Fig. 98. The composition of the salt mixture con- 
tained in the solution P is defined by the position of the point R 
in which the straight line WPR intersects the base of the 
tetrahedron. Now the composition of this salt mixture can 
be expressed in two ways, for the position of the point R may 
be referred to the triangle 8^8^^ in the usual way, or it may 
be referred to the triangle 082,8^, In the latter case, the 
composition of the salt mixture will be given in terms of the 
double salt and the two simple salts ^2 ^^^ ^3- ^^ ^^^ composi- 
tion is expressed in this way, then the relative proportion of 
82 to iSj contained in the salt mixture iZ, and therefore also in 
the unsaturated solution P, is given by the point T where the 
line DR cuts the edge 8^^. Further, the separation of the 
double salt from the solution will not alSect this proportion, 
and during this stage of the evaporation the behaviour must 
be that of a ternary system the components of which are 
Wy Z), and the binary mixture T. The path of crystallisation 
on the saturation surface of D will therefore be given by its 
intersection with the plane WDT. This will clearly be a curve 
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which radiates from the point Ly in which the line WD (in the 
face WSyS^ cuts the ternary saturation curve KE of the double 
salt. 

An* unsaturated solution such as U (Fig. 98) will also deposit 
first the double salt on concentration, namely, when its composi- 
tion is given by the point V on the saturation surface of D. 
The composition of the salt mixture contained in the solution TJ 
is defined by the position of the point X, in which the straight 
line WUX cuts the base of the tetrahedron. By referring this 
point to the triangle DS^S^, the composition of the salt mixture 
can be expressed in terms of the double salt and the two simple 
salts 8^ and 8^, In this case the proportion of 8^ to 8^ con- 
tained by the salt mixture X and the solution U is given by 
the point F, and it will not be altered by the separation of the ' 
double salt from the solution. The path of crystaUi^ation 
during this stage of the evaporation will again be given by the 
intersection of the plane WD Y with the satiuration surface of D, 
i.e., it will be a curve on the surface radiating from the point L. 
According to the composition of the original unsaturated 
solution, the points T or Y may be situated anywhere on the 
edges /Sg^a ^^ 'S^s^u but the paths of crystallisation oi;i the 
saturation surface of D will in all cases be given by curves 
radiating from the point L, and terminating on one of the 
quaternary saturation curves EN, MN, or KM. They are 
represented in this way in the plane projection given by Fig. 99. 
It can be seen in this figure that the paths of crystallisation on 
two adjacent saturation surfaces run together on the quaternary 
saturation curve which forms their line of intersection. The six 
quaternary saturation curves are therefore also paths of crystalli- 
sation, and these run together in two groups of three at the 
points m and n. Both isothermal invariant points are, there- 
fore, final drying-up points. 

We may now deduce a rule which is frequently of great use 
in constructing the quaternary paths of crystallisation. We 
have seen that these paths of crystallisation, on the saturation 
surface of 8^, diverge from the point a (Fig. 99). This point 
represents the binary solution which at this temperature is 
saturated with 8^; it represents the solution, containing only 
the salt /Sj, which is saturated with this salt. In the same way, 
the paths of crystallisation on the saturation surface of S, 



HI CONDENSED QUATERNARY SYSTEMS 216 

diverge from the point 6, which represents the solution saturated 
with 82 and containing only this salt. We saw in § 29 that the 
point I (Fig. 99), in which the line WD intersects the ternary 
saturation curve ke of the double salt, represents a saturated 
solution in the binary system W-D. It is seen, therefore, that 
the paths of ^-rystaUisation on the quaternary saturation 
surface of the aouble salt also diverge from the point I which 
represents the solution saturated with D and containing only 
this salt (or, more strictly, containing the two simple salts 
Sj^ and 82 in the correct proportion to form the double salt, 
without leaving excess of either). Again, the quaternary 
saturation curve fn is the path of crystallisation of a solution 
depositing both salts 82 and /S,, and it diverges from the ternary 
invariant point /, which represents a solution saturated with 
S^+ /Sj, and containing only these two salts. We can deduce, 
therefore, the folloMdng rule :/The path of crystallisation of a 
solution which is in equiUbrium with one or two salts diverges 
from the point representing the saturated solution containing 
only that salt or those salts. It will be seen that on the 
quaternary saturation curve mn the arrows at opposite ends of 
the curve point in opposite directions. The meaning of this 
can be clearly seen from Fig. 98. The section WS^D of the 
tetrahedron cuts only the saturation surfaces of S^ and Z), 
and the saturation curve MN of D + jS,. The system 
W-8^-'D is therefore a true ternary system, for since only 
S^ and D occur as solid phases, the composition of a Uquid in 
this system can always be expressed in terms of W^ 8^, and £). 
The corresponding ternary saturation curves are given by the 
lines CZ and LZ of Fig. 98 ; and Z, the intersection of the plane 
with the curve MN^ is a ternary invariant point representing 
the solution saturated with ^83+ X> in the system W-8q-D. 
Between the two quaternary drying-up points M and N there 
is, therefore, a ternary drying-up point Z. We have seen that 
the paths of crystaUisation of a quaternary solution in equi- 
librium with the two salts D and 8^ must diverge from the 
point which represents a solution saturated with the two salts, 
and containing only these, i.e., it must diverge from the 
invariant point Z in the ternary system W-8^-D. 

Hence, on one side of the plane W8^, the path of crystallisa- 
tion runs in the direction from Z to if, and on the other side, 
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in the opposite direction from Z to -Y, whilst a solution of the 
composition Z dries at that constant composition. It can, in 
fact, be seen that the plane section W8JD divides the tetra- 
hedron of reference into two other tetrahedra, and that the 
portions of the quaternary isotherm Ijring in each of these can 
be considered as giving the conditions of equihbrium in two 
quaternary systems, each of which shows only one isothermal 
invariant point, and is, therefore, of the simple type shown in 
Pig. 72. Thus, the system W-S^S^-D is represented inside 
the tetrahedron WSiS^D^ and the quaternary isotherm in this 
system is bounded in the face WS^ by the ternary saturation 
curves GZ and LZ ; the isotherm shows only three saturation 
surfaces, those of S^y S^, and Z), and one isothermal invariant 
point, My which represents the solution saturated with 
Si+ S^+ D. The system W-S^S^-D is similarly depicted 
within the other part of the tetrahedron of reference ; the 
isotherm is also bounded in the face WSJD by the ternary 
saturation curves GZ and LZy and it shows the saturation 
surfaces of 82^ /Sf„ and i), and an isothermal invariant point N 
representing the solution saturated with these three 
salts. 

§ 63. We saw in the previous chapter that the ternary system 
W-S^-S^, where a double salt D existed as a solid phase, could 
be considered as formed from two simpler systems W^^-D 
and W-S^-Dy which were then represented within the triangle 
the vertices of which denoted these components. This condi- 
tion held, however, only so long as the two invariant solutions 
K and E (Fig. 98) were congruently saturated, i.e., so long ae 
their compositions could be expressed in positive terms of 
water and the two solids with which they were in equilibrium 
(§ 30) . Thus, the composition of the solution K must be capable 
of expression in terms of PT, /S^, and D, or, in other words, the 
point K must lie within the triangle W8J). The composition 
of the solution E must be capable of expression in terms of 
Wy 82, and Z), or the point E must lie within the triangle W8^, 
Both these conditions are fulfilled when the line WD cuts the 
saturation curve KE of the double salt, i.e., when the double 
salt is not decomposed by water. 

Exactly analogous to these are the relations which obtain in 
the quaternary system W^-/Si-5j-vS8> where the binary double 
salt D exists as a solid phase. It can be considered as composed 
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of the two simpler systems W-S^-S^-D and W-S^-S^-D^ only 
so long as both quaternary invariant solutions M and N are 
congruently saturated, i.e., so long as their compositions can 
be expressed in terms of water and the three solids with which- 
they are in equilibrium. For this condition to hold the point M 
(Fig. 98) must lie within the tetrahedron W8^8^, the point N 
within the tetrahedron WS^JD, and this is only the case when 
the plane section WSJD intersects the quaternary saturation 
curve MN of 8^-\- D, as in Fig. 98, when, therefore, the system 
W-S^-D is a true ternary system. It is readily seen that if 
the points M and N lie on tne .same side of the plane W8^, 
so that the latter does not intersect the curve MN, then it 
must cut another saturation surface besides those of 8^ and D ; 
the system TT-jSs-Z) is then no longer ternary, and the system' 
ir-^i-zSg-^s ^*^> therefore, no longer be considered as composed 
of two simpler quaternary systems. The case in which the 
double salt D is decomposed by water is depicted in plane 
projection in Fig. 100. The ternary invariant solution e is 
in equilibrium with D + 8^, but the point e does not lie within 
the triangle TTD/Sa* This solution is incongruently saturated, 
and the line WD does not intersect the saturation curve of the 
double salt. The quaternary solution n is in equilibrium with 
82+ 8^+ D since it lies at the intersection of the corresponding 
saturation surfaces, but it is not situated within the tetrahedron 
W828^. This solution is also incongruently saturated, and 
the plane section 'W8J) does not intersect the saturation curve 
mUy of ^8+ D, The system W-8^-D is, therefore, not a ternary 
system. The paths of crystallisation on the saturation surface 
of the double salt are given, as we have seen, by lines which 
radiate from the point representing the solution in equilibrium 
with the solid double salt in the system TF-D. The double 
salt in the present case is, however, decomposed by water, and 
the system W-D does not actually behave as a binary system. 
If the saturation curve ke of the double salt (Fig. 100) is produced 
to meet the line WD in the point Z, then this point would repre- 
sent the solution saturated with the double salt and containing 
the two simple salts in the same proportion as does the double 
salt itseU. Such a solution, if it can exist at all, is in a state 
of metastable equilibrium, the stable condition of a mixture of 
this composition being a phase complex. The paths of crystal- 
lisation on the saturation surface of the double salt are, however, 
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still given by lines which, if they were prolonged, would be found 
to radiate from the point Z, as indicated in Fig. 100. 

We have previously seen {§ 30) that if water be evaporated 
from the ternary solution e in contact with the two solids S^ 
and D with which it is in eqmlihrium, then D alone is deposited 
whilst S^ is redissolved. The composition of the liquid remains 
constant only as long as it is in contact with solid 8^, but in the 
presence of sufficient liquid the whole of the solid S^^ is eventually 
dissolved, and the composition of the solution alters again in 
the direction of the value represented by the point fc, following 
the saturation curve ek. This U characteristic of the incon- 
gruently saturated solution. The point k is the final drying- 
up point for aU ternary solutions, if the solid phases are 
removed from contact with the liquid as fast as they separate, 
since, in this case, the solution e can never be in contact with 
solid 82' 

The behaviour is similar in the quaternary system. It wiU 
be seen from Fig. 100 that the paths of crystallisation on the 
saturation surfaces of 8^ and D do not run together on the 
saturation curve en, for the arrow-heads on the saturation 
surface of D are directed away from this curve. It follows, 
therefore, that solutions represented on this curve, although 
they are in equilibrium with 8 2+ D, do not deposit both these 
salts on the evaporation of water ; they deposit only the double 
salt D, and if solid 82 is actually present it is redissolved. As 
long as excess of solid 82 still remains, the point representing 
the composition of the solution will move along the curve en, 
which is, therefore, in this sense, a path of crystallisation. In 
the presence of sufficient solution, however, all the solid S, 
will eventually be consumed, and a path on the saturation 
surface of D will then be followed. The behaviour of a solution 
such as that represented by the point P on the saturation 
surface of 82 is therefore the following. 

On the evaporation of water, it will deposit solid 829 and the 
point representing its composition will move along the path bP 
until it reaches the saturation curve en. If the evaporation of 
water be continued, the double salt will then separate, and at 
the same time the solid 82, which was deposited during the 
first stage of the evaporation, wiU now start to redissolve. The 
point representing the composition of the solution will follow 
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the path en until the solid 8^ has been completely consumed in 
this way. It will then leave the path en and follow one of the 
paths on the saturation surface of D, until, finally, either the 
saturation curve km or mn is reached, depending upon the 
position of the point P. The solution will, in either case, dry 
at the constant composition m, and the point m is the final 
drying-up point, as is shown by the fact that the arrow-heads 
on the saturation curves which intersect in this point are all 
directed towards it. The incongruent invariant point n is 
not a final drying-up point, for the arrow-heads on the satura- 
tion curves which intersect here are not all directed towards 
it, as the following considerations will show. The solution 
saturated with the two salts D and 8^ and containing only 
these salts can, in this case, only exist as a metastable phase, 
since the system W-D-8^ is no longer a ternary system. The 
point representing the composition of this metastable solution 
would be obtained by prolonging the quaternary saturation 
curve mn at D + 8^ until it intersected the triangular section 
WDS^. The arrow-heads on the crystallisation path mn must 
then be directed away from this point of intersection, and 
hence, also away from the isothermal invariant point n. 

If the soUds are removed from contact with the liquid as 
fast as they separate, then there can never be a halt at the 
saturation curve en ; the point which represents the composition 
of the solution depositing soUd 8^, will pass directly from a path 
on the saturation surface of 8^ to a path on the saturation 
sturface of D, without following the curve en. In the same 
way, the point representing the composition of a solution 
depositing 8^+ 8^ will pass directly from the curve /» to the 
curve nm without halting at the point n, provided the solid 
phases are removed as fast as they separate. 

§ 64. The quaternary isotherm which is characterised by the 
occurrence of the saturation surface of an anhydrous double 
salt is represented by Janecke's method in Figs. 101 and 102 
The first of these figures represents the case in which all ternary 
and quaternary invariant solutions are congruently saturated, 
and it is to be compared with Fig. 99, from which it differs 
only in the fact that the ternary saturation curves are here 
contained by the sides of the triangle. Fig. 102 represents the 
case in which one ternary invariant solution (e) and one 
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quaternary invariant solution {n) are incongruently saturated ; 
it is to be compared with Fig. 100. • 

These figures are in some respects clearer, and for practical 
purposes more useful, than the corresponding perpendicular 
projections. We have seen that the paths of crystallisation 
on the quaternary saturation surface of a salt radiate from the 
point which represents a solution in equiUbrium with that 
salt, and containing it only. In the Janecke representation, 
the composition of the salt mixture contained by saturated 
solutions is alone represented, and, therefore, a saturated solu- 
tion containing one salt only is denoted by the point which 
represents that pure salt. Thus the point 8^ in Fig. 101 repre- 
sents a saturated solution containing only pure Si, and the 
paths of crystallisation on the saturation surface of S^ radiate, 
therefore, from this point. In the same way, a saturated solu- 
tion which contains only the double salt (or which contains the 
two simple salts Si and S2 in the same proportion as does the 
double salt) is represented by the point D itself, and the path^> 
of crystallisation on the saturation surface of D radiate from 
this point, as shown in Fig. 101. It is immaterial whether the 
solution which is in equiUbrium with the double salt, and con- 
tains only this salt, is capable of stable existence, or whether 
it can exist only as a metastable phase ; the solution will be 
represented, in either case, by the point D itself. Thus ia 
Fig. 102 the point D lies on the boundary of the saturation 
surface of S2, and a saturated solution which contains the two 
simple salts in the same proportion as does the double salt can, 
therefore, only exist in stable equiUbrium with soUd /Sg- The 
point D can also represent, however, a metastable solution which 
is in equiUbrium with the soUd double salt, a solution which is, 
therefore, supersaturated with the simple salt /Sg* ^^^ *^® 
paths of crystalUsation on the saturation surface of D in 
Fig. 102 stiU radiate from the point D. We have already 
directed attention to the^fact that the paths of crystalUsation 
are correctly represented by straight Unes in Janecke's repre- 
sentation (§ 56). 

The distinction between the congruently and the incon- 
gruently saturated quaternary solution can be seen very clearly 
from Figs. 101 and 102. This is due to the fact that the 
triangular sectipu WSffi of the tetrahedron in Fig. 98 is given 
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Fio. 101. 



by the straight line S^ in Figs. 101 and 102. (These figures 

can be obtained by a perspective projection, through the 

vertex W, of the space isotherm, and it is clear that every 

point in the section 

WS^ must project, 

n this way, into a 

point on the line S^,) 

In Fig. 101, the Une 

SjD intersects the 

saturation surfaces of 

S^ and of D, and the 

saturation curve mn of 

S3+D. The system 
IF-Sa-D wiU show, 

therefore, the iso- 
thermal saturation 

curves of 8^ and of D, 
and the isothermal in- 
variant point repre- 
senting a solution saturated with S^+D. This system is, in 
other words, a true ternary system. ^ The point n in this 

figure gives the com- 
position of the salt 
mixture contained in 
the quaternary invari- 
ant solution which is 
saturated with the 
three salts iSg+Ss+D. 
This point hes inside 
the triangle S^^D, and 
the composition of the 
salt mixture can be 
expressed, therefore, 
in terms of the three 
salts with which the 
invariant solution is 
saturated ; the invari- 
ant solution is, in other words congruently saturated. It can 
be seen very clearly that the isotherm of Fig. 101 is divided by 
the Une S^ into two parts, each of which can be com- 
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pared with Fig. 82, which represents the quaternary isotherm 
in a system of the simplest type. 

In Fig. 102, the line S^D intersects the satm'ation surfaces 
of 1S3 and of S2, and the saturation curve fn of 8^ + 8^- In 
the system W-S^-D, the salt 82 appears, therefore, as a solid 
phase, and since its composition cannot be expressed in terms 
of W, jSg, and D, the system is not a ternary system. The 
point n, again, represents the composition of the salt mixture 
contained in the quaternary invariant solution which is satu- 
rated with the three salts, S2+ ^8+ -D» ^^^ ^'^ point does not 
now he inside the triangle 828^0. The composition of the salt 
mixture can, therefore, no longer be expressed in terms of the 
salts with which the invariant solution is saturated ; this 
solution is, in other words, incongruently saturated. It is 
clear that the isotherm of Fig. 102 is not divided into two simple 
isotherms by the line 8fi. 

§ 66. Finally, we shall make brief mention of the case in 
which a ternary compound can appear €U9 a solid phase in the 
quaternary system. The ternary compoimd may belong to 
either one of two types ; it may be a hydrated double salt of 
the general formula x/S^.y/Sg-zHgO, i.e., a compound of three 
components consisting of two simple salts and water, or it may 
be a triple salt of the general formula x8i.y82'Z8^, i.e., a com- 
pound of the three component salts. 

If a hydrated double salt x81.y82.zKjO can occur as a solid 
phase, then within a certain temperature range its saturation 
curve must appear in the ternary system TT-Si-^j, and its 
satturation surface must appear in the quaternary isotherm. 
We have not given a detailed discussion of the ternary system 
in which a ternary compound occurs as a solid phase, but we 
saw in the examples given in § 45 that the double salt hydrate 
may possess a ternary transition point which marks a tempera- 
ture limit to its existence in the ternary system ; it may, for 
example, break down at a certain temperature into two simple 
salt hydrates. In this case, the hydrated double salt will also 
possess a quaternary transition point which marks a tempera- 
ture limit to its existence in equilibrium with quaternary solu- 
tions. We saw in § 60 that the transition temperature of the 
anhydrous double salt was the same in the quaternary as in 
the ternary system, and that, as a result of this, the saturation 
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surface disappeared in a quaternary saturation curve at the 
transition temperature. This was due to the fact that the solid 
phases in equilibrium with the invariant solution at the transi- 
tion temperature contained no water, and hence that the solu- 
tion took no part in the equihbrium reactions. When the 
hydrated double salt occurs as a solid phase, it will no longer 
be true that the solid phases contain no water ; the equilibrium 
reactions may then involve the liquid phase, and the quaternary 
transition temperature may be lower than the transition tem- 
perature in the ternary system, exactly as was the case with 
the hydrated simple salt (§ 58). The saturation siu*face of the 
hydrated double salt will appear and disappear in a quaternary 
invariant point, and the isotherm in the neighbourhood of the 
transition temperature will be similar to that given in Fig. 889 
the saturation surface of 81 in that figure being replaced by 
that of the hydrated double salt. As the temperature moves 
further from the transition point, this saturation surface will 
grow, and eventually the isotherm will attain a transition 
form, similar to that shown in Fig. 89, at the ternary transition 
temperature of the hydrated double salt in the system WS1-S2. 
Subsequently, the saturation surface will extend into the side 
face WS^S^y when the system W-S^-S^ will show the ternary 
saturation curve of the hydrated double salt ; the isotherm 
win be similar to that given in Fig. 90, the saturation surface 
of Si again being replaced by that of the hydrated double salt. 
This isothermal type will persist, for it is clear that the ternary 
compound zSi.y82JiH20 cannot appear in either of the other 
ternary systems, and the saturation surface of the hydrated 
double salt cannot, therefore, extend into a second face of the 
tetrahedron, as was the case with that of the salt S^ in the 
series of isothermal types given in § 58. 

If a triple salt zSi,y82JiS^ can occur €U9 a solid phase in the 
system, then the quaternary isotherm must contain the satura- 
tion surface of this salt. The only ternary system in which 
the triple salt can occur as a solid phase is the anhydrous system 
81-82-8^, and since we are only considering the isothermal type 
at comparatively low temperatures (temperatures at which 
anhydrous salt mixtures are completely solid), the saturation 
surface of the triple salt will be confined to the space within 
the tetrahedron, and will not extend to either of the faces. 
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The triple salt T, like the double salt, may possess a tiansi- 
tion point at which the three simple salts and the triple salt 
are in equilibrium with an invariant quaternary solution. Here, 
again, the solid phases in equilibrium with the invariant solu- 
tion will contain no water, and the equilibrimn reactions at the 
transition temperature must involve, therefore, only the solid 
phases. They will clearly be represented by one of the following 
schemes : 

or T ^ Si+ /S,+ iSf,. 

If the equilibrium is represented by the first of these schemes, 
the transition point wiU be a lower temperature limit to the 
existence of the triple salt as a solid phase ; if it is represented 
by the second, the transition point will be an upper tempera- 
ture limit. Assuming the former to be the case, then at tem- 
peratures below the transition point the only monovariant 
quaternary system which can exist is 

^1+^2+^8+ Solution. 
The isotherm will be of the simplest type represented, for 
example, by Fig. 87, and will contain only qne isothermal 
invariant point : that representing a solution saturated with 
the three simple salts 8^^+ 8^+ S^. 

At temperatures above the transition point, the three follow- 
ing monovariant systems can exist : 

S^+ 8^+T + Solution, 

^1+ ^8+ y + Solution, 

/S2+ ^5^8+ ^ + Solution. 
The isotherm will contain three isothermal invariant points 
p, g, and r (Fig. 103), each representing the saturated solution, 
at the temperature of the isotherm, in one of the above mono- 
variant systems. The saturation surface of T intersects those 
of the three simple salts aroimd the point which would be their 
common point of intersection if they were produced to meet. 
We have already shown that this saturation surface does not 
extend into either of the faces of the tetrahedron until tempera- 
tures are reached at which salt mixtures fuse. 

§ 66. We will consider the system formed by water {W) and 
the two salts AB and CD, where A and G represent positive 
ions, B and D negative ions : these two salts contain no ion 
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in common. The composition of a given aqueous solution of 
the salt AB can be expressed in terms of AB and W, that of a 
given aqueous solution of the salt CD, in terms of CD and W. 
Suppose, now, that the two given solutions are mixed. If 
they are sufficiently dilute, no precipitation of a solid phase 
will occur, for the resulting solution will be unsaturated, and 
its composition can clearly be expressed in terms of water and 
the two salts AB and CD. On the evaporation of water from 
this imsaturated solution, it may become saturated first with 
one of the salts AB or CD, and the continued evaporation will 
result, in this case, in the deposition of one of these. Here, 
again, it will be possible to express the compositions of the 
resulting saturated 
solutions in terms of 
W, AB, and CD, and 
the behaviour will 
clearly be that of a 
ternary system with 
these substances as 
components. We do 
not mean to assert that 
the solution contains 
the salts only in the 
form of the molectdar 
individuals AB and CD, 
and we are not con- 
cerned with the state 
of homogeneous equih- 

brium existing within the liquid phase,aswehave frequently em- 
phasised. The results of a chemical analysis of the solution 
will, in general, be given in terms of the four ions A, B, 
C, and D. If in the system W-AB-CD, the only salts 
which occur as solid phases are AB and CD, the concentra- 
tion of the ion A in the liquid phase will always be equivalent 
to that of the ion B, the concentration of the ion C will be 
equivalent to that of the ion D, and the composition of the 
solution will, therefore, always be capable of expression in 
terms of water and the two salts AB and CD. 

The foUowing reaction may, however, take place in the 
system : AB + CD — AD + BC, 

Q 
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and this double decomposition may result in the separation of 
a new salt, let us say AD, in the solid phase. In this case, the 
concentration of the ion A remaining in solution will no longer 
be equivalent to that of the ion B, since some amount has been 
removed in the form of the solid salt AD, and, for a similar 
reason^the concentration of the ion C will no longer be equivalent 
to that of the ion D. The composition of the solution cannot be 
expressed in terms of water and the two salts AB and CD, and 
the system ceases to be ternary. We must determine the least 
number of substances which is necessary, in this case, to express 
t^ompletely the compositions of aU phases. It may at first be 
supposed that the system is one of the five components 
W, AB, CD, AD, and BC, but the following considerations 
will show that this is not the minimum requisite number of 
components. 

Let us suppose a solution to be formed by dissolving z moles 
of the salt AB and z moles of the salt CD in a given weight of 
water. Analytically, this solution will be identical with a 
solution formed by dissolving z moles of the salt AD and z 
moles of the salt BC in the same weight of water, since both 
solutions will contain z moles of each of the four ions A, B, C, 
and D, We will next suppose that a solution is formed by 
dissolving w moles of the salt AB, x moles of the salt CD, 
y moles of the salt AD, and z moles of the salt BC in m moles 
of water. The composition of the resulting solution can then 
be expressed, in molecular quantities, by the following form : 

mW,wAB,xCD,yAD,zBC 1. 

Since, however, z moles of BC + z moles of AD can be equally 
well expressed as z moles oi AB + z moles of CD, we can also 
represent the composition of the above solution by the form ; 
mW,{w+z)AB,{X'\'Z)GD,{y'^z)AD • . . 2. 

Wo see that in virtue of the mathematical relationship : 

1 Mole AB + 1 Mole CD = 1 Mole AD + I Mole BC, 

we can express the composition of any phase in the system 
W-AB-CD-AD-BC in terms of water and three salts ; the 
system is, therefore, one of four components, and not one of 
five. The composition of a given solution was expressed in 
terms of water and the four salts AB^ CD, AD, and BC in 
form 1. In form 2, it was expressed in terms of water and the 
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three salts AB, CD, and AD, but it is clear that we might have 
expressed this composition in terms of water and any three of 
the four salts. We may, fot example, replace y moles of 
AD + y moles of BC, in form 1 by y moles of AB + y moles 
of CD, and the composition of the solution would then be given 
in the following form : 

mW,{w + y)AB,{x + y)CD,{z - y)BC . . .3. 

The forms 2 and 3 both represent correctly the composition ol 
a solution which was obtained by mixing water and four salts 
in the proportions given by the form 1. The number {z) of 
moles of the salt BC which were used in making this mixture 
may have been greater, or less, than the number (y) of moles 
of the salt AD. The concentration (y-z) of the salt AD, 
when the composition of the solution is given in the form 2, 
may, therefore, be either positive or negative, and if we fix 
the three salts AB, CD, and AD as independent components 
of the system W-AB-CD-AD-BC, we must be prepared for 
a graphical representation of negative concentration values. 
Similarly, if we fix the three salts AB, CD, and BC as inde- 
pendent components, and express the composition of solutions 
in the form 3, then we may expect negative values for the 
concentration (z - y) of the salt BC. It is clear, however, that 
either y-z or z-y must represent a positive number, and we 
can, therefore, express the compositions of all phases in the 
system in positive terms either of W, AB, CD, and AD (form 2) 
or of W, AB, CD, and BC (form 3). 

The two salt pairs AB, CD, and AD, BC, which are formed 
from the four ions A, B, C, and D (the salts in cither pair 
having no ion in common) are known as reciprocal salt paiis, 

and the system formed by the reciprocal pairs is conveniently 

+ + - - 

represented by the notation {A,C) — {B,D). The system is 

characterised by the fact that a reciprocal reaction may occur 

between the salts. From what has been said, it follows that 

the system formed by the reciprocal salt pairs (without water) 

is a ternary system, and that formed by the aqueous solutions 

of the reciprocal salt pairs a quaternary system. 

§ 67. We will consider the graphical representation of the 

+ + 
ternary system formed bv the reciprocal salt pairs {A,C) — 

Q 2 
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{B,D)y without water. We may choose as components any 
three of the four possible salts ; let us choose the salts AB, 
QD, and AD. The compositions of phases will be expressed 
in the form 

pAB,qCD,{lOO -p + q)AD, 

trhere the sum of the concentrations of the three components 

is equal to 100. We have 
hitherto used an equilateral 
triangle tor the graphical 
representation of the ternary 
system when compositions 
are expressed in this form, 
but in the present case we 
shaD use a right-angled iso- 
sceles triangle, for reasons 
which will become apparent 
later. The points AB, CD, 
and AD of Fig. 104 repre- 
sent, then, the three 
pure components of the 




4- + 



system [Afi) — (B,D)^ as the comers of a right-angled isosceles 
triangle. Since the triangle is no longer equilateral, it is clearly 
not immaterial which side 

we choose to represent 100 ^^'^ "^^ 

per cent. ; for this purpose 
we shall choose one of the 
shorter sides AB^ AD, or 
AD, CD, these being the 
equal sides of the isosceles 
triangle. Through any point 
72 within the triangle three 
lines EF, GH, JK are 
drawn, one parallel to each 
of the sides of the triangle. 
There are thus formed 
the three smaller isosceles 
triangles RJO^ RKF, REE, which have a common vertex in 
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the point R. The sum of the shorter sides of these three 
isosceles triangles is 

OR + FK + RE 

= AD,F + J'JS: + KfiD 

= ADy CD = 100 per cent. 

We see that this sum equals the shorter side of the component 
triangle, and if the point R represents the composition of a 
phase in such a way that the length RF or FK gives the per- 
centage p of the component AB^ the length RO or OJ the 
percentage q of the component CD, contained by the phase, 

then the length RH or RE gives the percentage 100 — jp -f- ff 
of the third component AD, We can therefore represent 
the composition of a phase containing the three components 
by a point within the triangle, and the percentage of any 
component is given by the distance of the point from the side 
opposite to the comer representing that component, not in a 
direction parallel to any one of the other sides, as when an 
equilateral triangle was used, but in a direction parallel to one 
of the shorter sides of the isosceles triangle. 

We will now consider the meaning of a point such as Q 
(Mg. 105), which lies outside the component triangle AB^ CD, 
AD. According to the method of representation which we have 
just described, this point denotes a phase containing QO parts 
of the component CD^ and QF parts of the component AByVa 
a total of 100 parts, QO and QF being the distances of the 
point Q from the sides opposite the comers CD and AB respec- 
tively. The phase denoted by Q contains therefore 

100 -^QO +QF 

parts of the third component AD. 

Now QQ + QF ^ F,AD + QE +EF 

= F,AD + QE+ FfiD 
= ADfiD + QE 
= 100 + QE, 



and, therefore, 100 - QO + Q^ = 100 - 100 + QE 

- QE. 

The point Q, which Ues outside the component triangle, repre- 
sentSy therefore, a phase the composition of which can only 
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be expressed in terms of the three salts AB, CD, and AD by 
assigning a negative value to the concentration of the latter. 
We see that the numerical value of this concentration is given, 
as before, by the distance QE (or QH), of the point Q, from the 
side opposite to AD, measured in a direction parallel to either 
of the shorter sides of the component triangle. 

The fourth salt BG, which we have so far left unconsidered 
in the graphical representation, may be regarded as a phase the 
composition of which can be expressed in terms of the three 
components AB, AD, and CD, by using a negative value for 
the concentration of the component AD. We have seen that 

100 Moles AD 4: 100 Moles BC = 

100 Moles AB + 100 Moles CD, 
and, therefore, 

100 Moles BC = 100 Moles AB + 

100 Moles CD - 100 Moles AD. 

If the compositions of phases are expressed in mc^ecular per- 
centages, then the composition of 100 parts of the phase £C, 
given in terms of the three components, is the following : 

100 AB, 100 Ci>, - 100 ^D . . . .1. 

Phases containing 100 parts of the component AB must be 
represented, in Fig. 105, by points on the line AB, BC, which 
is parallel to the side opposite to AB, and at a distance of 
100 from it. Similarly, phases containing 100 parts of the 
component CD must be represented by points on the line 
CD, BC, and the point representing the salt BC itself, the 
composition of which is given by the expression 1, must lie, 
therefore, at the intersection BC of these two lines. The 
percentage of the third component AD in the phase represented 
by BC must be negative, since the point lies outside the triangle 
AB, CD, AD, and it is given numerically by either of the lengths 
AB, BC, or CD, BC, the distance of the point from the side 
AB, CD, opposite to AD, in a direction parallel to the shorter 
sides of the triangle. It is, therefore, equal to — 100, as 
required by the expression 1. 

We see that if the points representing three of the salts are 
considered as three corners of a square, then the point repre- 
senting the fourth salt is given by the fourth comer of the 
square. Phe^es the compositions of which can be expressed 
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in positive terms of the salts AB, CD, and AD are represented 

by points within the triangle AB, CD, AD, and phases the 

compositions of which can be expressed in positive terms of 

the salts AB, CD, and BC are represented by points within 

the triangle AS, CD, BC. We have akeady shown (§66) 

that the compositions of all phases in the system formed by 

+ + - - 
the reciprocal salt pairs {A,C)-{BJ)) can be expressed in positive 

terms of one or other of these two salt triads, and they can, 

therefore, all be represented by points within the square 

AB, AD, CD, BC. It must be borne in mind that this is only 

true if the compositions of phases are expressed in molecular 

percentages, and it does not hold if gram-percentages are used. 

In order to make this clear, let us consider, as a concrete 

+ + - - 
example, the reciprocal salt pairs (Na, K) ~ (Br, CI). The salts 

of these reciprocal salt pairs are related by the equation ^ 

NaBr + KCl = NaCl + KBr. 

If we consider KBr as the " fourth salt," then its composition, 
expressed in molecular percentages of the other three, is : 

lOOKBr = lOONaBr, lOOKCl, - lOONaCl. 

Expressed in grains, it is the following 

UOKBr = lOSNaBr, 74-5KC1, - 68-6NaCl, 

the numbers 119, 103, etc., being the gram-molecular weights 
of the various salts. The composition of the salt KBr referred 
to a total weight of 100 grams of this salt {i.e., given in gram- 
percentages) is, therefore, 

lOOKBr = 86-5NaBr, 62-6KC1, -49lNaCl. 

Now phases containing 86-5 per cent. NaBr are represented, 
in Fig. 106, by points on the line ML, the distance of this line 
from the side opposite to NaBr being 86-5 compared with the 
shorter side of the isosceles triangle, which measures 100. 
Similarly, phases containing 62-6 per cent. KCl are represented 
by points on the line NL, and the salt KBr is denoted, there- 
fore, by the point of intersection L, of these two lines. The 
compositions of phases in the system formed by the reciprocal 
salt pairs, when they are expressed in gram-percentages, are 
represented by points which lie, not inside a square, but inside 
the quadrilateral L-NaBr-NaCl-KCl. Since there is no 
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reason for choosing an unsymmetrical representation, composi- 
tions are always expressed, in practice, as molecular percentages. 
It is to be noticed that in reciprocal salt pairs such as 



+ 



(K^jMg) - (S04,Cl2), where the relation which connects the 
four salts is 

KjSG^ + MgCl2= 2KC1 + MgSO^, 

the molecule of potassium chloride must be taken as K^Clj* 
and the usual molecular weight must be doubled, for it is a 
necessary condition of the representation within a square, not 
only that the compositions of mixtures shall be expressed in 

molecular percentages, but 
'^"^'' also that the four salts shall 

be related by the equation 

1 Mole AB + 1 Mole CD = 
1 Mole AD + 1 Mole JBC. 

§ 68. We will suppose that 
the three salts which are to 
be considered as the compo- 
nents of the reciprocal salt 
pairs have not yet been 
defined. From the four salts, 
four different groups of three 
may be chosen, and either of 
these salt triads can be 
considered as components. This fact is expressed, by reference 
to the graphical representation, in the statement that the 
position^of the point P (Fig. 107) can be referred to any one of 
the four triangles AB, AD, CD ; AB, BC, CD ; AB, AD, BC ; 
or CD, AD, BC ; and any one of these can be chosen as com- 
ponent triangle. We shall show that the point P represents 
a mixture of one definite composition, whichever triangle is 
considered as the component triangle, provided that the 
compositions of mixtures are represented by the method des- 
cribed in § 67. 

Taking first the triangle AB, AD, CD as component triangle, 
we have the following expression for the composition of the 
mixture P : 

PG Moles AB, PF Moles CD, - PK Moles AD, 




NaCI 



KCI 
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+ - + 
or, expressed in terms of the ions A, B, C, and D : 

(PG-PK) Moles A, PG Moles B, PF Moles C, (PF-PK) Moles D. 

It follows from the figure, however, that 

PO-PK^KO^ 0, CD = PL, 
and PF-'PK=PF-PH=^HF = FJLB = PM. 

The composition of the mixture P, expressed in terms of the 
ions, is, therefore, 

PL Moles i, PQ Moles i, PF Moles C, PJf Moles D . (1.) 
We see that the sum of the ooncentrations of the two positive 

ions {A and C) is 

PL + PF^FL=AB, BG = 100, 
and the sum of the concentrations of the two negative ions 

{B and D) is 

PG + PM=MG=:AB, AD = 100. 

The necessary condition that these two sums shall be equal 
is therefore fulfilled. 

If we consider next the triangle AB, AD, BC as component 
triangle, the composition of the mixture represented by P is 
given by the expression : 

PM Moles AD, PF Moles BG, PN Moles AB, 

or, in terms of the ions : 

(PJf+Pjy)Molesi,(P^+Pi^)Molesfi,PPMoles5,PJfMolesi). 
Since, however, 

PM + PN^MN^M,BG = PL, 
and PF + PN ^ G,AD +PN ^^GN +PN= PG, 

the composition is : 

PL Moles A, PG Moles B, PF Moles C, PM Moles D, 

and this is identical with the expression 1, of this paragraph* 
which we have already obtained for the composition of the 
mixture P, by referring it to the triangle AB, AD, CD. It can 
be shown in a similar way that the same expression is obtained 
when the composition of the mixture P is referred to either of 
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the two remaining triangles. This method of graphical repre- 
sentation is, therefore, perfectly symmetrical with respect to 
all four salt triads, and this is the reason why, in § 67, we chose 
a right-angled isosceles triangle for the representation of the 
ternary system. 

[If we had chosen the usual equilateral triangle, for example 
ABy CD, AD of Pig. 108, then by pursuing the argument used 
in § 67, we should have found that the fourth salt BC was 
represented by a point {BG) lying outside the triangle, and such 
that it formed the apex of a second equilateral triangle with 
AB, CD as base. If the composition of a given salt mixture P 

were expressed in terms of the three 
salts AB, CD, and AD the point P of 
Fig. 108 would be referred to the equi- 
lateral triangle AB, CD, AD ; if the 
composition were expressed in terms 
of CD, AD, and BC, the point P 
woTild be referred, not to an equi- 
lateral, but to the obtuse angled 
isosceles triangle CD, AD, BC ; the 
four salt triads would clearly not 
receive similar graphical representa- 
tion.] 

We have seen above that it is 
not necessary to express the 
composition of a mixture in the 

ternary system formed by the 
+ + - - 

reciprocal salt pairs {A,C) — (B,D), in terms of any ckrbitrary 

salt triad, for the purpose of representing it by a point in a 

square. It is sufficient to express the composition in terms of 

the four ions, so that the sum of the concentrations of the 

positive ions, and therefore also of the negative ions, is equal 

to 100. If the composition of a phase P, expressed in this 

way, is 

+ - + 

X Molest, (100 -a;) Moles C, y Moles B, (100 -y) Moles D. (2.) 

then by comparing this with the expression 1 of this paragraph 

PL Moles i, PP Moles C, PG Moles JB, PJf Moles i) . (1.) 
we see that 
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The rule for determining the position of the point P, which 
represents a mixture of the composition given by the expres- 
sion 2, is, therefore, the. following. The square, the comers of 
which represent the four salts, and the side of which measures 
100, being fixed, the point P is then chosen so that its distance 
PL from the side BG, CD (Fig. 107) measures x on the same 
scale, and its distance PO from the side AD, CD measures y. 

This rule may be easily remembered if it is noticed that the 

-f- 
concentration x, of the ion A, is measured from the side BC, CD, 

+ 
which represents binary mixtures not containing the ion A ; 

the concentration y, of the ion JB, from the side AD, CD, which 

represents binary mixtures not containing the ion JB. When 
the point is fixed in this way, its distances, PF and PM from 
the sides AB, AD and AB, BC, will measure (100 — x) and 
(100 — y), and they will give, therefore, the concentrations 

+ - 

of the ions C and D respectively. It may be noticed here again 

that the concentration of a given ion is measured by the distance 

of the point from the side of the square which represents binary 

mixtures not containing that ion. 

It must be clearly understood that no new theoretical 

considerations have been introduced in this and the previous 

paragraphs ; these paragraphs deal only with the graphical 

representation of a ternary system of a particular type, namely, 

a system in which a reciprocal reaction (double decomposition) 

occurs. As components of the system, we have chosen three 

salts, for examples, AB, CD, and AD, and the ** fourth salt " 

BC is to be considered as a ternary compound of these three, 

since ils composition can beexpressed in terms of them,although 

it is trje that this -involves the use of negative concentration 

values. Theoretically, however, there exists no difference 

between this case and the case in which a ternary compound of 

the general formula AB, CD. AD can occur as a solid phase. 
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The formation of such a triple salt (T) is due to the occurrence 
of the following reaction in the system : 

AB + CD + AD — T{^ AB. CD. AD) . . 3. 

The formation of the " fourth salt '* (F) is due to the occurrence 
of the following re€W5tion : 

AB + CD--AD'--F{=^BG). . . .4. 

or, as it is more generally written, 

AB + GD -^ AD + BC. 

Equation 3 clearly shows that the composition of the triple 
salt T can be expressed in positive terms of the three remaining 
salts AB, CD, and AD ; it is, therefore, the simplest method to 
choose these three as the components, and to consider the triple 
salt as a ternary compound. Equation 4 shows that the 
composition of the " fourth salt " {F) can only be expressed in 
terms of a negative quantity of the salt AD. Moreover, it 
is impossible to express the composition of any one of the four 
salts AB, CD, AD, and BC in positive terms of the other three, 
as we can see by transposing the symbols in equation 4, thus : 



AB=^AD+BC-CD 
CD^AD+BC^AB 
AD^AB + CD-- BC 
BC^AB + CD'-AD. 



In this case there exists, therefore, no reckson for choosing a 

particular salt triad as components, and for considering a 

particular salt as ternary compound. For this reason we have 

modified, in § 67, the usual graphical representation of the 

ternary system, in order to secure similar treatment for ea<)h of 

the four salts of the reciprocal salt pairs, and in this paragraph 

we have shown how, by expressing compositions in terms of 

the four ions, we can avoid specifying a particular salt triad as 

the component salts. 

§ 69. We must next consider the graphical representation of 

+ + - - 
the quaternary system W-{A,Cy{B,D), which is formed by 

the reciprocal salt pairs and water. In order to represent the 

fourth component, water, a point must be chosen in space, 

and a symmetrical representation is obtained if this point is 

such that the space figure W, AB, AD, CD, BC (Fig. 109) 
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forms a pyramid the side faces of which are equilateral triangles, 
and the base of which is the square ABy AD, CD, BG. Mixtures 
in the quaternary system will now be represented by points 
within the pyramid, and not, as in quaternary systems of the 
simplest type, by points within a regular tetrahedron. This 
change in the method of representing the quaternary system 
will involve consequences analogous to those which resulted 
from the representation of the ternary system within a square, 
instead of within an equilateral triangle. If we suppose, for 
example, that water and the three salts AB^ AD^ and CD have 
been chosen as the four components of the system, then all 
mixtures which can be formed from positive quantities of these 
four components will be represented by points within the tetra- 
hedron PF, AB, AD, CD, which forms half of the pyramid. This 
tetrahedron is, however, not regular, since its base AB, AD, CD 
is not an equilateral, but a right-angled isosceles triangle, and 
the edge AB, CD is, therefore, longer than the five remaining 
equal edges of the tetrahedron. A point within this tetra- 
hedron represents the composition of a given quaternary mixture 
in such a way that the concentration of any component is 
measured by the distance of the point from the face opposite 
to that pure component in a direction parallel, not to anjr one 
of the edges, but to any one of the shorter and equal edges 
which are not contained by the face. The sum of the distances 
of the point from the four faces will equal the length of the 
shorter edge of the tetrahedron {AD, CD ; AD, AB ; W, AB ; 
W,AD ; or W,CD) ; it will be equal to the side of the square, 

which has been chosen to represent 100 per cent.^ 

+ + - - 
In the ternary system {A,C)'-{B,D), where the three salts 

AB, AD, CD are chosen as components, a ternary compound — 

the fourth salt BC — occurs as a solid phase, and since its 

composition cannot be expressed in positive terms of the 

components, it is not possible to represent all mixtures in the 

system by points in the triangle AB, AD, CD (Fig. 109). We 

have seen, however, that those mixtures which could not be 

represented by points in the triangle AB, AD, CD could be 

represented by points in the triangle AB, BC, CD. The fourth 

^ A geometrical proof is not given, but the analogy with § G7 is so strict as 
to render such proof almost unnecessary. 
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salt BC must also occur as a solid phase in the quaternary 

system W"{A,C)-{ByD) and it follows, therefore, that it is 
impossible to represent all mixtures in this system by points 
within the tetrahedron IF, AB^ AD, CD. Those mixtures 
which cannot be represented by points within this tetrahedron 
will, however, be represented by points in the tetrahedron 
Wy AB, BC, CD, which forms the other half of the pyramid ; 
thus it will be possible to represent all quaternary mixtures by 
points within the pyramid, just as it was possible to represent 
all ternary mixtures by points within the square. 

§ 70. We have seen that the system formed by water and the 
reciprocal salt pairs is to be considered as a quaternary system 
in which a ternary compoimd occurs. The discussion of this 
case follows logically upon that given in § 65, of the case in 
which a triple salt T occurs as a solid phase in the quaternary 
system. We shall briefly recall the conclusions which we 
reached in that paragraph. At the invariant temperature at 
which the three simple salts S^, S^, and S^, and the triple salt T, 
were in equilibrium with an invariant solution, the equilibrium 
reactions might be represented by the following scheme : 

Si+ S^+S^^ T . . . .1. 

This temperature, the transition temperature of the triple salt, 
marked a limit to its existence as a solid phase in the system. 
If we assume, as usual, that the upper arrow of the equilibrium 
sign shows the reaction which occurs on the addition of heat to 
the invariant system, then the only monovariant system which 
can exist at temperatures below the transition point, in the 
case represented by the above scheme, is 

8^+82+8^+ Solution, 

and the transition temperature is then the lowest at which the 

triple salt is capable of existing. 

+ + - - 
In the quaternary system W-{A,C)-{B,D), the four solid 

salts AB, CD, AD, and BC (three components and one ternary 

compound) can only exist simultaneously in equilibrium with 

solution at a quaternary system invariant point. Since none 

of these solid phases contain water, the equilibrium reactions 



3. 
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must be such as to involve only the solid phases ; they are 
clearly represented by the scheme : 

AB + GD :^ AD +BG 2. 

At temperatures above the invariant temperature, the following 
monovariant systems will exist : 

AB + AD +BG + Solution 

CD +AD +BG + Solution/ • • • 

At temperatures below the invariant temperature, the following 
monovariant systems wiU exist : 

AD +AB + GD + Solution! 

BG +AB + GD + Solution! • • • • *. 

According to our definition in § 17, this system invariant point 
is a transition point, for it does not mark a lower temperature 
limit to the existence of the liquid phase. An examination of 
the monovariant equilibria 3 and 4 will show, however, that 
the transition temperature does not mark a temperature limit 
to the existence of any one of the four salts, all four being 
capable of existence in equilibrium with other phases both 
below and above the transition temperature. It will be seen, 
however, that the monovariant systems 3, which are stable 
above the transition temperature, both contain the salt pair 
AD + BG as solid phases ; the monovariant systems 4, which 
are stable below the transition temperature, both contain the 
salt pair AB + GD as solid phases. The transition point is a 
temperature limit, not to the existence of a particular salt, 
but to the coexistence of a salt pair, in equilibrium with solution. 
It marks the lowest temperature at which the two salts AD 
and BG, which do not possess a common ion, can both exist 
in equiUbrium with quaternary solutions, and it marks the 
highest temperature at which the two salts AB and GD, which 
also possess no ion in common, can both exist in equiUbrium 
with solutions. 

The quaternary system in which a reaction occurs of the type 
shown by the equation 1 of this paragraph was characterised 
by the occurrence of a transition point which formed a tempera- 
ture limit to the existence of one of the four salts in invariant 
equilibrium ; it was the transition point of the triple salt T, 
The quaternary system in which a reaction occurs of the type 
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shown by the equation 2 is characterised by the occurrence of 
a transition point which forms a temperature limit to the co- 
existence of a salt pair. 

§71. We shall consider next the typical isotherms in the 

+ + - - 
quaternary system PF-(-4, C)'-{B, D), and we will first suppose 

that the temperature is below the transition point of the 
reciprocal pairs. If the equilibrium reactions at this transition 
point are represented by the scheme 2 of the previous para- 
graph then the two following monovariant systems will be 
capable of stable existence : 

AD + AB + CD + Solution .... I. 
BC + AB + CD + Solution .... 2. 

and the temperature of the isotherm will be within the range 
of co-existence of the salt pair AB + CD. 

The isotherm is represented in Fig. IIO by means of a 
pyramid, in the way we have described in § 69. As 
the basis of the quaternary system, we must consider the four 
ternary systems formed by water and two salts which have a 
common ion. These systems are W-AB-AD^ W-AD-CD, 
W-CD-BCj and W-BC-AB^ and the corresponding ternary 
isotherms are represented one in each of the triangular faces 
of the pyramid. We shall assume that the temperature of 
the isotherm is so far below the melting points of the pure 
salts that no saturation curves or surfaces can extend into 
the square base of the pyramid, i.e., mixtures in the ternary 
system formed by the anhydrous reciprocal salt pairs are to 
be considered as completely solid. 

The simple ternary system W-AB-AD is represented, at 
the temperature of the isotherm, in the face TT, AB, AD of 
the pyramid. It shows the two saturation curves HM and 
EMy of AB and AD respectively, and the ternary isothermal 
invariant point Jf , which represents the composition of the 
solution saturated with AB +AD, If a third salt — for example 
CD — is added to this ternary solution, the system becomes 
quaternary, and the alteration in the composition of the 
solution saturated with AB + AD, as increasing amounts of 
CD are added, is represented by points on the curve MP, 
which lies within the pyramid. When so much of the salt CI) 
has been added that the composition of the solution is repre- 
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sented by the point P, the solution becomes saturated with 
this salt also, and a further addition of the salt effects no change 
in its composition. The point P is a quaternary isothermal 
invariant point, and it represents the composition of the 
solution which is saturated with the three salts AD + AB + CD. 
This is the solution saturated at the temperature of the isotherm 
in the monovariant system I of this paragraph. 

The point P, since it represents the solution saturated with 
the three salts, must lie at the point of intersection of the 
saturation surfaces of AD, AB, and CD, and at the point of 
intersection of the saturation curves of AD + AB, AD + CD, 
and AB + CD. The first of these curves is the curve MP, 
which we have already considered. The saturation curve of 
AD + CD is given by JP in the figure, and it must start from 
the isothermal invariant point J in the ternary system 
W-AD-VD. The third curve which radiates from the point 
P is PQ, the saturation curve of the reciprocal pair AB + CD. 
Since the system W-AB-CD is not represented on a face of the 
pyramid, the saturation curve oi AB + CD lies wholly withia 
the space figure, and we shall consider its significance later. 

The ternary system W-AB-BC is represented on the face 
W, AB, BO of the pyramid, and the point L represents the 
composition of the ternary solution which is saturated, at this 
temperature, with the two salts AB and BC. If to this solution 
increasing amounts of the third salt CD are added, the two 
salts AB, BC being still retained as solid phases, the composi- 
tion of the solution will alter continuously, and the point which 
represents it will trace out the quaternary saturation curve, 
LQ, of AB + BC. When the composition of the solution is 
represented by the point Q, the solution has become saturated 
also with the third salt CD, and this point is, therefore, a second 
quaternary isothermal invariant point. It represents the 
composition of the solution saturated with the three salts 
BG + AB + CD, i.e., the solution, saturated at the tempera- 
ture of the isotherm, in the monovariant system 2. The 
point Q must lie at the point of intersection of the satiu'ation 
surfaces oiBC, AB, and CD, and at the point of intersection 
of the saturation curves of BC + AB, BC + CD, and AB + CD. 
The first of these ib the curve LQ, which we have abeady con- 
sidered. The saturation curve of BC + CD is given by KQ 

B 
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in the figure, and its terminal point is the point K^ which 
represents the ternary solution saturated with both these 
salts. The curve QP is the saturation curve of AB + CD, 
and we have already seen that the other extremity of this 
curve is the quaternary invariant point P. 

Summarising, we see that the isotherm of Pig. 1 10 contains 
four saturation surfaces. 

Points on the surface HMPQL represent solutions saturated 
with AB, 

Points on the surface EMPJ represent solutions saturated 
with AD, 

Points on the surface FJPQK represent solutions saturated 
with CD, 

Points on the surface OKQL represent solutions saturated 
with BC. 

These saturation surfaces, intersecting in pairs, form five 
quaternary saturation curves. 

Points on the curve MP represent solutions saturated with 
AB + AD, 

Points on the curve JP represent solutions saturated with 
AD + CD, 

Points on the curve PQ represent solutions saturated with 
AB + CD, 

Points on the curve LQ represent solutions saturated with 
AB + BG, 

Points on the curve KQ represent solutions saturated with 
BC + CD. 

These saturation curves intersect in two groups of three, at 
the two quaternary invariant points. 

The point P represents the solution saturated with 

AD + AB + CD, 

The point Q represents the solution saturated with 

BC + AB + CD. 

§ 72. For the further discussion of the system formed by 
solutions of the reciprocal salt pairs, we shall use the clearer 
representation which is afforded by a plane projection of the 
space figure. We may project the space figure of Fig. 1 10 
upon the base of the pyramid by means of parallel lines perpen- 
dicular to the base, in the same way as we projected the simplest 
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quaternary isotherm upon the base of the tetrahedron m § 53. 
The isothermal relations represented by means of a space figure 
in Fig. 110 are given in Fig. Ill as a perpendicular projection 
of this figure upon the base of the pyramid. The lettering of 
these two figures corresponds, and they can, therefore, be 
readily compared. The vertex W of the pyramid (Fig. 110) 
will project into a point perpendicularly below it, on the base 
of the pyramid. It is clear from the symmetry of the figure 
that this point must be the point of intersection W of the 
diagonals of the square in Fig. 111. The two pairs of opposite 
edges of the pyramid W,AB ; W fiD and W,AD ; W,BC 
(Pig. 110) will project into the diagonals ABy CD and -42), BC 
of the square in Fig. Ill, whilst each triangular face of the 
pjrramid will project into a quadrant of the square. 

The four ternary systems which form the basis of a quaternary 
system are represented, therefore, one in each of the four 
quadrants of the square. 

The quadrant W, AB, AD is, for example, the projection of 
the face PF, AB, AD of the pyramid, and we find represented 
within it the isotherm in the ternary system W-AB-AD. The 
curve hm is the saturation curve of AB in this system, em is 
that of ADy and the point m represents the ternary invariant 
solution in equiUbrium with AB + AD, Each of the four 
ternary invariant points m, j, A, and I, forms, as we have seen, 
the starting point of a quaternary saturation curve. Thus 
mp is the quaternary saturation curve of AB + AD^ jp that 
of AD + CD, and these two curves intersect in the quaternary 
invariant point p, which represents the solution in equilibrium 
with the three salts AD + AB + CD at the temperatiu*e of the 
isotherm. The point q represents, similarly, the quaternary 
invariant solution which is in equilibrium with the three salts 
BC + AB + CD. The various 8atiu*ation surfaces, which are 
bounded by the saturation curves, are marked in Fig. Ill with 
the corresponding salts, and the significance of any particular 
saturation curve or point can, therefore, be readily seen. 
Thus the curve pq forms the boundary between the saturation 
surfaces of AB and CD, and it is, therefore, the saturation 
curve of the two salts AB + CD. 

§ 73. If we project the space figure upon the base of the 
pyramid by means of lines which all radiate from the vertex TF, 

B 2 
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instead of parallel lines which are perpendicular to the base, we 
shall obtain Janecke's representation of the isotherm, as shown 
in Fig. 112. This figure differs from the perpendictdar projec- 
tion of Fig. Ill in the fact that the quaternary saturation 
ciErves alone appear within the square, the ternary saturation 
curves being contained by the sides of the square. We have 
ahready described Janecke's representation of the siinplest 
quaternary isotherm in detail in § 56 , and the conclusions which 
we reached in that paragraph can be directly applied to the 
present case. We saw that this method of graphical representa- 
tion gives, not the complete compositions of solutions, which 
can only be expressed by means of a figure in three dimensigns, 
but the percentage compositions of the salt mixtures contained 
in saturated solutions. The actual construction of the diagram 
from experimental data is, therefore, very simple. It is only 
necessary to express the compositions of solutions in the 
following mathematical form : 

mW.xAB, yGD,{lOO - x + y)AD, 



where the sum of the concentrations a:, y, and 100 — a: + y, of 
the three component salts, is equal to 100. The point in the 
square AB^ AD^ CDy BC which represents the ternary mixture : 

xAB.yCD, (100 - x + y)AD 

can be determined by the construction described in § 67, and 
it gives the position of the desired projection. As an alterna- 
tive, the compositions of solutions may be expressed in terms 
of the four ions, by the following form : 

mTf,Xi4,(100 - a:)C, yJB,(100 — y)D, 

where the sum of the concentrations (always expressed as 
moles) of the positive ions, and therefore also of the negative 
ions, is equal to 100. The desired point is that which represents 
the ternary mixture : 

a;i4,(100 - a:)(7, y£,(100 - y)i), 

as determined by the method described in § 68. 

With the aid of Janecke's representaticm, we will now 
consider the behaviour of certain salts of the reciprocal pairs 
when they are brought together with water. Saturated solu- 
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tions the compositions of which can be expressed in tenns of 
water and the two salts AB and CD are represented in Fig. 112 
by points on the line AB^ CD^ since this figure gives only the 
compositions of the salt mixtures contained by saturated solu- 
tions. The line AB, CD trayerses only the saturation surfaces 
of AB and CD, and intersects only the saturation curve pq 
of AB + CD. The only solid phases which appear in the 
systems W-AB-^D at the temperature of the isotherm, are, 
therefore, the two salts AB and CD. It follows from this that 
the system W-AB-^D is a true ternary system, since it will be 
possible to express the compositions of all phases in terms of 
the three components W, AB, CD ; and the isotherm in this 
ternary system can be represented within an equilateral 
triangle by the method which we described in Chapter II for 
systems composed of water and two salts with a common ion. 
A study of the paths of crystallisation of solutions in the 
system W-AB-^D will also show that the behaviour is strictly 
that of a ternary system. We have shown in § 64 that the 
paths of crystallisation on the saturation surfaces are given in 
Janecke's representation by straight lines radiating from the 
point which represents the pure salt, and they are constructed 
in this way in Fig. 112. The point v represents a solution the 
composition of which can be expressed in terms of water and 
the two salts AB and CD, and since it lies on the saturation 
surface of AB, the solution is just saturated with respect to 
this salt. If water is isothermally evaporated from the solu- 
tion, solid AB will separate, and the point which represents 
in its successive positions, the compositions of the resulting 
solutions will traverse the path of crystallisation which passes 
through the point t;. This path is, however, the diagonal 
AB, CD of the square, and the compositions of the resulting 
solutions will, therefore, also be capable of expression in terms 
of W, AB, and CD ; in other words, they will be true ternary 
solutions. When the composition of the solution is represented 
by the point r, on the saturation curve of AB + CD, the 
solution itself will be just saturated with the second salt CD, 
and the continued evaporation of water will result in the 
simultaneous separation of both salts AB and CD, in the same 
proportion as that in which they are contained by the solution. 
The composition of the solution can now no longer alter^ and 
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the poiat r is, therefore, a ternary drying-up point ; it is clearly 
the isothermal invariant point in the ternary system W-AB-CD, 

It can be seen from Pig. 112 that the paths of crystallisation 
on the saturation surfaces of AB and CD run together on the 
saturation curve pq, which is, therefore, the path of crystallisa- 
tion of a quaternary solution depositing the two salts AB and 
CD, We have shown in § 62 that the arrow-heads on a satura- 
tion curve which is a quaternary path of crystallisation for 
solutions depositing two salts are directed away from the 
point which represents a solution saturated with the two 
salts and containing them only. The arrow-heads on the 
saturation curve pq of AB + CD, must, therefore, be directed 
away from the ternary isothermal invariant point r ; on 
one side of the diagonal ABy CD they are directed 
from r to p, and on the other side from r to q. This 
diagonal of the square does, in fact, divide the isotherm into 
two parts, each of which can be considered as the isotherm 
' in a quaternary system of the simplest type. Thus the quater- 
nary system W-AB-AD-CD is represented at this temperature 
within the triangle AB, AD, CD, and it shows only the three 
quaternary saturation curves jp, mp, rp, and the single 
quaternary invariant point p. It is, therefore, of the simplest 
type and can be directly compared with the simple system 
W-'8i'-82S^ which is represented in Fig. 82 ; the isotherm in 
the latter system is depicted within an eqmlateral triangle, 
whilst the isotherm in the system W-AB-AD-CD is represented 
within a right-angled isosceles triangle in Fig. 112. The 
quaternary system W-AB-BC-CD is similarly represented in 
that figure, within the triangle AB, BC, CD, and it is also of 
the simplest type. We see here again a close similarity between 
the system formed by solutions of the reciprocal salt pairs 
and the quaternary systems, discussed in previous paragraphs, 
in which a binary or ternary compound occurs as a solid phase. 
We pointed out, for example, in § 64 that the isotherm in the 
system represented by Pig. 101 (where the saturation surface 
of a binary compound appears) is divided by the line S^P into 
two parts which give the isothermal relations in two quaternary 
systems of the simplest type. 

We will now consider the behaviour of the salt pair AD + BC, 
Solutions the compositions of which can be expressed in terms 
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of water and the two salts AD and BC are represented in 
Kg. 112 by points on the line -4D, BC. This line traverses, 
not only the saturation surfaces of AD and BGy but also that 
of AB^ and it follows, therefore, that solutions in the system 
W-AD-BC can be in equilibrium with the solid salt AB, the 
composition of which cannot be expressed in terms of the three 
substances TF, AD^ and BC alone. This system is not a ternary 
system, as can be seen very clearly from a study of the paths 
of crystallisation in the system. The point w in Fig. 112 
represents a solution the composition of which can be expressed 
in terms of TF, AD^ and BCy and since the point lies on the 
saturation surface of ABy the solution is just saturated with 
this salt. On the evaporation of water, the solution wiU 
deposit solid AB and the point representing its composition will 
move along the path of crystallisation ABy y, which passes 
through w. The point will, in other words, move away from 
the line AD, BC and into the triangle AD, CD, BC ; it will be 
possible to express the composition of the resulting solutions 
in terms of water and the three salts AD, CD, BC, but not in 
terms of water and the two salts AD, BC alone. When the 
composition of the solution is represented by the point y, 
separation of the salt CD will begin, the path of crystallisation 
rq will be followed, and the solution will dry completely at 
the constant composition of the quaternary diying-up point q, 
with the simultaneous separation of the three scdts AB, CD, 
and BC. It is clear that the system W-AD-BC is a quaternary 
system. 

The temperature of the isotherm in Fig. 112 lies within the 
range of stable coexistence of the salt pair AB, CD. The 
saturation surfaces of AB and CD intersect in the saturation 
curve pq, the points of which all represent solutions which are 
in equilibrium with both soUd AB and solid CD. The reciprocal 
salt pair AB, CD is said to be the stable pair at the temperature 
of the isotherm, and the two salts AB and CD which form this 
pair are said to be compatible. We have seen that the system 
formed by water and a stable reciprocal pair, like the system 
formed by water and two salts with a common ion, is a true 
ternary system. 

The second reciprocal pair AD, BC is called the unstable 
pair and the two salts AD and BC, which form the unstable 
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pair, are said to be incompatible. The saturation surfaces of 
AD and BC are entirely separated from each other by those of 
the stable pair, and no solution can exist, therefore, which is 
in stable equilibrium with both solid AD and solid BC. The 
system formed by water and an unstable reciprocal pair is a 
quaternary, and not a ternary, system. 

§ 74. We have shown in § 70 that the quaternary system 
invariant point at whidh the four salts AB, CD^ AD^ and BC 
are all in equilibrium with a liquid phase is the transition point 
of the reciprocal salt pairs. The transiticm form of the isotherm 
at this temperature is shown in Fig. 113. All four saturation 
surfaces, and therefore all four saturation curves, meet in one 
poiat 8, which is not only an isothermal, but also a system, 
invariant point, since the temperature of the isotherm is the 
invariant temperature of the transition point ; it is the ouly 
temperature at which both reciprocal pairs AB^CD and 
ADyCB can exist in stable contact with a solution. At 
temperatures below the transition point, the stable salt pair 
ABlGD can alone exist in equilibrium with solutions. The 
isothermal type is then given by Fig. 114, where points on the 
saturation curve pq represent solutions in equilibrium with 
the stable pair AB + CD, the saturation surfaces of AD and 
BC being entirely separated. This is the t]^ which we have 
discussed in the previous paragraphs and which has already 
been represented in Fig. 112. 

At temperatures above that of the transition point, the salt 
pair ADy BC becomes the stable pair, and the two salts AB^ CD 
which were compatible below the transition temperature, now 
become incompatible. The isothermal type is given by 
Fig. 115, in which points on the saturation curve uv represent 
solutions in equilibrium with the two salts AD + BC^ the 
saturation surfaces of AB and CD being entirely separated 
from each other. It is clear from this isotherm that the 
system W-AD-BC is now a true ternary system, whilst the 
system W-AB-CD iB quaternary. The isothermal invariant 
points in Figs. 114 and 115 represent solutions which are in 
equilibrium, at the temperature of the isotherm, with the stable 
salt pair plus one salt of the unstable pair. Thus the points 
p and q of Fig. 114, where the stable pair is AB^ CD» represent 
solutions in equilibrium with {AB+CD) +AD and {AB+CD) + 
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BG respectively; these are solutions in the monovariant 
systems (4 of § 70) which exist at temperatures below the 
transition point. The points u and t; of Fig. 11 5, where the 
stable pair is AD^ BCy represent solutions in equilibrium with 
{AD + BC) + AB and {AD + BC) + CD respectively ; they 
are s<Jutions in the monovariant systems (3 of § 70) which 
exist at temperatures above that of the transition point. 

If, starting from a temperature below the transition point, 
when the isothermal %Ype is given by Fig. 114, the tempera- 
ture is gradually raised, the saturation surfaces of AD and BC 
must continuously approach one another, until, finally, at the 
transition temperature, they meet in the system invariant 
point 8 as represented in Fig. 113 ; the two isothermal invariant 
points p and q will approach one another and ultimately coincide 
in the point 8. It is clear, therefore, that at temperatures in 
the neighbourhood of the transition point, and before the two 
isothermal invariant points p and q have reached coincidence, 
these two points must both lie on one and the same side of 
the diagonal AB^ CD, as represented in Fig. 116. If the 
temperature is raised above the transition temperature, the 
saturation surfaces of AB and CD must recede from each other, 
giving rise to the isothermal type of Fig. 115 ; but here again 
it is clear that, in the neighbourhood of the transition tempera- 
ture, and as soon as the saturation surfaces of AB and CD 
have separated from each other, the two isothermal invariant 
points u and v of Fig. 115 must both lie on one and the same 
side of the diagonal AD, BC, as shown in Fig. 117. We will 
suppose that the isothermal relations in the system are repre- 
sented by Fig. 116. The two salts AB, CD are then the stable 
reciprocal pair, since they can both exist in stable equilibrium 
with solutions represented by points on the saturation curve pq. 
This isotherm difiers, however, from that represented in Fig. 114, 
where the two salts AB, CD also formed the stable reciprocal 
pair, in the fact th^^t the diagonal AB, CD now intersects, not 
only the saturation surfaces of AB and CD, but also that of BC. 
Solutions the compositions of which can be expressed in terms 
of W, AB, and CD may, therefore, be in equilibrium with the 
solid salt BC, the composition of which cannot be so expressed. 
The system W-AB-CD is not a ternary system ; in this case, 
the system formed by water and the stable pair, like that formed 
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by water and the unstable pair, is quaternary. The isotherm 
represented in Fig. 116 is not divided by the line AB^ CD into 
two simpler isotherms, and it can be seen that the saturation 
curve p5, of AB + (7Z>, lies wholly within the triangle 
AB, CD^ AD, The two solid salts AB and CD can, therefore, 
only exist in stable equilibrium with quaternary solutions 
which contain, besides these two, the salt AD ; they cannot 
exist in stable equilibrium with quaternary solutions, repre- 
sented by points in the triangle -4 J5, CD^ BC, which contain, 
besides them, the salt BCj nor can they exist in stable equi- 
librium with a solution which contains them only, and which 
would be represented by a point on the line AB, CD. A 
solution which contains only the Balis AB and CD, and which 
is in equilibrium with these two solid salts, can only exist as a 
metastable phase, and it is represented, in Fig. 116, by the 
point r, in which the metastable prolongation of the saturation 
curve pq intersects the diagonal AB, CD. This point r corre- 
sponds with the ternary invariant point r in Fig. 114, but in 
the present case the point lies on the saturation surface of BC, 
and the stable solution r is, therefore, in equilibrium with solid 
BG, the metastable solution which is also represented by this 
point, and which is in equilibrium with AB -f CD, being super- 
saturated with respect to the salt BC. The curve pq is the 
path of crystallisation of solutions depositing the two salts 
AB and CD, and the arrow-heads on this curve must, in 
accordance with the rule deduced in § 62, be directed away 
from the point r, which represents a (metastable) solution 
saturated with AB + CD and containing them only. The 
arrow-heads along the whole length of the curve pq must, there- 
fore, be directed away from the point q, and towards the point p, 
and not, as in the case represented by Fig. 114, towards q on 
one side of the curve and towards p on the other. 

It can now be seen that the quaternary invariant point q 
in Fig. 116 is not a final drjdng-up point, for the arrow-heads 
on the saturation curves which meet in this point do not all 
converge on it. If water is evaporated from the solution 
represented by the point z, for example, the two salts AB and 
BC will be deposited, and the point representing the composi- 
tion of the solution will traverse the curve Iq from z to q. When 
the composition of the solution is represented by the invariant 
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point g, separation of the salt CD will begin, and the composi- 
tion of the solution will remain constant as long as the three 
salts AB^ BCy and CD are present. The evaporation of water 
from the solution q in contact with these salts will not, however, 
result in the simultaneous separation of further quantities of 
all three salts, for the arrow-heads on the saturation curve qp 
show that the point representing the composition of the solu- 
tion can move away from q and along this curve. Points on 
the curve qp represent solutions in equilibrium with the two 
salts AB and CD alone, and the evaporation of water from the 
solution, when its composition is represented by the point q, 
must, therefore, cause the re-dissolving of the salt jBC7, which 
was deposited during the first stage of the evaporation. The 
composition of the solution will remain constant at the value 
represented by the point q only as long as the three salts are 
present, but the evaporation of water will cause the salt BC 
to re-dissolve ; when it has been completely consumed, the 
system will regain a degree of freedom, and the point repre- 
senting the composition of the solution will move from q to p 
along the satmration curve. The point jp is a final dryijag-up 
point, for it can be seen that the arrow-heads on the saturation 
curves which meet in this point all converge on it ; the solution 
will dry at the constant composition represented by this point, 
with the simultaneous separation of the three salts AB^ CD^ 
and AD. The point g is a drying-up point only if the solution \ 
reaches drjmess before the whole of the salt BC^ which is > 
present as a solid phase, has been consumed. If the salts are 
removed from contact with the solution as fast as they separate, 
then the composition of the solution cannot even halt at the 
value represented by the point g, and much less can the solution 
dry at this composition ; the point p is, in this case, the 
drying-up point of all quaternary solutions. 

The difference between the behaviour of the two quaternary 
invariant solutions p and q (Kg. 116), when water is isothermally 
evaporated, is due to the fact that the solution^ is congruently, 
the solution q incongruently, saturated. The solution g is in 
equihbrium with the three salts AB^ CD, and jBC, but since 
the point g does not lie within the triangle AB^ CD, BC, the 
composition of this solution cannot be expressed in terms of 
water and the three salts with which it is in equilibrium ; we 
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have described such a solution (§§ 30 and 63) as an incongmently 
saturated solution. The solution p is in equilibrium with the 
three salts ABj CD^ and AD^ and since the point lies mthin 
the triangle AB, CD^ AD, the composition of the solution can 
be expressed in terms of water and the three salts with which 
it is in equilibrium ; the solution is congruently saturated. 

When we say that the composition of the solution q cannot 
be expressed in terms of the three MkURTlt^, CD, and BC, it 
is to be understood that we meaiv^sitive^ quantities of those 
salts, and when we said that the twxTfiolid salts AB and CD 
could not be in equilibrium with solutions which contained, 
besides them, the salt BC, we meant solutions which contained 
positive quantities of AB, CD, and BC. As a matter of fact, 
we have shown in § 67 that the composition of a solution repre- 
sented by the point q, or by a point on the curve pq, can be 
expressed mailiemcUicdlly in terms of the three salts AB, CD, 
axidBG, although such points lie outside the triangle AB, CD, BC ; 
in order to do so, it is necessary, however, to admit a negative 
value for the concentration of the salt BC. If water is evapo- 
rated from the solution q in presence of the three salts AB, 
CD, and BC, its composition remains constant, and whatever 
may be the nature of the phase reactions which maintain this 
constant composition, it is clear that the composition of the 
salt mixture which is deposited must be mathematically identical 
with that of the salt mixture which remains in solution. The 
composition of the salt mixture which is deposited by the 
solution q on the evaporation of water cannot, therefore, be 
expressed in positive terms of the three salts AB, CD, and BC ; 
it must be expressed in terms of a negative quantity of the 
salt BC. Since, however, the separation of a negative quantity 
of BC can only be explained physically by the dissolution of 
a positive quantity of that salt, we are led to the conclusion 
which we have already reached from a consideration of the 
paths of crystallisation ; the solution q can, namely, only 
maintain its constant composition on the evaporation of water, 
by the dissolution of the solid salt BC, the presence of which 
is therefore essential to the maintenance of this constant com- 
position. The behaviour of the incongruently satiu-ated in- 
variant solution in the system formed by water and the 
reciprocal salt ^mv^ U exactly similar to that of the incon- 



m CONDENSED QUATERNARY SYSTEMS 258 

gruently saturated solutions which may occur in the ternary 
or quaternary systems where a double salt can exist as a soUd 
phase (§§ 30 and 63). 

When the isothermal relations are those represented by 
¥ig. 116, the stable salt pair AB, CD is said to be decomposed 
by water. The two salts can exist in equilibrium with one 
another, and with quaternary solutions represented by points 
on the curve pq, but they cannot exist, as we have already seen, 
in equilibrium with solutions which contain water and them 
only» solutions which are represented by points on the line 
AB^ CD. The stable salt pair is then said to be in its transition 
interval. It is clear that the transition interval of the stable 
salt pair AB, CD is boimded on the side of high temperatures 
by the transition temperature, and, on the low side, by the 
temperature of that isotherm in which the quaternary invariant 
point q actually falls on the diagonal AB, CD ; above the touner 
temperature the salt i>air AB^ CD is not stable, and below the 
latter temperature it is not decomposed by water, for the 
isothermal type will then be given by Fig. 114, where both 
quaternary invMiant solutions are congruently saturated, and 
the system W-AB-CD is a ternary system. By referring to 
§43, the reader can convince himseU of the ''strict analogy 
which exists between the transition interval of the stable salt 
pair in this quaternary system, and transition interval of the 
double salt in the ternary system. 

The isothermal relations at temperatures immediately above 
the transition poiat are represented by Fig. 117. After the 
foregoing discussion it will not be necessary to consider these 
relations in detail. The two salts AD,BC form the stable 
reciprocal pair, but this pair is decomposed by water since the 
system W-AD-BC is not a ternary system ; the temperature 
of the isotherm is, in other words, within the transition interval 
of the stable salt pair AD, BC. The quaternary invariant 
point u is incongruently saturated, and it is not a final drying-up 
point. The quaternary invariant point v is, on the other hand, 
congruently saturated, and it is the drying-up point of all 
quaternary solutions if the solid phases are removed from contact 
with the liquid phase as fast as they separate. 

The transition interval of the stable pair AD, BC will extend 
from the transition temperature to the temperature of the 
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isotherm in which the invariant point u actually falls on the 
diagonal AD.BC. Below the former temperature the salt 
pair ADy BC will not be stable, and above the latter it will 
not be decomposed by water, since the isothermal type will 
then be that shown in Fig. 115, where both quaternary 
invariant solutions are congruently saturated, and the system 
W-AD-BC is a ternary system. 

§ 76. The polythermal relations in the quaternary system 
formed by solutions of the reciprocal salt pairs can be repre- 
sented by Janecke's method in the same way as was possible 
in the simple quaternary system (§ 67). These relations must, 
in the present case, be represented by a space figure within a 
square prism (Fig. 118), in place of the triangular prism which 
we used for the representation of the polythermal relations in 
the simple quaternary system (Fig. 84). A poiut within the 
prism represents a saturated solution in such a way that the 
distance of the point from the sides of the square horizontal 
section in which it lies gives the composition of the salt mixture 
contained by the solution, and the height of that section above 
the base of the figure gives the temperature of the solution ; 
the water content of the solution finds no expression in the 
figure, and the representation is, therefore, incomplete, as 
must be any polythermal representation of the quaternary 
system (c/. §67). 

A system invariant point in the quaternary system 

W-{A, CHB, b) 

must represent a solution in equilibrium with four solid phases. 
As solid phases we may have the four salts AB, CDj AD, and 
BC ; the iuvariant point is then the transition point of the 
reciprocal salt pairs, as we have already seen. As solid phases, 
we may also have three salts and ice, in equiUbrium with an 
invariant solution, and it is clear that the three salts must 
consist of the stable salt pair at low temperatures, plus one 
salt of the unstable pair. Thus if we assimie, as before, that 
the salt pair AB, CD is stable at low temperatures, then the 
two following invariant systems can exist : 

Ice +AB'\'CD+AD + Solution X. 
Ice -^AB + CD + BC^ Solution 7. 
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The two points X and 7, which represent these two invariant 
systems, are shown as eutectic points in Fig. 118. When the 
temperature is lowered below that represented by the point X, 
the solution solidifies completely to a complex of the four 
solid phases Ice, AB^ CD^ and AD, The phase reaction.^ which 
are in equilibrium at this eutectic point, are therefore given by 
the following scheme : 

Ice + AB + CD+AD^ Solution X, 

and at temperatures above that of the point X the four following 
monovariant systems can exist : 

Ice + ^-B + CD + Solution . . . • 1. 

Ice + -4J? + ^D + Solution .... 2. 

Ice + CD + ilD + Solution .... 3. 

45 + CD + ilD + Solution .... 4. 

The phase reactions in equilibrium at the eutectic point T are 
given, similarly, by the following scheme : 

Ice +AB + OD + BO^ Solution 7, 

and at temperatures above that of the point T, the four 
following monovariant systems can exist : 

Ice + ilB + CD + Solution . . . .5. 

Ice + il5 + J5C + Solution .... 6. 

Ice + CD + JJC + Solution . . . .7. 

45 + CD + jBC + Solution .... 8. 

Eight corresponding polythermal saturation curves will diverge, 
therefore, from the two eutectic points in the direction of rising 
temperature. Of these eight curves the four which correspond 
with the monovariant systems 2, 3, 6, and 7 must clearly 
terminate, one in each face of the square prism, at the ternary 
eutectic points in the systems formed by water and two salts 
with a common ion ; these are the four curves XjP, XO, TE, 
and TH of Fig. 118. The monovariant systems 1 and 5 are 
identical, and the corresponding saturation curve — ^that of the 
stable salt pair plus ice — extends, therefore, continuously from 
one quaternary eutectic point to the other ; it is the curve 
Xr of Fig. 118. The two remaining saturation curves, corre- 
sponding with the monovariant systems 4 and 8, represent 
solutions in equiUbrium with the two salt triads formed by 
the stable salt pair and one salt of the unstable pair ; the 



256 PRINCIPLES OF THE PHASE THEORY chap. 

curve X8 is the saturation curve oi AB + CD + AD, and the 
curve T8 is that of AB + CD + BG. These two curves most 
intersect in the quaternary system invariant point at which 
an four salts are in equilibrium with an invariant solution. 
This is the point S of Pig. 118, and it is the transition point of 
the reciprocal salt pairs where, therefore, the following phase 
reactions are in equiUbrium : 

AB + CD^ AD + BG. 

At temperatures below this point the following monovariant 
systems can exist : 

AB + GD + AD + Solution, 
AB + OD + BG + Solution, 

and these are represented, as we have just seen, by the satura- 
tion curves 8X and ST, which terminate in the quaternary 
eutectic points. At temperatures above the transition point 
the following monovariant systems can exist : 

AD + BG + AB + Solution, 
AD+BG + GD + Solution, 

and these are represented by the two polythermal saturation 
curves SM and SN, which diverge from the point S in the 
direction of rising temperature. These two curves end in the 
ternary eutectic points M and N, which give the compositions 

of the anhydrous salt melts in equilibrium with the two salt 

+ + - - 
triads, in the ternary system {A, G)-^B, D). 

Between the two saturation curves SM and SN there extends 
a polythermal saturation surfcK^e, which is shown by the shaded 
area in Fig. 118, and points on this surface represent solutions 
which are saturated with the two salts AD + BG, with which 
the solutions represented on the boundary curves are also 
saturated ; it is the polythermal saturation surface of the 
stable reciprocal pair at these temperatures. The saturation 
surface of the salt pair AB + CD, which is stable below the 
transition point, is similarly shown by the shaded area between 
the saturation curves SX and ST. 

Isotherms in the system represented by Fig. 118 are given 
by plane horizontal sections of the space figure ; some of these 
sections have been constructed. The intersections of a plane 
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with the polythermal saturation curves, give the isothermal 
invariant points at the temperature which corresponds with 
that plane; and the intersections with thepolythermalsaturation 
surfaces give the isothermal saturation curves. In section I 
of Fig. 118, the two salts AD + BC form the stable pair, and 
the curve of intersection PQ, of the plane with the saturation 
surface of AD + BCy is the isothermal saturation curve of 
these two salts. The diagonal AD^ BC of this square section 
intersects the saturation curve PQ, and both isothermal in- 
variant solutions P and Q are, therefore, congruently saturated. 
At the temperature of section II, the point Q falls on the line 
AD, BC, and below this temperature the line AD, BC will no 
longer intersect the saturation curve PQ, of AD + BC. The 
transition interval of the salt pair AD, BC extends, therefore, 
from the temperature of section 11 to the transition tempera- 
ture. Section III is made at the temperature of the transition 
point S. In section IV, the two salts AB and CD form the 
stable reciprocal pair, and the curve Z7F is the intersection of 
the plane with the polythermal saturation surface of AB + CD ; 
this salt pair must, naturally, also possess a transition interval. 
It can be seen that these isotherms, which are obtained by 
sections of the space figure, are identical with the series which 
we had already deduced in the previous paragraph. 

It is, of course, possible that the reciprocal salt pairs may not 
possess a transition point in the temperature range within which 
saturated solutions can exist. In this case, one of the reciprocal 
pairs only will be capable of existing in stable equilibrium with 
solutions, and the number of possible isothermal types will be 
correspondingly limited. On the other hand, the isothermal 
relations may be complicated by the appearance of other 
binary or ternary compounds as solid phases in the system ; 
some examples of more complicated quaternary systems formed 
by solutions of reciprocal salt pairs will be found in the next 
paragraph. 

§ 76. In illustration of the theoretical types deduced in this 
chapter, we shall now describe the relations existing in some 
quaternary systems which have been investigated experi- 
mentally. The simplest quaternary isotherm which we have 
discussed (§ 51 e^ aeq.) is that in which only three saturation 
surfaces appear. The system HgO-NaCl-BaClj-CuClj shows 

s 
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these simple relations at 30°.^ At this temperature, the 
stable solid phases in the three binary systems HgO-NaCl, 
HgO-BaClg, and HaO-CuClj are NaCl, BaCl2.2H20, and 
OuClg.SHgO respectively ; neither hydrate suffers dehydration, 
nor does a binary or ternary compoimd appear, in the quaternary 
system. The quaternary isotherm shows only the three satura- 
tion surfaces of NaCl, of BaClj.SHjO, and of CUCI2.2H2O. It is 
represented as a perpendicular projection of the space figure 
upon the base of the tetrahedron in Fig. 119, and as a perpen- 
dicular projection on a plane parallel to the opposite edges 
H20,NaCl and CuCl2,BaCl2 in Fig. 120. The saturation 
surfaces are marked in the figures with the corresponding solid 
phases, and it is seen that all three surfaces meet in the point g. 
This point represents, therefpre, the isothermal invariant solu- 
tion which is saturated at 30°, with the three solid salts 
NaCl, BaCl2,2H20, and CUCI2.2H2O. We have shown in 
§§ 63 and 54 how these projections can be constructed from 
the analytical data, and we may exemplify the methods of 
construction by means of the solution $r, the composition of 
which was found to be the following : 

NaCl BaCl2 CuCl^ H2O per cent. 
10-49 1-97 36-12 61-42 

In order to find the position of the projection in Fig. 119, we 
must divide the concentration of the water equally between 
those of the three salts, when we obtain the following figures : 

NaCl BaCla CuCla per cent. 
27-63 19-11 63-26 

The point g in Fig. 119 gives the desired projection, and it 
is so chosen that it would represent a ternary mixture of the 
latter composition, if points in the triangle NaCl, BaCls, CuClj 
represented ternary mixtures of these three salts, instead of, 
as is actually the case, projections of points representing 
quaternary mixtures. '^ 

The position of the projection g in Fig. 120 is defined by 
its perpendicular distance from the axis O, CuCIa, which is 
equal to 

Hg O-Naa per cent. ^ 61 42- 10-49 ^^.^^ 

2 2 ' 

^ Sohmnemakers, ZeUach, physikal, Chem., 1009, 65, 586. 
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in the direction from to HjO ; and by its perpendicular 
distance from the axis O, HgO, which is equal to 

. CuC^-BaClg per cent. ^ 3612- 1'97 ^ ^^.^^ 
2 2 ' 

in the direction from to CUCI2; the length of the diagonal of 
the square is, in this case, 100, and the above distances must 
be mecusured on this scale. 

The system H20-NH4Cl-BaCl2-€uCl2 at 30° ^ is complicated 
by the fact that a hydrated double salt occurs as a solid phase 
in the system. The composition of this ternary compound is 
given by the formula CuCl2.2NH4Cl.2H2O, and solutions in 
equilibrium with it must, therefore, be represented by a satura- 
tion curve in the ternary system H2O-NH4CI-CUCI2, and by 
a saturation surface in the quaternary system. The isotherm 
is represented in perpendicular projection by Fig. 121 ; four 
saturation surfaces occur, and these are marked with the corre- 
sponding solid phases, the hydrated double salt being denoted 
by D, There are two quaternary invariant points L and K, 
which represent solutions saturated with 

Baa2.2H20 + NH4CI -f D 
and with 

BaCl2.2H20 + CUCI2.2H2O -f D 

respectively. The two salts NH4CI and CUCI2.2H2O are 
incompatible, both in the ternary and the quaternary systems, 
their saturation curves or surfaces being completely separated 
by the saturation curve or surface of the hydrated double 
salt. The point which represents this double salt is given by D 
in Fig. 121, and since it represents a ternary compound of 
H2O, NH4CI and CuClg, the point lies in the triangle H2O, NH4CI, 
CuCl^. We may imagine that Fig, 121 represents the tetrahedron 
and the space isotherm as seen from above, the point HgO being 
above the plane of the paper and the line HgO, D lying on one 
of the inclined faces of the tetrahedron. Suppose now that a 
triangular section of the space figure is laid through the points 
HjO, BaClg, and D. This section will clearly intersect only 
the satinration surfaces of BaCl2.2H20 and of Z), and the 
saturation curve LK of BaCl2.2H20 -f D. The system H2O- 

^ Sohieinemakers, Zeitach, physikal. Chem., 1909» 66p 687. 

S 2 
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BaCl2-CuCl2.2NH4Cl.2H2O is, therefore, a true ternary system, 
and it has been investigated as such at 30°.^ This ternary 
system shows the saturation curves of BaCl2.2H20 and of 
CuCl2.2NH4Cl.2H2O (D), and the isothermal invariaift point 
which represents the solution saturated at 30° with BaClg. 
.2H2O + D. The saturation curve of BaCl2.2H20 in this 
ternary system must give the curve of intersection of the 
plane HgO, BaCla.D of Fig. 121, with the quaternary satura- 
tion surface of BaCl2.2H20 ; the saturation curve of D must 
give the intersection of the plane with the quaternary 
saturation surface of D, and the ternary invariant point must 
give the point of intersection of the plane with the quaternary 
saturation curve LK. 

"^ It is clear that the isotherm is divided by the plane 
H2O, BaCl2, D into two parts, which can be considered as the 
isotherms, at this temperature, in two simpler quaternary 
systems. These two. systems are H20-BaCl2-NH4Cl-D and 
H20-BaCl2-CuCl2-i), and they are represented one in each of 
the two tetrahedra into which the original tetrahedron is 
divided by the plane ; both quaternary invariant solutions 
L and K are, in this case, congruently saturated. . 

The system H20-(NH4)2S04-CuS04-Li2S04 at 30° «, is stiU 
more complicated, since both the simple salts CUSO4 and 
Li2S04 form double salts with (NH4)2S04. In the ternary system 
HaO-{NH4)aS04-Li2S04, the anhydrous double salt Li2S04. 
.(NH4)2S04 occurs as a solid phase, and in the ternary system 
H20-(NH4)2S04-CuS04, the hydrated double salt CUSO4. 
.(NH4)2S04.6H20. The quaternary isotherm is given in 
Fig. 122, and it shows five saturation surfaces, those of the 
two double salts, and those of the three simple salts or their 
stable hydrates— (NH4)2S04, Li2S04.H20, and CUSO4.5H2O. 
The double sulphate of lithium and ammonium is denoted in 
the figure by LA^ and since it is an anhydrous salt, it is re- 
presented by a point on the line Li2S04, (NH4)2S04. The 
double sulphate of copper and ammonium is denoted by 
CA, and since it is hydrated, it is represented by a point 
within the triangle H2O, CUSO4, (NH4)2S04. In the system 
H20-Li2S04-(NH4)2S04, the ternary saturation curves BE 

^ SohreinemakecB, loc. cit 

2 Schreinexnakera, ZeiUch. phyaikal. Ohem., 1009, 66, 687. 
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and GFy of Li2S04.H20 and (NH4)2S04, are separated by the 
saturation curve EF of the dbuble salt LA ; in the quater- 
nary system the saturation surfaces of Li2S04.H20 and 
(NH4)2S04 are similarly separated by that of the double salt LA . 
In the system H20-CuS04-(NH4)2S04, the ternary saturation 
curves CO and AU^ of (NH4)aS04 and CuS04.5H20,are separated 
by the saturation cmr^e OH of the hydrated double salt CA ; 
in the quaternary system the saturation surfaces of (NH4)2S04 
and CUSO4.6H2O are similarly separated by that of CA. It 
can be seen from the figure that the intersection of the five 
saturation surfaces gives rise to seven quaternary saturation 
curves and three quaternary invariant points. 

The ternary system HaO-Li2S04-CuS04 is of the simplest 
type ; it shows only the two saturation curves BD and AD, 
of Li2S04.H20 and CUSO4.5H2O and the single invariant 
point 2), which represents the solution saturated ^th both these 
hydrates at the temperature of the isotherm. If increasing 
amounts of ammonium sulphate are added to the solution Z), 
the two hydrates Li2S04.H20 and CUSO4.6H2O being retained 
as solid phases in equilibrium with the liquid, the point which 
represents the composition of the solution will traverse the 
quaternary curve DK of CUSO4.5H2O + Li2S04.H20. Now at 
a certain stage formation of a double salt will begin and the 
question arises : Will the ammonium sulphate combine first 
with the lithium or the copper sulphate ? This question is 
easily answered by means of Fig. 122, for the point K represents 
a solution sattirated with CUSO4.6H2O + Li2S04.H20 + CA. 
When so much ammonitun sulphate has been added that the 
composition of the solution is represented by the point K, the 
formation of the double sulphate of copper and ammonium 
will therefore begin. The composition of the solution cannot 
now alter on the addition of more ammonium sulphate, imtil 
the whole of the copper sulphate, present in the solid phase, 
has been converted into the double salt. Finally, however, 
when sufficient ammonium sulphate has been added, the whole 
of the copper sulphate will have been converted into the double 
salt, and only the two soUd phases Li2S04.H20 and CA will 
remain. If more ammonium sulphate is then added, the 
composition of the solution will again change, and the point 
which represents it will traverse the quaternary saturation 
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curve KL of Li2S04.H20 + CA. When so much ammonium 
sulphate has been added that the composition of the solution 
is represented by the point L, the formation of the double 
sulphate of ammonium and lithium will begin. Since the 
liquid phase is now in equilibrium with the three solid phases 
Li2S04.H20 + LA + C-4, its composition will remain unaltered 
on the addition of more ammonium sulphate, until sufficient 
has been added to convert the whole of the lithium sulphate, 
present €ts a solid phase, into the double sulphate of ammonium 
and lithium. When this has been done, again only two solid 
phases will remain, namely, the two double salts CA and LA. 
The continued addition of ammonium sulphate will then 
cause the point representing the composition of the solution 
to traverse the saturation curve LM of CA + LA^ and, finally , 
when the composition of the solution is represented by the 
point M^ the addition of ammonium sulphate will have no 
further elBfect upon this composition ; since the point M repre- 
sents the invariant solution which is saturated with the three 
solids GA + LA + (NH4)2S04, any ammonium sulphate which 
is added must remain unchanged as a solid phase. Thus, on 
the addition of ammonium sulphate to the solution D, the 
point representing the composition of the liquid phase must 
pass along the curves DK^ KL, LM before the solution attains 
saturation with ammonium sulphate, and at the same time 
the hydrate CUSO4.5H2O, present €ts a solid phase, must be 
converted into the double salt CA, and the hydrate Li2S04.H2O 
into the double salt LA. ^ 

Let us suppose next that a plane is laid through the 
points H2O, Xii2S04, and CA of the space botherm. It 
can be seen clearly from Fig. 122 that such a plane in- 
tersects only the saturation sm*faces of Li2S04.H20 and 
GA, and the saturation curve of Li2S04.H20 + CA. The 
system H20-Li2S04-(7-4 is, therefore, a ternary system. The 
double sulphate of lithium and ammonium does not appear as 
a solid phase in this system and lithium sulphate cannot, 
therefore, displace copper sulphate from its combination with 
ammonium sulphate. If, however, a plane is laid through the 
points HgOy CUSO4, LA, it wOl intersect, not only the satura- 
tion surfaces of CUSO4.5H2O and LA, but also that of CA^ as 
may be seen from the figure. The composition of the double 
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salt GA cannot be expressed in terms of the three substances 
HgO, CUSO4, and LA alone, and the system H20-CuS04-ii-4 
is, therefore, not a ternary system ; the double salt LA^ of 
Uthium and ammonium. Ib decomposed by copper sulphate 
with the formation of copper ammonium sulphate. 

A complete section of this isotherm has been constructed 
by Schreinemakers, in which there is shown the intersection 
of the plane HjO, CUSO4, LA^ not only with. the saturation 
surfaces and curves, but also with the various complex spaces.^ 

The quaternary systems which we have so far discussed'have 
been represented by perpendicular projections of the space 
isotherm, which is represented within a regular tetrahedron. 
The system HaO-NaCl-KCl-FeCla at 38° « is represented in 
Fig. 123 by Janecke's method, which may also be considered 
as a perspective projection of the space isotherm represented 
within the tetrahedron (§ 66) ; the ternary invariant points 
lie on the sides of the triangle, and the ternary saturation curves 
are contained by these sides. The stable hydrate of ferrous 
chloride in the binary system HjO-FeClj, at this temperature, 
is the tetrahydrate FeCl2.4H20. Each of the ternary systems 
which form the basis of the quaternary system is of the simplest 
type, and shows only one isothermal invariant point at this 
temperature ; the point D represents the .ternary invariant 
solution saturated with NaOl + KCl, the point E that saturated 
with NaCl + FeCla-^HaO, and the point F that saturated 
with KCl + FeCla.4H20. In the quaternary system, however, 
an anhydrous triple chloride FeCl2.3KCl.NaCl occurs as a solid 
phase (this triple salt is found in nature as the mineral rinneit). 
The quaternary saturation surface of rinneit is represented in 
Fig. 123 by the enclosed area OEI^ and the composition of the 
ternary compound itself is given by the point R, 

The quaternary system in which a triple salt occurs as a solid 
phase was discussed briefly in § 65, but the example represented 
in Fig. 123 shows some features of special interest. 

A saturated solution which contains the three simple salts 
in the same proportion as they are contained by the triple salt 
is represented in the figure by the point 12, and since this point 
lies on the saturation surface of KCl, such a solution is in 

1 Sofarememakers, ZeUach. physikal. Chem., 1909, 66, 609. 
> Boeke, SUzungsber. K. Akad, Wise, Berlin, 1909» 24, 632. 
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equilibrium with potassium chloride^ and not with rinneit 
itself. The triple salt rinneit is, therefore, decomposed by 
water with separation of potassium chloride, and the system 
H20-Jlinneit is not a binary system ; if, for example. Water is 
evaporated from an unsaturated solution of rinneit in water, 
the first salt to be deposited will be potassium chloride, and 
not rinneit. A solution which contains only rinneit, and which 
is in equilibrium with solid rinneit, if it can exist at all, is in 
a state of metastable, and not of stable, equilibrium. This 
metastable solution will, however, still be represented by the 
point 12 in Fig. 123, and the solution will be supersaturated 
with potassium chloride ; the paths of crystallisation on the 
saturation surface of rinneit must, however, still radiate from 
the point B {cf. § 64), and if they are produced backwards in 
Fig. 123, they will be found to intersect in this point. 

Solutions the compositions of which can be expressed in 
terms of HjO, NaCl, and rinneit, are represented in Fig. 123 
by points on the line NaCl,iJ. This line does not intersect the 
saturation surface of rinneit, but only those of NaCl and KCl ; 
it is clear, therefore, that the system HgO-NaCl-Rinneit is not 
a ternary system. Solutions which are in equilibrium with 
the two solid phases NaCl + Rinneit are represented by points 
on the quaternary saturation curve OH. This curve does not 
intersect the line NaCl,JS, and a solution which contains only 
sodiimi chloride and rinneit cannot be in stable equihbrium 
with solid sodium chloride and solid rinneit. If such a solution 
exists at all, it is in a state of metastable equilibrium, and it 
will be represented by the point in which the saturation curve 
HO produced, intersects the line NaCl,-B. The arrow-heads 
on this saturation curve, which is the path of crystallisation 
of solutions depositing sodium .chloride ^nd rinneit, must, 
therefore, be directed away from O and towards H Along the 
whole length of the curve. It can be seen, in the same way, 
that the system HgO-KCl-Rinneit is not a ternary system, and 
that the arrow-heads on the saturation curve 01, which is 
the path of crystallisation of solutions depositing both potassium 
chloride and rinneit, are directed away from O and towards / 
along the whole length of the curve. 

The line FeCl2,i2 intersects, besides the saturation surf€U3es 
of FeG1.4H20 and rinneit, the saturation surface of KCl. The 
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system HaO-FeCla-Rinneit, is again, not a ternary system, but 
the line FeClg, B does intersect, in the point M, the saturation 
curve HI, of FeCl2.4H20 + Rinneit. A solution which contains 
only ferrous chloride and rinneit may, therefore, be in stable 
equilibrium with these two salts, and it is represented by the 
point M, The arrow-heads on the saturation curve HI, which 
is the path of crystallisation of solutions depositing both ferrous 
chloride tetrahydrate and rinneit, must be directed away from 
the point M, i.e., they must be directed towards H on one side 
of the curve, and towards / on the other. 

The quaternary invariant point H represents a solution 
saturated with the three solid phases 

FeCla.^HgO + NaCl + Rmneit, 

and it Kes within the triangle FeCla, NaCl, B. It is, therefore, 
a congruently saturated solution, and the arrow-heads on the 
saturation curves which meet in this point show that it is a 
final drying-up point. The quaternary invariant point / 
represents a solution saturated with the three solid phases 
reCl2.4H20 + KCl + Rinneit. It is also a congruently satu- 
rated solution, and a final drying-up point. The quaternary 
invariant point G represents a solution saturated with the three 
solid phases NaCl + KCl + Rinneit, but it does not he within 
the triangle NaCl, KCl, B, The solution G is incongruently 
saturated, and the arrow-heads show that the point G is not a 
final drying-up point. 

Let us suppose that water is evaporated from a solution 
which is represented by a point on the saturation curve DG. 
The two salts NaCl and KCl will be deposited, and the point 
will traverse the curve imtil the composition of the solution is 
represented by the point G. At this point separation of solid 
rinneit will begin, and the composition of the solution will 
remain constant as long as the three soUd phases NaCl, KCl, 
and rinneit are present. The arrow-heads on the saturation 
curves show, however, that the point representing the composi- 
tion of the solution can move away from G, along either of the 
curves GH or GI, of NaCl + Rinneit or KCl + Rinneit. On 
the evaporation of water from the solution G in contact with 
the three sohd phases NaCl, KCl, and rinneit, both the former 
must, therefore, be redissolved. If the relative weights of 
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the three solid phases which are present is such that the sodium 
chloride is completely redissolved before the potassium chloride, 
then the point representing the composition of the solution will 
follow the saturation curve 01 of KCl + Rinneit. . The dissolu- 
tion of solid potassium chloride will, however, continue during 
this stage of the evaporation, for the figure shows that the paths 
of crystallisation on the saturation surfaces of KCl and rinneit 
do not converge on the curve 01. If sufficient solid potassium 
chloride is present, the point representing the composition of 
the solution may follow the curve 01 imtil the final drying-up 
point I is reached, but if sufficient of this salt is not present, 
it may be completely redissolved before the point / is reached. 
The point representing the composition of the solution will, 
in this case, leave the curve 07, follow a path of crystallisation 
on the saturation surface of rinneit, and reach a point on the 
saturation curve HI ; if this point lies to the right of the line 
FeClgyiZ the solution will dry finally at the constant composi- 
tion given by the point jff, if to the left of this line, then it 
will dry at the constant composition given by the point /. 

It may happen that when water is evaporated from the 
solution O in contact with the three solid phases NaCl, KCl, and 
rinneit, the first solid phase to disappear is potassium chloride, 
and not, as we have just supposed, sodium chloride. In tlus 
case, the point representing the composition of the solution 
will follow the saturation curve OH, of NaCl + Binneit. The 
incongruently saturated invariant solutions which we have 
previously discussed were characterised by the fact that their 
compositions could only be maintained constant by the dissolu- 
tion of one of the solid phases with which they were in equi- 
librium. The composition of the incongruently saturated 
solution can only be maintained constairt, as we have seen, 
by the dissolution of two of the solid phases with which it is 
in equilibrium ; such a solution is said to be doubly incongruent. 

Let us now consider the behaviour of an unsaturated solution 
of rinneit when water is evaporated from it. We have already 
seen that the solution will first become saturated with potassium 
chloride, and it will then be represented by the point R of 
Fig. 123. This salt will therefore be deposited on the further 
removal of water, and the point representing the composition 
of the solution will traverse the path RL, When the composi- 
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tion is represented by the point X, separation of sodium chloride 
as a second solid phase will begin, and the point will follow the 
saturation curve DO of KCl + NaCl. When the composition 
of the solution is represented by the point (r, separation of 
rinneit will begin, and the two salts potassium chloride and 
sodium chloride, which were deposited in the earlier stages of 
the evaporation, will simultaneously redissolve to maintain 
the constant composition of the solution. We have already 
shown that the subsequent path of crystallisation depends 
upon the proportion in which the two salts sodium chloride 
and potassium chloride are present in the solid phase. 

In the present case, however, the original unsaturated solu- 
tion contained the three simple salts, ferrous, potassium, and 
sodium chlorides, in the same proportion as they are contained 
by rinneit, and it follows that they iHust still be present in the 
correct proportion to form rinneit without leaving excess of 
any simple salt. The reaction which occurs at the invariant 
point O on the evaporation of water will therefore result, in 
this case,, in the simultaneous disappearance of all three phases, 
Solution, KCl, and NaCI, and the solution will have dried com- 
pletely when all salts are again combined in the form of solid 
rinneit. 

Finally, we shall discuss briefly the polythermal conditions 
of equiUbrium in this system. The triple salt rinneit possesses 
a transition point at 26*4^, and this transition point marks a 
lower temperature limit to its existence in the system. At the 
transition temperature, the four soUd phases KCl, NaCl, 
FeCl2.4H20, and rinneit are in equilibrium with an invariant 
solution, and as the temperature is lowered below 38°, the 
saturation surface OHI^ of rinneit (Fig. 123), gradually decreases 
in area, the three invariant points 0^ H, and / approach one 
another, and at the transition temperature they coincide in 
the quaternary transition point, the saturation surface of rinneit 
being then represented by this point only. Below the transi- 
tion temperature the quaternary isotherm is of the simplest 
type, and shows only the three saturation surfaces of KCl, 
NaCl, and FeCla.4H20. 

H. If the temperature is raised above 38°, the saturation surface 
of^a second ternary compound appears in the quaternary iso- 
therm ; this is the hydrated double chloride FeCl2.2KCl2.2H2O, 
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and it occurs in nature as the mineral douglasite. This ternary 
compound also possesses a transition point which is a lower 
limit to its existence as a solid phase, and the corresponding 
quaternary transition temperature is 38°. Above this tempera- 
ture the saturation surface of douglasite appears, therefore, in 
the quaternary isotherm, and it is at first given by an enclosed 
triangular area surrounding the invariant point I ; the solution 
7, which is in equilibrium with the three solids FeClj. 
.4H2O + KCl + Rinneit, ceases, therefore, to exist as a stable 
phase, being replaced by three others which are formed by 
the intersection of the douglasite saturation surface with the 
three saturation curves FI, 01, and HI, As the temperature 
is raised, the saturation surface of douglasite rapidly grows, 
and it reaches the side FeClj, KCl of the triangle at the transi- 
tion temperature of the hydrated double salt in the ternary 
system HgO-FeClg-KOl ; this ternary transition temperature 
is 38-3°, and it is but slightly higher than the quaternary 
transition temperature. Above this point the saturation curve 
of douglasite will appear in the ternary system H^O-FeCl^- 
KCl, and the quaternary saturation surfaces of FeCl2.4H20 
and KCl will then be completely separated from each other. 
This system ofiEers an example of the isothermal types which 
occur in the neighbourhood of the transition point, when a 
hydrated double salt appears as a solid phase ; these types 
were discussed theoretically in § 66. 

The majority of quaternary systems which have been investi- 
gated are formed by solutions of reciprocal salt pairs ; such 
systems are often of considerable practical importance. The 

system H20-(Na, K)-{N08, CI) has been very thoroughly in- 
vestigated,^ and the isotherms at four different temperatures are 
represented by Janecke's method, in one diagram, in Fig. 124. 
The only solid phases which appear are the four salts NaNGj, 
KNO3, NaCl, and KCl, and the system is, therefore, of the 
simple type discussed in § 71 and the following paragraphs. 
It can be seen from Fig. 124 that at all four temperatures the 
two salts NaCl and E^O, are compatible. The saturation 
surfaces of these salts intersect in the curve P1P29 the points of 
which represent, therefore, solutions saturated with this stable 

^ Beinders, Zeilsch, amrg. Chem,, 1915, 93, 202. 
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salt pair. The saturation surfaces of KCl and NaNO, are 
completely separated from each other, and these two BsltB 
are incompatible, or form the xmstable pair. The point P^ 
represents the isothermal invariant solution which is saturated 
with the salt triad NaCl + KNO, + NaNO,. At every 
temperature, it lies within the triangle NaCl, KNO), NaNOs» 
and is, therefore, congruently saturated. The point Pj repre- 
sents the isothermal invariant solution which is in equilibrium 
with the three soUd salts NaCl + KNO, + KCl. At 0° this 
point lies within the triangle NaCl,£lN03, KCl, and represents, 
therefore, a congruently saturated solution. At 25^, the 
point P2 lies on the line NaCl, KNO3, *^d above this tempera- 
ture it falls outside the triangle NaCl, KNOj, KCl. The stable 
salt pair enters its transition interval, therefore, at 25^, and at 
temperatures above this the invariant solution P^ is incon- 
gruently saturated (c/. § 74). 

As an example of the practical use of these isotherms, let us 
suppose that it is desired to make potassium nitrate from 
sodium nitrate and potassium chloride. The composition of 
a salt mixture containing equimolecular quantities of the two 
salts NaNOs and KCl may be expressed in the following form 
for the purpose of Janecke's representation : 

60Na, 50K, SONOj, 50C1, 

where the sum of the concentrations of the positive ions, 
expressed in equivalents, and therefore also of the negative 
ions, is equal to LOO. In accordance with the graphical method 
of representation deduced in § 68, the side of the square in 
Fig. 124 must be taken to represent 100, the concentration of 
the ion Na (60) must be measured from the side KNOgjKCl, 
and that of the ion NO 3 (60) from the side NaCl,KCl. The 
salt mixture the composition of which is given above will be 
represented, therefore, by the point a, in which the diagonals 
of the square intersect ; it is clear that the distances of this 
point from the side NaNOjjNaCl, and from the side NaNO,, 
KNO3, will also be equal to 50, i.e., the concentrations of the 

ions K and CI in the salt mixture are also correctly represented. 
It can be seen from the figure that the point a lies, at 100°, 
on the saturation surface of NaCl, and if water is evaporated at 
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100^ from an unsaturated solution containing equimolecular 
amounts of sodium nitrate and potassium chloride, the solution 
will, therefore, first become saturated with sodium chloride. 
On th^ continued removal of water, sodium chloride will be 
deposited, and the point representing the composition of the 
solution will follow the path of crystallisation NaCl, 6, which 
passes through a. When the composition of the solution is 
given by the point 6, the solution will be just saturated with 
potassium chloride also. Since it is our object to separate the 
potassium in the form of nitrate, we must stop the evaporation 
when the solution has reached this composition, and remove 
the sodium chloride by filtration at 100^. The composition 
of the salt mixture contained in the filtered solution is repre- 
sented by the point 6, and this point lies, in the 0° isotherm, 
on the saturation surface of KNO3. If the filtered solution 
is cooled to 0^ it will, therefore, deposit potassium nitrate, 
either spontaneously, or on the evaporation of water at 0° ; 
we cannot tell simply by an examination of the diagram whether 
the solution filtered at 100^ will be unsaturated when it is 
cooled to 0°, or whether, as seems more probable, it will be 
supersaturated with potassium nitrate. If the latter is the 
case, then spontaneous crystallisation of potassium nitrate will 
occur, and the point representing the composition of the solu- 
tion will traverse the path of crystallisation KNO„ c, which 
passes through 6. In any case, by the evaporation of water if 
necessary, we can cause the solution to deposit pure potassium 
nitrate until its composition is represented by the point c. 
Further than this we must not go, since the solution will then 
be just saturated with sodium chloride also, and continued 
crystallisation will result in the deposition of this salt with 
the potassium nitrate. We can determine whether it will be 
necessary to evaporate water by the following simple calcula- 
tion, which will give us, at the same time, the amount of 
potassium nitrate deposited. 

The composition of the solution 6, saturated at 100^ with 
NaCl + KCl, expressed in equivalent of the ions, is 

69K, 41Na, SQNO,, 41C1, 283H80, 
or, expressed as moles of the salts, 

69KNO,, 4lNaCl, 283H,0. 
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The composition of the solution c, saturaibed at 0^ with 
KNO3+ NaCl, is 

23-6K, 76-6Na, 23-6N08, 76-6Gi, 640HjO, 
or 

23-6KN08, 76-5NaCl, 640H,O. 

We will suppose that, in passing from the solution 6 at 100^, 
y parts of potassium nitrate are deposited and z parts of the 
solution c are formed at 0° ; further, we will suppose that in 
order to do this, x parts of water must be evaporated from the 
solution at 0^. We have then the following mathematical 
identity : 

(59KN03,4lNaCl,283HaO) = 

Solution 6. 

xRfi + yKNOa + «(23-6KNO8,76-5NaCl,640H2O) 

Solution c. 

Since the total amounts of potassium nitrate, of sodium 
chloride, and of water, on the left side of this equation, must 
be equal respectively to the total amounts of these substances, 
on the right side, we have 

for KNOa 69 = y + 23-62 

for NaCl 41 = 76-62 

for H3O 283 = a; + 6402, 

and therefore, 

X = —60, y =± 46-4, 2 = 0:636. 

We see that Xy the amount of water to be evaporated, is nega- 
tive. This clearly means that the original solution, filtered 
from sodium chloride at 100°, is supersaturated to such an 
extent at 0° that if the crystallisation is to stop when the 
composition of the solution is represented by the point c, 
water must actually be added to it in the proportion of 60 moles 
for every 100 moles of the total salts. If this water is not 
added, the orystalUsation will continue after the composition 
of the solution has reached the value given by the point c, 
and the potassium nitrate wiU then be contaminated with 
sodium chloride. The amount of potassium nitrate deposited 
during the cooling is given by y, which is equal to 46-4. Of 
the 69 moles of potassiiun which were contained in the original 
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solution, 46*4 moles have been separated, therefore, as pure 

solid potassium nitrate ; the yield is 78-7 per cent. 

+ + - 

The system H20-(Na2, K2)-([N08]2, COj)^ is not quite so 

simple in type as the system which we have just discussed. 
The isotherm at 10° is represented diagrammaticaUy, by 
Janecke's method, in Fig. 126, although it is represented in the 
original publication as a perpendicular projection of the space 
isotherm referred to a pyramid. The isotherm is complicated 
by the fact that a ternary compound, namely, the hydrated 
double carbonate Na2CO3.K2CO3.6H2O, occurs as a solid phase 
in the ternary system H20-Na2C03-K2C03, and the quaternary 
isotherm shows, therefore, the saturation surface of this 
compound. The ternary systems H20-Na2C08-K2C08 is 
represented on the side Na2C03,K2C03 of the square in Fig. 125, 
and it shows, at this temperature, two invariant points A and B, 
which represent solutions saturated with K2CO3+ D and 
Na2CO8.10H2O + D respectively, where the hydrated double 
salt Na2C08,KaC08.eH20 is denoted by D. The stable soKd 
phase in the binary system HgO-NagCOs, at the temperature 
of the isotherm, is the decahydrate Na2CO3.10H2O, and the 
ternary saturation curve of this hydrate in the system 
H20-Na2C08-K2C08 is contained by the side Na2C08,K2C03 
of the square, and is represented by the straight line Na2C03,-B. 
The ternary saturation curve of the hydrated double salt in 
this system is represented, similarly, by the line BA, and that 
of potassium carbonate, which occurs as an anhydrous salt, is 
represented by the straight line K2C03,-4. The composition, 
expressed in molecular percentages, of the salt mixture con- 
tained by the ternary compound Na2C03.K2C08,6H20 is 

60Na2COs,60K2CO8, 

and the point 2), which represents this compound in Fig. 126, 
bisects, therefore, the side Na2C08,K2C08 of the square. Since 
points in Fig. 125 represent only the composition of the salt 
mixtures contained in saturated solutions, the point D also 
represents the saturated solution which contains the simple 
salts in the same proportion as does the double salt. This 
saturated solution is not, however, in equilibrium with the solid 

1 Kreman, Monats. 1909, 30, 311. 
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doable salt, for the point D lies on the ternary saturation curve 
Na2C08,£, of sodium caibonate decahydrate. The double 
salt is, therefore, decomposed by water, and the ternary 
invariant solution B is incongruently saturated. 

The three remaining ternary systems are all of the simplest 
type, and they are represented one on eiwjh of the three remain- 
ing sides of the square ; the figure shows that only one isothermal 
invariant solution exists in each of these systems. 

The quaternary isotherm contains five saturation surfaces — 
those of the five salts (four simple salts and one hydrated 
double salt) which can occur as solid phases ; the intersections 
of these surfaces form seven saturation curves, and these 
curves intersect, in groups of three, in the three quaternary 
invariant points Pj, P^^ and P3. It can be seen from the 
figure that the two salts KNO, and NajCOa — the latter in the 
form of its decahydrate — constitute the stable pair, and 
solutions saturated with this salt pair are represented by points 
on the saturation curve PiP%. In regions representing solu- 
tions of comparatively high potassium carbonate content, the 
saturation surface of sodium carbonate is displaced by that of 
the double carbonate, and in these regions potassium nitrate 
and the double carbonate form the compatible salts ; solutions 
saturated with these two are represented by points on the 
saturation curve P^s- 

The diagonal KNO,, NagCOa of the square in Fig. 126 inter- 
sects only the saturation surfaces of KNO3 and Na2CO8.10H2O, 
and the saturation curve of PiP2, of KNO3 + NagCOg.lOHgO. 
The system HgO-E^NOs-NagCOa, which is formed by water 
and the stable reciprocal pair, is, therefore, a ternary 
system, and the point R represents the corresponding ternary 
invariant solution. The isotherm is divided by the line 
BLNOajNagCOj into two parts, • which give the isotherms in 
two simpler quaternary systems. The system H2O-KNO3- 
NasCOa-NaNOg is represented at this temperature, within the 
triangle KNOajNajCOa, NaNOa, and it shows only the three 
saturation curves RP^y KP^^ and -ffPi, and the single isothermal 
invariant point P^; the isotherm in this system is of the simplest 
type and taay be compared with Fig. 82. The isothermal 
relations in the system H20-KN03-Na2C08-K2C03 are repre- 
sented within the triangle ILNOa, NajCOa, K2CO8. The 

T 
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hydrated double salt occurs as a solid phase in this quaternary 
system, and its saturation surface appears in the isotherm ; the 
latter contains two isothermal invariant points P, ^^^ -^s* ^^^ i^ 
can be compared with Fig. 102, where a quaternary system of 
the same type is represented within an equilateral triangle 
instead of, as in the present case, a right-angled isosceles 
triangle. 

The isotherm in this system at a temperature of 24*2^ is 
considerably more complicated. It is represented diagram- 
matically in Fig. 126. It can be seen that the hydrated double 
salt stiU appears as a solid phase in the system, but the point D 
now lies on the ternary satiu*ation curve BA, of the double 
salt, and the latter is, therefore, no longer decomposed by 
water ; at a temperature between 24-2° (Fig. 126) and 10*^ 
(Fig. 126) the point B must coincide with the point D, and this 
temperature wUl mark the beginning of the transition interval 
of the hydrated double salt. The isotherm at 24*2^ differs 
from that at 10^ in the further respect that two additional 
saturation surfaces appear, those of the two hydrates 
NaaCOj.THjO and NaaCOj-HgO. The first of these extends into 
the side NagCOjjNaNOa of the square and the ternary system 
HgO-NaaCO 8-NaNO s shows, therefore, in addition to the 
saturation curvjB NaaCOa,^, of the decahydrate NagCOg.lOHaO, 
the saturation curve FO of the heptahydrate NagCOs-THgO. 
The saturation surface of the monohydrate NagCOg-HjO lies 
wholly within the square. 

In order to make these quaternary isothermal relations 
clearer, we will first consider the conditions of equilibriimi in 
the binary system HjO-NajCO,. There are two transition 
points in this system, corresponding with temperatures of 
31-85° and 37°. At the first of these, the two hvdrates 
NajCOj.lOHjO + NaaC08.7H20 are in equilibrium with a 
binary invariant solution ; it is the binary transition point of 
the decahydrate, and the stable solid phase in equilibrium 
with binary solutions below 31*86° is the decahydrate 
NajCOj.lOH^O, above 31-85° the heptahydrate Nsk^CO^.lK^O. 
The point NaaCOg in the quaternary isotherm at 24-2° (Fig. 126) 
represents, therefore, a binary solution in equilibrium with 
the decahydrate, and it lies on the boundary of the quaternary 
saturation surface of NajCOg.lOHsO. 
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At the ternary transition point of the decahydrate in the 
system HjO-NajCOs-NaNOs, the three solid phases 



Na^COs-lOHaO + NaaCOa-THaO + NaNO 



8 



are in equiUbrium with a ternary invariant solution ; the corre- 
sponding transition temperature will mark a lower temperature 
limit to the existence of the heptahydrate as a solid phase 
in the ternary syaten^ just as the binary transition temperature 
is a lower temperatiure limit to its existence in the binary system. 
We have shown in § 44 that the binary transition temperature 
of a hydrate is lowered by the addition of a third component, 
and it can in fact be seen that the heptahydrate occurs as a 
solid phase in the system HjO-NagCOg-NaNOa at 24-2°, since 
its ternary saturation curve FO appears in the isotherm. The 
transition temperature of the deca- to the hepta-hydrate has, 
therefore, been lowered from 31-85° in the binary system, to 
a temperature below 24-2** in the ternary system HgO-NagCOg- 
NaNOj ; the exact value of this ternary transition temperature 
has not been determined. 

At the second transition point (37°) in the binary system 
HjO-Na^COs, the two hydrates Na2C03.7H20 + NaaCOs-HgO 
are in equilibrium with a binary invariant solution ; it is the 
binary transition point of the heptahydrate. Between the 
temperatures 31*85° and 37° the heptahydrate is the Btable 
solid phase in equihbrium with binary solutions, whilst above 
37° the monohydrate is the stable phase. The ternary transi- 
tion point of the heptahydrate in the system HgO-NagCOa- 
NaNOg must be lower than 37°, but it is clearly not so low as 
24-2°, since the quaternary saturation surface of the mono- 
hydrate in Pig. 126 does not extend into the side NagCOajNaNOj 
of the square. The monohydrate can, however, exist as a stable 
soUd phase in equilibrium with quaternary solutions, and the 
transition point of the hepta- to the mono-hydrate has been 
lowered, therefore, from 37° in the binary system, to a tempera- 
ture below 24'2° in the quaternary system. 

We discussed in § 68 the way in which the saturation surface 
of a salt hydrate appears in the quaternary isotherm, in the 
neighbourhood of its quaternary transition point ; we saw 
that it appears first at the invariant point in the isotherm at 
the transition temperature, and that it grows out from this 

T 2 
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point as the temperature is altered. We will consider some of 
the transition forms which the isotherm may show in passing 
from the type represented in Fig. 126 to that represented in 
Fig. 126 ; the transitioa forms between 10° and 24'2° have not 
been experimentally investigated, but they can be deduced 
by the methods used in § 58. 
Let us suppose that the temperature, in the system 

H20-KNi2,K,H[Nb3]a,cbs), 

is slowly raised from 10°. The isotherm at this temperature 
is given by Fig. 126, and we have seen that it is divided by the 
line KN03,Na^08 into two parts, which can be considered as 
the isotherms at 10°, in the two quaternary systems 

HaO-KNOa-NagCOa-NaNOa and HaO-KNOa-NaaCOg-KjCO,. 

On raising the temperature we shall reach, first, the transition 
temperatiure of the decahydrate in one of these quaternary 
systems. We will assume that the transition temperature in 
the system HgO-EINOa-NaaCOj-NaNOj is first attained, and 
the isotherm immediately above this temperature will then 
contain the saturation surface of the heptahydrate intersecting 
the saturation curves HPi, KP^, and RPi, around their common 
point of intersection, as shown in Fig. 127. If, on a further 
increase in the temperature, the quaternary transition point of 
the decahydrate in the system HgO-ElNOa-NajCOa-KjCOa is 
next reached, the saturation surface of the heptahydrate will 
appear in the triangle ElNOg, NajCOg, K2CO3 surrounding the 
point Pgj *s shown in Fig. 127. When the temperature is 
raised still higher, the saturation surfaces of the heptahydrate 
will grow, and eventually they will touch one another in a 
point F, on the Une KNOajNajCOg, as shown in Fig. 128. 
The point V represents a solution in equilibrium with the three 
soUd phases NagCOs-lOHaO + Na2C08.7H30 + KNO3, and 
since it lies on the diagonal KNO3, NagCO,, the point represents 
a solution in the ternary system HgO-KNOa-NajCOj, which is 
formed by water and the stable reciprocal salt pair. It is the 
ternary transition point of the decahydrate in this system, and 
at higher temperatures the two saturation 8iu*f aces of the hepta- 
hydrate, which touch one another in the single point V of 




Cu80^ 



Fio. 131. 




(NH^)^SO 



NH^CI 
Fia. 132. 



Ca8^0^ 




Ca(NOj^ 



25^ 



Na^S^Os 



NaNO^ 



Fio. 134. 



KCJ 



SHEET XVII. 



CuSCL 




Fig. 131. 




/ 




Ill CONDENSED QUATERNARY SYSTEMS 277 

Fig. 127, will coalesce into one continuous saturation surface, 
as shown in Fig. 129. This surface intersects the diagonal 
KNOj, NajCOj in the line XY, which represents the satura- 
tion curve of the heptahydrate in the ternary system HgO- 
Na^COa-KNOa. 

If the next transition temperature which is reached when the 
temperature is further raised is that of the decahydrate in 
the ternary systems HgO-NagCOa-NaNOj, the next isothermal 
type will be that represented in Fig. 130. The saturation 
surface of the heptahydrate has reached the side Na^COajNaNOa 
of the square, and its boundary line FG, in this side, is the 
ternary saturation curve of the heptahydrate in the system 
HgO-Na^COa-NaNOa. 

Finally, on further increasing the temperature, we shall 
reach the quaternary transition points of the heptahydrate, 
and at temperatures above these the saturation surfaces of 
the monohydrate will appear in the isotherm ; they are repre- 
sented by the dotted lines surrounding the isothermal invariant 
points Qi and C2 ^ ^g- 130. These surfaces will grow and 
ultimately combine to form one continuous saturation surface, 
exactly as did the saturation surfaces of the heptahydrate at 
lower temperatures. This will give rise to the isothermal 
type represented in Fig. 126, which has been experimentally 
verified. The three ternary systems H20-Na2C03-K2C08, 
HaO-NaCOa-NaNOa, and HaO-NaaCOa-KNOs are represented 
on the two sides NagCOajKgCOa; NaaCOsjNaNOa, and the 
diagonal NajCOa.KNO a respectively in Fig. 126. In the first 
of these, sodium carbonate can only occur as a solid phase in 
the form of its decahydrate ; the saturation curve of the 
decahydrate in this system is represented by the line NaaCOa,^. 
In the second ternary system, sodium carbonate can occur as 
a solid phase in the form of both the deca- and the hepta- 
hydrate ; the saturation curve of the decahydrate in this 
system is represented by the line Na2C03,jP, and that of the 
heptahydrate by the line FO. In the third ternary system, 
the deca-, the hepta-,and the mono-hydrate of sodium carbonate 
can all occur as solid phases ; the saturation curve of the deca- 
hydrate is represented by the line NaaCOa,!^! that of the 
heptahydrate by the line FZ, and that of the monohydrate 
by the line XZ. 
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+ + - - 

The system HaO-(Cu,[NH4]2)-(S04, Clj)* at 30^ is represented 

in Fig. 131 as a perpendicular projection of the space isotherm 

upon the base of the pyramid (c/. § 72), and in Fig. 132 by 

Janecke's method ; the reader can compare the two methods 

of representation by means of these figures, and to render this 

comparison easy the square in Fig. 132 is drawn in such a 

position that its diagonal, and not as usual its side, is parallel 

to the edge of the paper. The perpendicular projection 

(Fig. 131) possesses the advantage of showing somewhat more 

clearly the relations in the ternary systems which form the 

basis of the quaternary system. In Janecke's representation 

(Fig. 132), the ternary satiuration curves are contained by the 

straight sides of the square, but in the perpendicular projection 

they form a framework within which are to be found the 

quaternary saturation curves and surfaces. The complete 

square is not shown in Fig. 131, but only that part of it which 

contains the various saturation surfaces ; the directions in 

which the comers of the square lie, are shown, however, by 

the arrow-heads. ' 

The ternary saturation curves in the system H2O-CUSO4- 

(NH4)2S04 are given by the boundary curves AB, BG, and CE in 

the corresponding quadrant of Fig. 131. There occurs, besides 

the saturation curves AB and CE of the simple salts, th^t of 

the hydrated double sulphate CuS04.(NH4)2S04.6H20, which 

we will denote by D^. In the same way, the ternary isotherm 

in the system H2O-OUCI2-NH4CI contains the saturation curve 

HJ of the hydrated double chloride CuCl2.2NH4a.2H2O, 

which we will denote by D^. The two remaining ternary 

systems are of the simplest type at this temperature, and the 

isotherms contain only the saturation curves of the simple 

salts or their stable hydrates. The quaternary isotherm shows, 

therefore, six saturation surfaces, those of four simple salts 

(or their hydrates) and those of two hydrated double salts. 

It can be seen from the figure that neither the salt pair 

CuS04.5HaO + NH4CI 
nor the salt pair 

Cua2.2H20 + (NH4)2S04 

can exist in stable equilibrium with solutions, since the corre- 

^ Schreinemakers, Zeitech, physikal. Ohem,, 1909, 69> 557. 
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sponding saturation surfaces are completely separated by those 
of the two double salts ; these two are, however, compatible, 
and solutions in equiUbrium with them are represented by 
points on the saturation curve Jlf^. The points, in Fig. 131, 
which represent the compositions of the two double salts are 
outside the picture, but the line which joins them is shown 
dotted in the figure, and the directions in which they lie are 
indicated by the arrow-heads. It can be seen that the line 
joining the pointfl which represent the two double salts i^ter- 
sects only the saturation surfaces of these salts and the satura- 
tion curve MN of JDj-f Dg. The system formed by water 
and the two double salts is, therefore, a ternary system. 

It can be seen equally clearly from Janecke's representation 
(Fig. 132) that the system W-D^D^ is a ternary system, and 
this figure also shows very clearly that the isotherm is divided 
by the line D^D^, into two parts which give the isothermal 
relations in two simpler systems. The part of the isotherm 
which lies within the rectangle D^, Dg, CuCl^* CUSO4 can be 
considered as giving the conditions of equilibrium in the 
system. 

HaO-CuSO^-CuSO^.fNHJaSO^-OuCla-OuClj.CNH^Cl)^ 

or H20-(CU2, Cu[NHj3HCi4,[S0Ja). 

The relations are clearly those which occur in a system formed 
by solutions of reciprocal salt pairs where onjy the four simple 
salts occur as solid phases. The compatible salts are CuSO^.SHgO 
andZ>2,but the invariant solution JIf , which is in equilibrium with 
CUSO4.6H2O + Z>2+ Di, is incongruently saturated. The part 
of the isotherm which lies within the rectangle D^, Dj, NH4CI, 
(NH4)2S04, can be considered as giving the conditions of 
equilibrium in the system. 

HaO-(NH4)2S04-CuS04.(NH4)2S04-NH4a-Cua2.(NH4Cl)2 

or H20-([NH4]4, Cu[NH4]2HCl4,[S04]2). 

This system also behaves Hke that formed by solutions of 
reciprocal salt pairs of the simplest type. The compatible 
salts are here NH4CI + D^ and the invariant solution N^ 
which is in equilibrium with NH4CI + Dj + Dg, is also in- 
congruently saturated. 
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+ + - — 
The system H20-(Na2, Ca)-(S20j,[N08]2)^ is represented at 
9° and 26° in Figs. 133 and 134, respectively. There appear, 
as solid phases in this system, the four simple salts or their 
stable hydrates : 

NaNOa, Ca(N08)2.4H20> CaS208.6H20 and Na2S208,6H20, 

and the triple salt : 

NaN08.CaS208.Na2S208.1 IH2O, 

which we will denote by the symbol T. It can be seen that 
this triple salt is hydrated, and its composition can, therefore, 
only be expressed completely in terms of four components, 
namely, three simple salts and water. It is, in other words, 
a quaternary compound, and it can only appear as a solid 
phase in equilibrium with quaternary solutions ; an anhydrous 
triple salt is a ternary compound, and it can appear as a solid 
phase in equilibrium with liquids in the ternary system formed 
by the anhydrous salts alone. 

We will consider, first, the isotherm at 26° (Fig. 134). The 
two salts CaS208.6H20 and NaN08 form the stable reciprocal 
pair, and solutions which are in equilibrium with this salt 
pair are represented by points on the saturation curve MN. 
The diagonal CaS208, NaN08 intersects only the saturation 
surfaces of calcium thiosulphate and sodium nitrate, and the 
curve MN, the points of which represent solutions saturated 
with both these Alts. The system formed by water and the 
stable salt pair is, therefore, a ternary system, and the line 
CaS208,NaN08 divides the isotherm into two parts, which 
give the isothermal relations in two simpler quaternary systems. 
The system H20-CaS208-NaN08-Ca(N08)2 is represented 
within the triangle CaSgOj, NaN08,Ca(N08)2, and it is of the 
simplest type, showing only one isothermal invariant point M, 
which represents a solution saturated with the three simple 
salts or their stable hydrates. The system H20-CaS208-NaNO j— 
Na2Sa08 is represented within the triangle CaS208, NaNOg, 
Na2S208, and the isotherm shows, besides the saturation smiaces 
of these three salts, that of the triple salt which is formed by the 
union of all three. The isotherm belongs to the type which 
we discussed in § 66 and which is illustrated (as a perpendicular 

^ Kremann and Rodemund, Zeil, anorg. Ohem., 1914, 86f 373. 
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projection) in Fig. 103 ; we have already given one example of 
a quaternary system in which a triple salt (rinneit) occurs as 
a solid phase. The point T in Fig. 134 represents the composi- 
tion of the triple salt, and since it lies on the saturation surface 
of the triple salt, it follows that a saturated solution containing 
the simple salts in the same proportion as does the triple salt 
is in equilibrium with the solid triple salt. The latter is, there- 
fore, not decomposed by water, and the system HgO-Triple 
salt behaves, at the temperature of the isotherm, as a true 
binary system ; the triple salt which ocdurs in this system 
differs, in this respect, from rinneit. 

In the isotherm at O"" (Fig. 133), the two salts CaSgOa-CHaO 
and NaNOa still form the stable reciprocal pair, but the system 
formed by water and this salt pair is no longer a ternary 
system. The saturation surface of the triple salt has grown 
to such an extent on lowering the temperature that at 9° it 
intersects the diagonal OaSgOs, NaNOs ; the triple salt appears, 
therefore, as a solid phase in the system HaO-CaSgOj-NaNOj, 
which is no longer ternary. The point T, which represents 
the composition of the triple salt, stiU Ues on the saturation 
surface NPQ of that salt, and the system HaO-Triple salt stUl 
behaves, therefore, as a true binary system. 

The rapid decrease in the area of the saturation surface of 
the triple salt as the temperature is raised suggests that this 
salt possesses an upper stability limit. This is actually the 
case, and the transition point of the triple salt is reached at 
29°. At this temperature the triple salt and the three con- 
stituent simple salts are all in equilibrium with an invariant 
solution, and above this temperature the simple salts alone 
appear as solid phases in the system ; the isotherm is then of 
the simple type illustrated by Fig. 116. 

We shall conclude these examples with a brief description of 
four quaternary systems which are of great importance for 
the study of the oceanic salt deposits. The principle con- 
stituents of sea water are the chlorides and sulphates of the 
three metals, sodium, potassium and magnesium. The system 
formed by water and these salts can be represented by the 
notation : 

H20-(Na2,K„Mg)-(Cl2,S04) ; 
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it is a system of five, and not of four, components. The basis 
of this system is given, however, by a number of quaternary 
systems, and these are formed by water and all possible com- 
binations of the five ions taken four at a time. There are, 
for example, two quaternary systems which can be formed 
from water, three positive ions, and one negative ion. These 
systems are : 

H20-(Na2,Kj,Mg)-Cl, 

and H20-(Na2,K2,Mg)-S04, 

or, as we have generally written : 

HaO-NaCl-KCl-MgCla 
and HaO-Na^SO^-KjsSO^-MgSO^. 

They are systems formed by water and three salts with a 
common ion, a type of quaternary system which we discussed 
in §51 and the succeeding paragraphs. There are, on the 
other hand, three quaternary systems which can be formed 
from water, two positive, and two negative ions. These systems 
are : 

H,0-(Na„K,HCl„S04), 
H,0-(K„MVP2,sb4), 

and . H20-(Na8,Mg)-(Cl2,S04). 

They are systems formed by water and two reciprocal salt pairs, 
the type of quaternary system which we discussed in § 70 and 
the succeeding paragraphs. 

Tie system HaO-NaCl-KCl-MgCl^i is represented at 25^, 
by Janecke's method, in Pig. 136. In order to represent the 
isotherm in a quaternary system of this type within a regular 
tetrahedron, or its projection within an equilateral triangle, 
it is not essential to express the compositions of solutions in 
terms of moles of the components. It is, however, advisable 
to do so when the isotherm is to be compared with other 
isotherms in quaternary systems formed by solutions of 
reciprocal salt pairs, for these isotherms can only be repre- 
sented within a square when the compositions of solutions 

^ Van't Hofi and LxoheDstem, SiisBungtber. K. Akad. Wi99. Berlin, 1906. 236. 
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are expressed in terms of moles, or, more strictly, equivalents, 
of the components (c/. § 67). 

The system represented in Fig. 135 is comparatively simple, 
and the isotherm belongs to the type which is illustrated in 
Fig. 102, and which we have discussed in §§ 63 and 64. The 
two ternary systems HjO-NaCl-MgClj and HjO-KCl-NaCl are 
of the simplest type at this temperature, and they each show 
one isothermal invariant point ; the point A represents the 
ternary invariant solution saturated with the two soUd phases 
NadfMga^-^HaO, the point B that saturated with KCl+NaCl. 

In the ternary system H20-KCl-MgCl2 there occurs, as a 
soUd phase, the hydrated double salt KCl.MgGl2.6H2O, which is 
also known as the mineral camallite. The ternary isotherm 
shows, therefore, the sl^turation curve FO of camallite, and the 
quaternary . isotherm shows its saturation surface FMNO. 
The composition of this double salt is represented by the 
point G on the side KCl,MgCl2 of the triangle, and since this 
point does not lie on the saturation curve of camallite, it 
follows that this salt is decomposed by water. The ternary 
invariant point O represents a solution saturated with the two 
solids KCl + Camallite, and this solution is incongruently 
saturated. The quaternary invariant point N represents a 
solution saturated with the three solids KCl+Camallite+NaCl, 
and, since the point lies outside the triangle KCl, C, NaCl, 

this solution is also incongruently saturated. 

+ + - - ■ 

The system H20-(Na2, K2)-(Cl2, S04)^ has been thoroughly 
investigated at several temperatures. The isotherm at 0° is 
represented, by Janecke's method, in Fig. 136. Of the ternary 
systems which form the basis of the quaternary system, the 
only one which is not of the simplest type at 0° is the system 
H20-Na2S04~K2S04. A double salt, known as Penny's double 
salt, or as the mineral glaserite, occurs as a solid phase in this 
system. In composition, it corresponds with the formula 
K8Na(S04)2, though it forms, to some extent, isomorphous 
mixtures of varying composition with the simple sulphates 
Na2S04 and K2SO4. The validity of our general conclusions 
will not, however, be afiEected if we assume this soUd phase 
to be of constant composition and represented by the above 

^ MeyerhoSer and Saunders, Zeitsch. phyaikal. Ohem., 1899, 81 > 380. 
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formula ; it is given by the point O in Fig. 136. The point M 
represents the ternary invariant solution saturated with 
Na2SO4.10H2O + Glaserite, the point N that saturated with 
K8SO4 + Glaserite, and it is clear from the position of the 
point (?, outside the saturation curve MN of glaserite, that 
this double salt is decomposed by water, and that the ternary 
invariant solution M is incongruently saturated. In the 
quaternary isotherm, the saturation surface of Na2SO4.10H2O 
is separated from that of K2SO4 by the saturation surface of 
glaserite. There are three quaternary isothermal invtuiant 
points, and of these the point R, since it lies outside the triangle 
KCl, G, K2SO4, and the point Q, since it lies outside the triangle 
KCl, G, Na2S04, represent incongruently saturated solutions ; 
the isotherm cannot, therefore, be divided into simpler parts. 
The two salts KCl and Na2SO4.10H2O are clearly compatible 
at this temperature^ whilst the salts NaCl and glaserite are 
incompatible. 

The isotherm at 16'3° is represented in Pig. 137, and it is to 
be seen here that the salt pair KCl + Na2SO4.10H2O, which 
was the stable pair at 0°, is now unstable, whilst the previously 
incompatible salts NaCl + Glaserite are compatible at this 
temperature. We have here an example of the change in the 
stable salt pair, with the temperature, which we discussed in 
§ 74, and we saw that, when such a change occurs, a transition 
point must exist in the quaternary system at which both salt 
pairs are in equilibrium with an invariant solution. This 
transition point has been found to lie, in the present case, at 
4*4°, and the isotherm at this temperature is represented in 
Fig. 138. It can be seen that the four saturation surfaces, 
the points of which represent solutions saturated with NaCl, 
with KCl, with glaserite, and with Na2SO4.10H2O, all meet 
in the point J7. This point gives, therefore, the composition 
of the solution saturated, at the transition temperature, with 
NaCl + KCl + Glaserite + Na2SO4.10H2O. Below 4-4° the 
salt pair KCl + Na2SO4.10H2O is the stable pair, as shown in 
Fig. 136, and above 4'4® the salt pair NaCl + Glaserite is stable, 
as shown in Figs. 137 and 139. The isothermal relations at 
26° are represented in Fig. 139, and these are somewhat more 
complicated owing to the appearance of anhydrous sodium 
sulphate as a solid phase. The binary transition point of sodimn 
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sulphate decahydrate lies at 32*35°, and this is, therefore, the 
lowest temperature at which anhydrous sodium sulphate can 
exist in the binary system H20-Na2S04. The ternary transi- 
tion point of the hydrate, in the system H20-Na2S04-NaCl, 
i^^here sodium chloride is present as a third solid phase, lies at 
17'9°. At 25°, the saturation curves of both anhydrous sodium 
sulphate and the decahydrate appear, therefore, in the ternary 
isotherm, and the saturation surface of the anhydrous salt 
partially displaces that of the hydrate in the quaternary 
isotherm. At the transition point of the hydrate in the 
quaternary system, sodium chloride and glaserite, are present 
as third and fourth sohd phases, in equiUbrium with hydrated 
and anhydrous sodium sulphate and an invariant solution. 
The corresponding transition temperature is 16*3°, and between 
this and the ternary transition temperature (17* 9°), the satura- 
tion surface of anhydrous sodium sulphate must be represented 
by an entirely enclosed area which surrounds the point 8 of 
Mg. 137, and which does not extend to the side of the square 

(c/. § 58). 

+ + - - 
The system H20-(K2, Mg)-(Cl2, SO4) was studied by Lowen- 

herz^ at 25^, and this investigator's results are represented, 
by Janecke's method, in Pig. 140. Of the four ternary systems 
which are represented on the sides of the square, two show 
the saturation curves of hydrated double salts. In the 
system H20-K2S04-MgS04, the hydrated double sulphate 
K2SO4.MgSO4.6H2O occurs as a sohd phase ; it is known as 
the mineral schonite, and its composition is represented by the 
point 8 on the side K2S04,MgS04 of the square. Since the 
point 8 hes outside the ternary saturation cuTveFO of schonite, 
this double salt is decomposed by water, and the solution 
JF, which is in equilibrium with the two sohd phases 
-K2SO4 + Schonite, is incongruently saturated. 

In the system HaO-KCl-MgClg, the hydrated double chloride, 
camaUite, occurs as a sohd phase ; as we have already men- 
tioned, its composition is given by the formula KCl.MgCl2.6H2O , 
and it is represented by the point G on the side KCl,MgCl2, 
of the square, in Pig. 140. The point C lies outside the ternary 
saturation curve LZ, of camaUite, and this salt is, therefore, 

^ Zeitach. phyaikaL Ohem., 1894, 13, 469. 
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also decomposed by water, the solution i/, which is in equi- 
librium with the two solid phases KCl + Camallite, being also 
incongruently saturated. 

In the ternary system H20-MgS04-MgCl2, the heptahydrate 
MgS04.7H20, which is the stable solid phase at 26^, in the 
binary system H20-MgS04, suffers dehydration at a certain 
cpnoentration of magnesium chloride, and the ternary isotherm 
contains the saturation curves of both hepta- and hexa-hydrate. 

K^SO^ S F G MgSO^ 




Fia. 140. 



There are, therefore, two invariant points in this ternary 
system ; the point H represents the solution which is in equi- 
Ubrium with MgS04.7H20 + MgS04.6H20, and the point J 
that in equilibrium with MgS04.6HaO + MgCla-BHaO. 

The ternary system H2O-K2SO4-KCI is of the simplest type, 
and it shows the single invariant point JS?, which represents a 
solution in equilibrium with the two solid salts K2SO4 and KCl. 

Seven saturation surfaces occur, therefore, in the quaternary 
isotherm, namely, those of two double salts and one salt hydrate 
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besides the four saturation surfaces of the simple salts or their 
stable hydrates in the binary systems. It can be seen that 
the two salts MgS04 and KCl form the stable pair, though in 
regions which represent solutions of comparatively high 
potassium sulphate content the saturation surface of magnesium 
sulphate is displaced by that of the double sulphate, and in 
regions which represent solution of comparatively high 
magnesium chloride content, the saturation surface of potassium 
chloride is displaced by that of the double chloride. It will be 
found on examination that, of the five quaternary invariant 
solutions Jf , N, P, (2, and iJ, the first four are incongruently 
saturated, like the ternary invariant solutions F and L. The 
point B represents the only congruently saturated, quaternary 
invariant solution, and it is therefore the drying-up point of 
all quaternary solutions, if the solid phases are removed as 
fast as they separate. The paths of crystallisation on the 
saturation surfaces are marked in Fig. 140. Those on the 
schonite saturation smiace radiate from the point S, which 
represents a metastable solution saturated with schonite, and 
containing only schonite ; such a solution would, actually, be 
supersaturated with potassium sulphate. In the same way, 
the paths of crystallisation on the saturation surface of 
camallite radiate from the point (7, which represents the 
metastable solution containing only camallite, and saturated 
with that salt ; this solution is supersaturated with potassium 
chloride. 

' The isotherm shown in Fig. 140 is based upon the results of 
Lowenherz, but the later work of van't HoflE has shown that 
some of the solutions represented by points in this isotherm 
are in a state of metastable equilibrium. 

The existence of the hydrated double salt schonite 
{KaSO4.MgSO4.6H2O) is limited to a certain temperature 
range. At — 3^ it possesses a transition point which marks 
a lower stability limit to its existence in the ternary system 
H20-MgS04-K2S04 ; at this transition point the double salt 
is in equilibrium with the two simple salts MgS04.7H20 and 
K2SO4, and a ternary invariant solution. The range of exist- 
ence of this compound is also limited, however, on the side 
of higher temperatures, for, in the presence of a third solid 
phase, it sufEers partial dehydration at a second definite transi- 
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tion temperature, and a lower hydrate is formed which is known 
as leonite, and whifch corresponds with the formula K2SO4. 
•MgS04.4H3jO. 

The temperature at which the dehydration of schonite occurs, 
in the presence of MgS04.7H20 as a third soUd phase, is 41°. 
At this ternary transition point the three soUd phases schonite, 
leonite, and MgS04.7H20 are all in equilibrium with an invariant 
solution ; above 41° leonite can occur as a solid phase in the 
system H20-MgS04-K2S04, and its saturation curve must 
then appear in the ternary isotherm. The transition tempera- 
ture of schonite to leonite is lowered by the presence of a fourth 
component, in exactly the same way as is the transition tem- 
perature of a hydrated simple salt. The transition point of 

schonite to leonite, in the quaternary system H20-(K2, Mg)- 

(012,804), occurs at 20° in the presence of KCl and MgS04. 
.7H2O as third and fourth solid phases. It is clear, therefore, 
that the saturation surface of leonite must appear in the 
quaternary isotherm above 20°. The temperature of the 
isotherm shown in Pig. 140 (26°) lies between the quaternary 
and the ternary transition points of schonite, and the satura- 
tion smrface of leonite must, therefore, appear in the isotherm 
as an enclosed area which does not extend into the side 
K2S04,MgS04 of the square. A part of the satiu-ation siir- 
face of schonite, as given in the isotherm of Fig. 140, must, 
in other words, represent solutions supersaturated with respect 
to leonite. This body possesses the property of easily fonn- 
ing supersaturated solutions, which deposit soUd leonite only 
in the presence of a crystal of this salt, and it was for this 
reason that Lowenherz failed to recognise its possible existence 
as a stable solid phase in the quaternary system at 25°. 

We have seen that, according to the isotherm of. Fig. 140, 
the reciprocal salt pair KCl + MgS04 aq., can exist in equi- 
hbrium with solutions the compositions of which are repre- 
sented by points on the saturation curves NP and PQ. Subse- 
quent work has shown that these solutions are also metastable, 
being supersaturated with respect to a compound of the two 
salts ; the composition of this compound is represented by the 
formula KCl.MgSO4.3H2O, and it is known as the mineral 
cainite. If the system H20-KCl-MgS04 were a ternary 
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system, caimte would be a ternary compound. The line 
KCl, MgS04 o' ^S- ^^ intersects, however, besides the satura- 
tion surfaces of KCl and MgS04.7H20, those of K2SO4 and 
schonite. The system is, therefore, quaternary and not 
ternary, and cainite is a quaternary compound and not, as 
it appears at first sight, a ternary compound. It will be seen 
that the composition of cainite, which corresponds with the 
formula KCl.MgSO4.3HjO, can equally well be represented by 
the formula K2SO4.MgSO4.MgCl2.6H2O. Cainite can be con- 
sidered, therefore, as a hydrated triple salt, and it may be 
compared with the quaternary compound NaN08.CaS208. 
.NajSsOs.llHjO, which we discussed earlier in this paragraph. 
The composition of cainite, since it can be expressed in terms 
of a reciprocal salt pair only, must be represented by a point 
on a diagonal of the square (the diagonal KCl, MgS04), whilst 

that of the hydrated triple salt in the system H20-(Na2, Ca)- 

(SjOs,) [NOJs) cannot be so expressed, and is not, therefore, 
represented by a point on a diagonal of the square ; since 
the diagonal KCl,MgS04 does not represent the isotherm in 
a ternary system, cainite is, nevertheless, a quaternary com- 
pound. A compoxmd, such as cainite, the composition of 
which can be expressed in terms of water and one of the re- 
ciprocal pairs alone, has been called by Meyerhoffer a '* tetra- 
genic double salt." If the system formed by water and the 
reciprocal salt pair is ternary, the tetragenic double salt is to 
be considered as a ternary compound ; if this system is 
quaternary, then the tetragenic double salt must be con- 
sidered as a quaternary compound. The conditions of staMe 
equiHbrium in the system 

H20-(K2, MgHCij, S64) 

at 25^ are represented diagrammatically in Fig. 141 ; this 
figure shows the saturation surfaces of leonite and cainite, 
which replace the metastable areas in Fig. 140. The composi- 
tion of cainite is represented by the point K, which Ues on the 
diagonal KCl, MgS04 of the square. Since this point falls on 
the saturation surface of schonite, it follows that an unsaturated 
solution formed by dissolving cainite in water must first deposit 
schonite on the evaporation of water, and the point representing 

u 
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the composition of the solution, as the evaporation proceeds, 
wiU follow a path of crystallisation on the schonite saturation 
surface. The solution will ultimately dry, like all other 
quaternary solutions, at the constant composition of the final 
drying-up point R, provided that the solid phases are removed 
from contact with the liquid ; it is -clear that the system 
HgO-Cainite is a quaternary system. 

The fact that cainite is decomposed by water with the 
separation of schonite (K2SO4.MgSO4.6H2O) suggests the 
formula K2SO4.MgSO4.MgCl2.6H2O for cainite, rather than the 
simpler formula KCl.MgSO4.3H2O. On the other hand, we 
can consider cainite and carnallite as being formed from one 
another, at a quaternary system invariant point, by the 
following reactions : 

KCl,MgS04aq. + MgClgaq. :;^ KCLMgClgaq. + MgS04aq. 

Cainite Carnallite. 

We see that cainite, magnesium chloride, carnallite, and mag- 
nesium sulphate, are related one to another, in the same way 

+ + - - 
as are the four salts of the reciprocal salt pairs {A,C)-{B,D). 

It appears from Fig. 141 that the two salts cainite and mag- 
nesium chloride are incompatible at 25^, whilst carnallite and 
magnesium sulphate form the stable pair ; solutions saturated 
with this stable salt pair are represented by points on the 
saturation curves£/n^. It is possible that, at some quaternary 
transition temperature, all four salts may be capable of existing 
in equilibrium with one another, as represented by the scheme 
given above. 

Finally, we may mention that some of the solutions repre- 
sented by points on the saturation surface of MgS04.6H20 
in the isotherm of Lowenherz (Fig. 140) were found to be 
supersaturated with respect to the lower hydrate MgS04.H2O. 
This hydrate, which occurs as the mineral kieserite, forms 
supersaturated solutions which pass very slowly into the 
stable phase complexes, even in the presence of a crystal of 
the stable soUd phase. The saturation surface of MgS04.H20 
is shown in the isotherm of Fig. 141. 

As a last example, the isotherm at 25^, in the system 
+ + - - 
H20-(Na2, Mg)-(Cl2, SO4), is represented diagrammatically in 

Fig. 142. This system difEers from the one which we have 



m CONDENSED QUATERNARY SYSTEMS 2dl 

just discussed in the fact that the potassium ion is here replaced 

by the sodium ion. The isotherm in the ternary system 

H20-MgS04-MgCl2 at 26° is represented on the side 

MgSO^jMgCls of the square in both the iBgures 141 and 142. 

The saturation surfaces which are bounded by this side must, 

therefore, be identical in the two quaternary isotherms ; they 

are the saturation surfaces of the three hydrated magnesium 

sulphates and of magnesium chloride hexahydrate. There 

appears as a solid phase in the ternary system H^O-Na^SO^- 

MgS04, the hydrated double salt astrakanite. This double salt 

is isomorphous with leonite, which occurs as a solid phase in 

the system H20-K2S04-MgS04 ; its composition is represented 

by the formula Na2SO4.MgSO4.4H2O, which is similar to that 

of leonite, the potassium in the latter compound being here 

replaced by sodium. The sodium analogue of the more highly 

hydrated potassium magnesium sulphate, schonite, does not 

occur. The ternary system HgO-NaCl-MgClg is of the simplest 

type, and no double salt analogous to camallite appears. The 

ternary system H20-NaCl2-Na2S04 shows the isothermal 

saturation curves of both the hydrated and anhydrous sulphate 

Na2S04.10B[20 and Na2S04. 

The quaternary isotherm is much simpler than that in the 

+ + - 
system H20-(K2, Mg)-(Cl2, SO4) at the same temperature. The 

two salts NaCl and MgS04 aq. form the stable salt pair, and 

solutions saturated with these salts are represented by points 

on the curves CD, DE, EF. No tetragenic double salt analogous 

to cainite occurs in this system, and the hydrated double 

sulphate, astrakanite, does not suffer dehydration in the 

quaternary system at 26^. 
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CHAPTER IV 

CONDENSED QTXINABY SYSTEMS 

§ 77. HiTHBRTO, we have always chosen water and certain 
of the salts as independent components of a system formed 
by aqueous salt solutions. This is, however, a matter of 
convenience, and there exists no reason why we should not 
choose water and certain of the ions as independent com- 
ponents, as we have already pointed out in § 3. The system 
formed by water and the two salts AG and j5(7, which have 
an ion in common, is a ternary system, and, as independent 
components, we have chosen 'water and the two salts them- 
selves. If we choose water and the ions as componei^ts, it is 

+ + 
clear that we cannot consider all three ions. A, B, and C, as 

independent components, since the system is not quaternary. 
The absolute amounts of the three ions, in any phase, are 
related to one another by the fact that the sum of the positive 
ions, expressed in equivalents, is equal to the sum of the nega- 
tive ions similarly expressed. The amount of one ion in any 
phase is determined when the amounts of the other two are 
given, and only two of the ions can be considered, therefore, 
as independent components. In general, we can say that a 
system which is formed by water and n difEerent ions is a 

system of the nth order ; water and n — I of the n ions can 
be considered as the n independent components of the system. 
Thus, a quaternary system is formed by water and four different 
ions, of which three may be considered as independent <$om- 
ponents ; of the four ions, three may be of the same sign, or 
two may be of one sign and two of the other. We thus obtain 
the two different types of quaternary system which were dis- 

202 
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cussed in the previous chapter, namely, the type illustrated by 

W-{X B, cy-D 

or W-A^BD-CD, 

which is formed by water and three salts having a common 
ion, and the type illustrated by 

which is formed by water and two reciprocal pairs. 

A system of five components is formed by water and five 
different ions, four of which may be considered as independent 
components ; here again, there exist two possibilities, for, of 
the five ions, four may be of like sign, or three may be of one 
sign and two of the other. We must consider, therefore, the 
two following types of quinary system : 

Tf-(i,J?,C,^)-i.l 

or W-AE-BE-^E-DE] 

and 

w-{A, B, cy{b, E) 

or W-AD-BD-OD-AE-BE-CE 

It follows from the phase rule that when six phases are in 
equilibrium in the condensed system of five components, at 
constant pressure, then the equilibrium is invariant ; five solid 
phases in equilibrium with a solution will occur, therefore, at 
a quinary system invariant point. Five phases in equi- 
librium with one another constitute a monovariant quinary 
system at constant pressure, and four solid phases wUl occur, 
therefore, in equilibrium with a solution at an isothermal 
invariant point. The isothermal saturation curves wUl repre- 
sent solutions in equilibrium with three solid phases, and the 
isothermal saturation surfaces solutions in equilibrium with 
two solid phases. 

§ 78. It is clear that the difficulty of obtaining a graphical 
representation of the equilibrium conditions increases as the 
number of independent components in the system increases. 
Thus, in the condensed binary system, we were able to obtain 
a complete polythermal representation in one plane, {.e., a 
complete representation of the relations which exist, at constant 
pressure, between temperature and the compositions of solu- 
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tions. In the condensed ternary system a space figure was 
necessary for this purpose ; the isothermal conditions of 
equilibrium could alone be represented completely in one 
plane. In the condensed quaternary system the complete 
polythermal conditions of equilibrium could no longer receive 
complete graphical expression, and the isothermal relations 
could be completely represented only by means of a space 
figure. In the quinary system it is not possible to obtain 
a complete representation, even of the isothermal conditions 
of equiUbrium, in one space figure. 

We will first suppose that the quinary system is formed 
by water and four salts with a common ion (type 1 of § 77) ; 
we will denote the salts, briefly, by the symbols S^, S^, S^y and 
S^4, and we will choose water and these four salts as independent 
components of the system. We wUl express the compositions 
of solutions in Janecke's form : 



where the sum of the concentrations of the four salts is equal 
to 100. The concentration variable m, which gives the water 
content of solutions, will then be considered independently 
fiom the variables a;, y, and 2, which give the percentage com- 
positions of the salt mixtures contained by solutions (c/. § 56). 
Now in the quinary polytherm we must have, as inde- 
pendent variables, the temperature T, the water content m 
of the solutions, and the three factors x, y, and z, which give 
the compositions of salt mixtures. In order to represent the 
simultaneous variations of these five independent variables 
we should require a figure in five dimensions. If the tempera- 
ture T is considered constant, then the simultaneous variations 
of the four factors m, x, y, and z would represent the isothermal 
behaviour of the system ; but this variation would still require 
a figure in four dimensions for complete graphical expression. 
If, however, we choose to leave the water content m, of solu- 
tions, unexpressed, then we can obtain a partial representation 
of the quinary isotherm by means of a figure in three dimen- 
sions, a representation which shows the simultaneous varia- 
tions of the three factors a?, y and z. This figure will give only 
the compositions of the salt mixtures contained in solutions 
si^turated at s^ fixed temperature, and it will not give the total 
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^ A tnpositions of such solutions ; to every point in the figure 

\Vre will correspond an unexpressed, though definite, value 

:>r the water content m, and this value will vary from point 

o point. If the positions of points in the space figure are 

^ferred to the faces of a regular tetrahedron, as described in 

j 49, it will be possible to give actual graphical expression, not 

only to the independent variables x, y, and z, but also to the 

dependent variable 100 — x + y + z^ which occurs in the form 1 
of this paragraph, and which gives the concentration of the 
fourth salt in the salt mixture. This will be clear from § 49 
mrithout further explanation. 

§ 79. The isotherm in the system W-S 1-82-8^-8^, when 
only the component salts occur as solid phases, is repre- 
sented by Janecke*s method in Pig. 143. The four comers of 
the regular tetrahedron 81828^^ represent the four pure salts, 
and a point within the tetrahedron represents the percentage 
composition of the salt mixture contained by a saturated 
solution, in such a way that the distance of the point from the 
face opposite to the 8^ comer gives the percentage of 81 con- 
tained in the mixture, its distance from the face opposite to 
the 82 comer gives the percentage of 82 etc. ; if the edge of 
the tetrahedron measures 100, then these distances must be 
measured parallel to the edges of the tetrahedron as described 
in § 49, and their sum will be equal to the length of an edge, 
i.e., to 100. As the basis of this quinary system, we 
must consider the four quaternary systems W-Sy-82-8^, 
' W-S^-8^-8^, W-8^''8^-82,And W-82-8^-8^, and the isotherms 
in these systems are represented one in each of the faces of 
the tetrahedron. The isotherm in the quaternary system 
W— 81-82-8^ is represented, for example, by Janecke's method, 
in the face 8^828^, and it is to be compared with the simple 
quaternary type which was illustrated in Fig. 82. The point 
O represents the quaternary invariant solution saturated, at the 
temperature of the isotherm, with the three salts /Si+ ^2+ 8^. 
Points on the curve OL, which, starting from the point G, 
extends into the interior of the tetrahedron, represent quin- 
ary solutions which are also saturated with these three salts. 
It is the quinary saturation curve of 81+ 82+ 8 ^^ and it 
ends in the quinary invariant point L, which represents the 
solution saturated, at the temperature of the isotherm, with the 
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compositions of such solutions ; to every point in the figure 
there will correspond an unexpressed, though definite, value 
for the water content m, and this value will vary from point 
to point. If the positions of points in the space figure are 
referred to the faces of a regular tetrahedron, as described in 
§ 49, it will be possible to give actual graphical expression, not 
only to the independent variables x, y, and z, but also to the 

dependent variable 100 -— x + y + z, which occurs in the form 1 
of this paragraph, and which gives the concentration of the 
fourth salt in the salt mixture. This will be clear from § 49 
without further explanation. 

§ 79. The isotherm in the system W-S 1-82-8 ^-8^, when 
only the component salts occur as solid phases, is repre- 
sented by Janecke's method in Fig. 143. The four comers of 
the regular tetrahedron 818^8^^ represent the four pure salts, 
and a point within the tetrahedron represents the percentage 
composition of the salt mixture contained by a saturated 
solution, in such a way that the distance of the point from the 
face opposite to the 8^ comer gives the percentage of 8^ con- 
tained in the mixture, its distance from the face opposite to 
the 82 comer gives the percentage of 82 etc. ; if the edge of 
the tetrahedron measures 100, then these distances must be 
measured parallel to the edges of the tetrahedron as described 
in § 49, and their sum will be equal to the length of an edge, 
i.e., to 100. As the basis of this quinary system, we 
must consider the four quaternary systems W-81-82-8^, 
' W^^-8^-8^y W-8^-8^-82,AJid Tr-^2-^8-^4» and the isotherms 
in these systems are represented one in each of the faces of 
the tetrahedron. The isotherm in the quaternary system 
W-81-82-8^ is represented, for example, by Janecke's method, 
in the face 8^828^, and it is to be compared with the simple 
quaternary type which was illustrated in Fig. 82. The point 
O represents the quaternary invariant solution saturated, at the 
temperature of the isotherm, with the three salts ^S^-f 82+ 8^. 
Points on the curve OL, which, starting from the point 6?, 
extends into the interior of the tetrahedron, represent quin- 
ary solutions which are also saturated with these three salts. 
It is the quinary saturation curve of 8^^+82+ 8^, and it 
ends in the quinary invariant point L, which represents the 
solution saturated, at the temperature of the isotherm, with the 
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four salts 81+82+8^+ 8^. We have already shown in § 77 
that the isothermal invariant point in the five component 
system represents a solution which is in equilibrium with four 
solid phases, and that points on the isothermal saturation 
curves represent solutions which are in equilibrium with three 
solid phases. 

It can be seen that the remaining quaternary isotherms, 
which are represented on the other three faces of the tetra- 
hedron in Fig. 143, are also of the simplest type, and that 
each quaternary invariant point forms the starting point of a 
quinary saturation curve which ends in the quinary invariant 
point L, 

The surface AOL J is bounded in the faces 81828^ and 8^828^ 
by the curves AO and AJ^ which are the saturation curves of 
81+82 in the two quaternary systems which contain both 
these salts. This surface is, therefore, the quinary satura> 
tion surface of 8^+ 82. There are five other quinary 
saturation surfaces in the isotherm, namely, BOLH that of 
^1+ ^8, GHLJ that of 8^+ 8^, DOLE that of 82+ 5„ FJLK 
that of 82+ 8^, and EHLK that of 8 2+ 8^. 

The saturation surfaces divide the interior of the tetrahedron 
into four spaces, the points of which represent solutions satu- 
rated with one salt ; these spaces can be distinguished more 
clearly in Fig. 144, where they are shown separated from each 
other. The space I in this figure is bounded, in the faces 
8^828^, 8^8^8^, and 8^8^82, by the surfaces 8yA0B, 8^BHC, 
and 8fiJAy which are the saturation surfaces of S^ in the three 
quaternary systems which contain this salt ; this space is, 
therefore, the quinary saturation space of /Sj. The space II 
is, similarly, the saturation space of 82^ the space III that of 
/Sfg, and the space IV that of 8^. 

It may be mentioned that the quinary phase complexes 
and unsaturated solutions can no longer be represented ; this 
arises from the fact that the representation of the quinary 
isotherm is necessarily incomplete. A point within the tetra- 
hedron of Fig. 143 defines a salt mixture of a certain composi- 
tion, and, if this salt mixture is contained by a saturated solu- 
tion, the water content will also possess a definite value corre- 
sponding with, though not expressed by, the point. If we do 
not make this assumption then the point may represent, at 
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one and the same time, either an unsaturated solution (if the 
i^rater content is greater than corresponds with a saturated 
solution), or a phase complex (if the water content is less than 
that of the saturated solution). We see, therefore, that a 
definite meaning can be attached to a point within the tetra- 
hedron of Mg. 143 only if we assume it to represent a saturated 
solution ; only in this case will there correspond, with each 
point in the figure, a definite value for the water content, and, 
unless this assumption is made, a given point may represent, 
at one and the same time, a saturated solution, an unsaturated 
solution, and a phase complex. These conclusions are true 
of any graphical representation which, while giving the com- 
positions of salt mixtures, omits to give expression to the water 
conteniH-the representation is free from ambiguity only if 
all points are assumed to denote saturated solutions ; they 
apply, for example, to Janecke's plane representation of the 
ternary polytherm (§ 38), and to Janecke's plane representa- 
tion of the quaternary isotherm (§ 56). 

A representation of the quinary isotherm in one plane 
can be obtained by a projection of the space figure ; we may, 
for example, project the figure upon the base of the tetra- 
hedron. Since, however, the base of the tetrahedron already 
contains the quaternary isotherm in the system W'-82-Si-8^, 
it is better to project each saturation space separately, upon 
the tetrahedral face which is opposite to it. In Fig. 145 there 
is shown a part only of the quinary isotherm, namely, the 
quinary saturation space S^AOBHCJLy of the salt S^y 
with its boundary surfaces and curves (c/. Figs. 143 and 144). 
This space is bounded, namely, by three quinary satura- 
tion surfaces, the points of which represent solutions saturated, 
not only with S-^^ but also with one other salt S^y /S3, or /S^. 
These surfaces, intersecting by pairs, form three qumary 
saturation curves the points of which represent solutions 
saturated, not only with 8^y but also with two other salts, and 
the saturation curves intersect in a point which represents a 
solution saturated, not only with 8^^ but also with all three 
other salts. We will now suppose that the saturation space 
of iSi is projected upon the face S^^S^ of the tetrahedron, by 
means of lines which radiate from the point Si, as shown by 
the dotted lines in Fig. 145, and in exactly the same way as 
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the quaternary isotherm was projected in § 56. The projec- 
tion is shown on the base on the tetrahedron in Fig. 145, and 
in the plane of the paper in Fig. 146. Since Fig. 146 is the 
projection of the quinary saturation space of 8^, every poitU 
in it must represent a solution saturated with this salt, but, 
here again, a certain assumption must be made if the points 
of this figiure are to have definite meanings. The point JT 
(Fig. 145) lies, for example, on the saturation surface of S^+ 8^, 
and it represents a solution which is saturated with these two 
salts, and which has a definite, though unexpressed, water 
content ; its projection on the base of the tetrahedron is given 
by the point ky but it is clear that this point k is also the pro- 
jection of all points on the line S^Ky which, since they lie in 
the saturation space of 8^, represent solutions, of varying water 
content, all saturated with the single salt 8i. The point k 
wiU, therefore, only possess a definite meaning if we assume 
that it represents a solution saturated, not with the salt S^^ 
alone, but also with the second solid phase 8^. Similar con> 
siderations can be applied to all points in Fig. 146 ; they will 
acquire a definite meaning only if they are assumed to repre- 
sent solutions saturated, not alone with 8^, but also with at 
least one other solid phase. Thus points in the area S^lj 
must be considered only as the projections of points on the 
saturation surface AOLJy ot 8^+ 8^; as it is already under- 
stood that all points in Fig 146 represent solutions saturated 
with 8iy it is only necessary to indicate, in the figure, the second 
solid phase with which solutions are saturated, and the surface 
8^lj is, therefore, marked with the solid phase 8^ only. In 
the same way, points on the surface 8^lh of Fig. 146, if they 
are to acquire a definite meaning, must be considered only as 
the projections of points on the saturation surface BOLH, of 
8i+ 8^ (Fig. 145), and the surface 8alh is therefore marked 
with the solid phase 8^. Points on the curve gl (Fig. 146) 
then represent solutions saturated, not only with the two 
salts 8^+ 5^3, but also with the salt 8^ ; similar considerations 
may be applied to the saturation surface marked 8^ and to 
the two remaining saturation curves jl and W— their points 
represent solutions saturated with 8^, and with the additional 
solid phase, or solid phases, indicated in the figure. We may 
say that Fig. 146 gives an (incomplete) representation of the 
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equilibrium in the system W—Si-S^—S^ when it is res- 
tricted by the following conditions: 1, the temperature is 
constant, and 2, the salt 8^ is always present as a solid phase 
in equilibrium with other solid phases and a solution. 

The saturation space of the salt 8^ can be projected, in a 
similar way, upon the face 8-^8^8^ of the tetrahedron, that of 
the salt 8^ upon the face 8^8^^, and that of the salt 8^ upon 
the face 81828^. Any one of the plane figures obtained in 
this way wiU naturally give a very incomplete quantitative 
representation of the conditions of equilibrium. Thus a point 
in Fig. 146 gives only the concentrations of the three salts 
^2> ^3' ^^d ^4 contained by a saturated solution, these con- 
centrations being expressed as percentages of the total weight 
of the three salts 82+ 8^+ 8^ which is present in the solution. 
Liike the points in the space figure (Fig. 145), the points of the 
projection (Fig. 146) leave the water content of solutions 
unexpressed, and, in addition, the concentration of the salt 8^^ 
with which every solution is saturated, receives no expression 
in the projection ; to every point in such a projection, there 
correspond definite, though unexpressed, values for two con- 
centration factors — ^those of water and of 8^. 

It can be seen that the projection, given in Fig. 146, of the 
saturation space of 8^ in the quinary isotherm 

W-8^-82-82'-8^, 

is identical in form with the quaternary isotherm 

W-82-8^-8^, 

as shown, for example, on the base of the tetrahedron in 
Fig. 143. To a given saturation surface, the points of which 
represent solutions saturated with a certain salt in the 
quaternary system W-82—8^-8^y there corresponds a similar 
surface in the projection of the quinary saturation space 
— a surface the points of which represent solutions satu- 
rated with that same salt plus 81 ; to a given saturation curve, 
the points of which represent solutions saturated with a 
certain salt 'pair in the quaternary system, there corresponds 
a similar curve in the quinary projection — a curve the 
points of which represent solutions saturated with that same 
pair plus 5^. 

The projection of the saturation space of 8^ in the quinary 
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eystem would still be of the same form as the isotherm, in 
the quaternary system W-8^-8^-8^ even though the latter, 
instead of possessing the simple form which we have assxmtied 
for it, showed the saturation surfaces of binary or ternary 
compounds ; to the saturation surface of a compound in the 
quaternary system there would correspond a saturation surface 
of the compound plus S^ in the quinary projection. This 
would no longer be true, however, if the salt 8i itself formed 
compounds with any of the other salts. If, for example, the 
salt 8i formed a binary compound 8^,82 ^^^ *^® salt 8^, then 
the quinary saturation space of 8^ would be bounded partly 
by the saturation surface of 8^+ S^i-jSj. The compound 
81.82 could not occur, however, in the quaternary system 
W -82-8 2-8^, and the quaternary isotherm could not contain 
a corresponding saturation surface. 

§ 80. We will consider next the graphical representation of 
quinary mixtures in systems formed by water and five 
ions, three of which are of one sign and two of the other 
{type 2, § 77). In the system 

W-{A, B, C)-(J9, i), 

the following six salts can occur as solid phases : 

AD, BD, CD, AE, BE, CE. 

Since, as we have shown, the system is one of five components, 
we can only consider four of these salts as independent com- 
ponents. In order to avoid an arbitrary choice of salts, we 
shall express the compositions of solutions in terms of the ions, 
as we did in the case of quaternary phases formed by solutions 
of reciprocal salt pairs (§ 73) ; here, again, we shall express the 
concentrations of the positive ions in equivalents in such a way 
that their sum, and therefore also the sum of the concentra- 
tions of the negative ions similarly expressed, is equal to 100. 
The composition of the liquid phase will, therefore, be 
expressed in the following mathematical form : 

+ + + - .• 



mTr,a;^,y5,(100 - x + y)C,«A(100 -z)E . 1. 

An examination of this form will show that the concentration 
variably ^vhich are used to define the composition of quin- 
ary solutions can be divided into three groups. The first 
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group contains only the variable tn, which gives the water 
content of the solution. The second group contains the two 
independent variables x and y, and the dependent variable 

100 — a? + y. These give the percentage composition of the 

mixture of positive' ions contained by the solution ; among 

100 equivalents of the positive ions, there are x equivalents of 

+ + 

t>he ion Ay y equivalents of the ion £, and the remaining 

100 — X + y equivalents are formed by the third positive 

+ 
ion C The third group of concentration variables contains 

the independent variable 2, and the dependent variable 100 — z. 
These give the percentage composition of the mixture of 
negative ions contained by the solution ; among 100 equiva- 
lents of the total negative ions there are z equivalents of the 



ion D, the remaining 100 — z equivalents being formed by the 

ion E. We have assumed here that the three ions Ay -B, and C 
are all positive, but a similar treatment can clearly be applied 
to the case of salt mixtures which contain three negative and 
two positive ions. 

We can represent in space the simultaneous variations of 
the three independent variables x^ y^ and z of the form 1, but, 
in this case, we must leave the water content of solutions (m) 
unexpressed. We see again that it is only possible to represent, 
in a space figure, the compositions of the salt mixtures contained 
by quinary solutions*; since we are limited to three dimen- 
sions the representation of the quinary isotherm is, at the best, 
a partial representation. "^ 

By means of the following method, which is due to Janecke, 
we are able to give graphical expression, not only to the three 
independent variables x, y, and z of the form 1, but also to the 

two dependent variables 100 — x •\- y and 100 — 2. Fig. 147 
represents a prism the triai|gu}ar faces of which, AD^ BD, CD, 
and AE, BE, CE, ar^ equilateral, and the quadrilateral 
faces of which, AD, AE, BE, BD ; AD, AE, CE, CD ; and 
BD, BE, CE, CD, are square. The eight edges of the prism 
are, therefore, equal to one another in length, and this length 
is chosen to represent 100. Every point in the triangular 
face AD, BD, CD represents the composition of a salt mixture 
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which contains the single negative ion D ; such salt mixtures 
can be considered as the limiting cases of mixtures that contain 
both negative ions, namely, the Umiting case in which the 
concentration of the ion E has become ^ual to zero ; the 
percentage composition of the " mixture " of negative ions is 

IOOjD, OJS?, 

Every point in the triangular face AE^ BE, CE represc^nts the 
composition of a salt mixture that contains the single negative 

ion Ef and such salt mixtures must again be considered as 

L 



BDC 




Fig. 147. 



limiting cases ; the percentage composition of the *' mixture " 
of negative ions is here 

o3, lOOJS?. 

Points in a section LMN of the prism, parallel to the triangular 
faces, represent salt mixtures which contain both negative 

ions D and E, but which all contain these two in the same 
proportion. Of the total negative ions, the percentage of the 

ion D which is contained in these mixtures is measured by the 
distance of the section from the end face AE, BE, CE, the 
points of which represent salt mixtures containing none of 
this ion. It is given, therefore, by either of the lengths L, AE ; 
M, BE ; or N, CE, which we will call z in accordance with the 

mathematical form 1. The percentage of the ion E on the 



IV CONDENSED QUINARY SYSTEMS 303 

total negative ions is 100 — 2, lihd, since we have chosen the 
edge of the prism to represent 100, this percentage is given by 
either of the lengths L, AD ; Jf , BD ; or jV, CD. It is giveti 
by the distance of the section from the end face AD^ BDy CD, 
the points of which represent salt mixtures containing none of 

the ion E. We can say, therefore, that all points in the section 
LMN represent salt mixtures containing the two negative ions 

D and E in the proportion 



zi),100 - zE. 

We have thus limited the position of the point that represents 
a salt mixture of a given composition to a certain plane section 
of the space figure. The precise position of the point in this 
plane is determined by the concentrations of the positive ions 
in the following way. Every point on the line AD,AE repre- 
sents the composition of a salt mixture which contains the 

single positive ion A, every point on the line BD^BE that of 

a salt mixture which contains the single positive ion j5, and ^ 

every point on the line CDfiE that of a salt mixture which 

+ 
contains the single positive ion C. The points L, M and N 

represent, therefore, salt mixtures which have the following 

compositions as far as concerns their content of positive ions : 

100^, OJ?, OC, (L) 

oi, lOOB, 00, (M) 

04, OJ?, lOOC, (N) 

The point L represents a mixture of salts which contains, 

besides a definite mixture of negative ions, only the positive 

+ 
ion A ; the point M represents a mixture of salts which con- 
tains, besides this same mixture of negative ions, only the 

+ 
positive ion B ; and the point N represents a salt mixture 

which contains, besides this mixture of negative ions, only the 

positive ion C, It is clear that a point such as P, which lies 
in the section LMN, must represent a salt mixture that contains, 
besides the definite mixture of the two negative ions, a definite 
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mixture of the three positive^ ions ; namely, a mixture the 
composition of which is determined in the usual way by the 
position of the point P with respect to the sides of the equi- 
lateral triangle LMN. Of the totfiJ positive ions, the per- 

centage a;, of the ion A^ which is contained by the salt mixture 

P is measured by the distance of the point P from the 

side MN^ opposite to the vertex L, which represents the pure 

+ 
ion A (associated, of course, with the definite mixture of negative 

ions). The percentage j/, of the ion £, is measured by the 

distance of the point P from the side LN^ opposite to the 

+ 
vertex Jf , which represents the pure ion B ; the percentage 

+ 

100 — a: -f y, of the third positive ion C, must then be measured 

by the distance of the point P from the side LM, opposite to 

the vertex N^ which represents the pure ion C. 

Summarising, we see that a mixture of the composition 
represented by the form 1 is partially represented by a point 
within the prism in the following way. The water content m 
is neglected. A section of the prism parallel to the triangular 
faces ia chosen such that it divides the edges AD^ AE ; BD,BE ; 
and CDy CE into two parts which represent the concen- 
trations of the two negative ions in the negative ion mixture : 

21), 100 - zE. 

The desired point lies in this section, and it is situated so as 

to represent the composition of the positive ion mixture : 

^ + + + 

a;-4,yJ5,100 — x +yC, 

by reference to the sides of the equilateral section, in the way 
which we have always used for representing the compositions 
of ternary mixtures. 
The point AD, since it lies on the face AD, BD, CD, represents 

a " salt mixture " which contains the single negative ion D ; 

and since it lies also on the line AD, AE it represents a 

+ 
" mixture '* which contains the single positive ion A. The 

point AD represents, therefore, the pure salt AD, or, more 

strictly, the solution saturated with the pure salt AD at a 
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certain temperature. In the same way it will be seen that 
the remaming five comers of the prism represent the saturated 
solutions of the remaining five simple salts which can occur 
as solid phase in the quinary system. Points on an edge 
of the prism represent saturated solutions in a ternary system 
formed by water and two salts with a common ion ; there 
are nine such ternary systems forming the basis of the quin- 
ary system, and these are represented, at the temperature 
of the isotherm, one on each of the nine edges of the prism. 
There are five quaternary systems which form the basis of 
the quinary system, and saturated solutions in these are 
represented on the faces of the prism. Of the five quaternary 
systems, two are formed by water and three salts with a 
common ion : 

W-{A, B, C)-D 

and W-il, B, C)-E. 

They are represented one on each of the triangular faces of 
the prism. The remaining three quaternary systems are 
formed by water and reciprocal salt pairs, 

. W-{A, B)-{D, E) 
W-(A, CHD, i), 

and W-(B, C)^i>, E). 

They are represented one on each of the square faces of the 
prism. 
§ 81. The isothermal conditions of equilibrium in the system 

when the only solid phases which can occur are the six simple 
salts, may be represented by Fig. 148. The isotherms in the 
five quaternary systems which form the basis of this quinary 
system are represented, by Janecke's method, on the faces of 
the prism ; the quinary saturation curves are marked in 
heavy line, in this figure, in order that they may be easily 
distinguished from the quaternary saturation curves. The 
isjjf herms in the two quaternary systems which are formed by 
water and three salts with a common ion are to be found in the 

X 
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two triangular faces of the prism ; they may be compared with 
the simple quaternary type depicted in Fig. 82. The isotherms 
in the systems which are formed by water and two reciprocal 
pairs are to be found in the three square faces of the prism, and 
they may be compared with the quaternary type depicted in 
Fig. 112. 

The quaternary system W-AD-BD-CD is represented at 
the temperature of the isotherm (Fig. 148), by the three 
saturation curves PF^ PO^ PHy and the invariant point P, 
which represents the solution saturated with the three salts 
AD +BD + CD. The quaternary system W-AE-BE-CE 
is represented by the three saturation curves QJ^ QK, QL^ 
and the invariant point Q. In the quaternary system formed 
by water and the reciprocal salt pairs AD, BE and AE, BD^ 
which is depicted on the front square face of the prism, the 
two salts AD and BE are represented as constituting the 
stable pair ; solutions saturated with this stable pair are 
represented by points on the quaternary saturation curve RSy 
whilst the quaternary invariant points R and 8 represent 
solutions ' saturated with the salt triads AD + BE + BD 
and AD + BE + AE respectively. The quaternary system 
formed by water and the reciprocal pairs AE^ CD and -4D, CE 
is depicted on the back face of the prism, and the two salts 
AE and CD are here represented as the stable pair ; solutions 
saturated with this pair are represented by points on the 
quaternary saturation curve Tt^, whilst the quaternary invariant 
points T and V represent solutions saturated with the salt 
triads AE + CD + AD and AE + CD ^^ CE respectively. 
Finally, the quaternary system formed by water and the 
reciprocal pairs CD, BE and CE, BD is depicted on the base 
of the prism, and the two salts CD and BE are represented as 
the stable pair ; solutions saturated with this pair are repre- 
sented by points on the quaternary saturation curve VW, 
whilst the quaternary invariant points V and W represent 
solutions saturated with the salt triads CD + BE + BD and 
CD +BE + CE respectively. 

We see that there are eight quaternary invariant points in 
the quinary isotherm (Fig. 148), and each of these must 
form the starting point of a quinary saturation curve, 
the points of which represent solutions in equiUbrium wi^ 
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three solid phases ; the quinary saturation curves must 
end, within the prism, in quinary invariant points, which 
represent solutions saturated with four soUd phases. The 
nature of the foiuiih sohd phase the appearance of which 
corresponds with the termination of a quinary saturation 
curve can be determined when the six simple salts alone appeal 
as soUd phases, and when the relations in the fimdamental 
quaternary systems €fcre known. We saw in § 70 that the four 
salts which constitute two reciprocal salt pairs (for example, 
AD, BE, AE, and BD) may all exist, at a quaternary transi- 
tion point, in equilibrium with one another, and with a 
quaternary invariant solution. The equiUbrium at such a 
transition point is represented by the following scheme : 

AD + BE ^ AE + BD. 

It is an equilibrium which involves only the solid phases, an 
equilibrium in which the solution takes no part. In this 
respect, the transition point of the reciprocal pairs is strictly 
analogous to that of the anhydrous double salt in the ternary 
and quaternary systems (cf. § 60). It follows, namely, that 
the transition temperature of the reciprocal pairs is the same, 
in the quaternary, as in the quinary system. In addition 
to the four salts of the reciprocal pairs, a fifth soUd phase will 
certainly be necessary for the definition of a quinary system 
invariant point (§ 77), but the temperature of the equilibrium 
cannot be afEected by the presence of a quinary liquid phase 
and an additional solid phase which take no part in the equi- 
librium reactions. If the temperature of an isotherm is below 
the quaternary transition point of two reciprocal pairs, it 
is also below the quinary transition point of those pairs, 
and if , as a consequence, two salts are incompatible in the 
quaternary system, they must also be incompatible in the 
quinary system. 

We will now return to the isotherm shown in Fig. 148. 
The point P represents the quaternary invariant solution 
saturated with the three salts AD + BD + CD, and the curve 
PX, which radiates from this point, is the quinary satura- 
tion curve of these three salts. It ends in the quinary 
invariant point X, where a fourth salt appears as a solid 
phase ; this foiuiih solid phase, since we assume the absence 

X 2 
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of compounds, must be one of the three remaining simple 
salts AE^ BEf or CE. Now it can be seen from the figure 
that the salt AE is incompatible with the salt BD in the 

quaternary system W-iA, B)-{DyE), which is repre- 
sented on the front face of the prism. The salt CE is in- 
compatible with BD in the quaternary system 

W-(B, G)-{D, i), 

which is represented on the base of the prism. Both AE and 
CE are, therefore, also incompatible with BD in the quinary 
system, and a quinary solution which is in equiUbrium with 
the salt triad AD+BD+CD cannot simultaneously be in equi- 
librium with either AE or CE. The only salt which can 
appear as a fourth solid phase in equilibrium with these three 
is BE, It can, in fact, be seen that this salt is compatible with 

AD in the system W^A, B)'{D, E), with CD in the 

+ + - - 
system W-iB, C)-{D, E), and of necessity with BD^ since 

the two, having an ion in common, cannot react. 

The point X represents, then, the quinary invariant solution 

which is saturated with the four salts : 

AD + BD + CD + BE. 
From it, there must diverge the saturation curves of those 
salt triads which can be obtained from the four salts by taking 
three at a time. There are four such salt triads, namely : 

AD+BD+CD . . . . 1. 

AD + BD +BE . . . . 2. 

BD + CD + BE . . . . 3. 

and AD + CD + BE ... . 4. 

The curve XP is, as we have already seen, the saturation curve 
of the three salts AD + BD + CD (1), and it ends on a face 
of the prism, at the invariant point P in the quaternary system 
W-AD-BD-CD. The curve X8 ends on the front face 
of the prism, in the quaternary invariant point 8, which 
represents a solution in equilibrium with the three salte 
AD + BD + BE ; it is, therefore, the saturation curve of 
this salt triad (2). 

Similarly, the curve Z7 is the saturation curve of the salt 
triad BD + CD + BE (3), since it ends in the invwant 
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point 7, which represents a quaternary solution in equi- 
librium with these salts. There is no point, on the faces of the 
prism^ which represents a quaternary solution in equilibrium 
with the three salts AD + CD + BE (4) ; this salt triad, 
imlike those which may appear at the invariant points in the 
fundamental quaternary systems, contains all five ions, and 
its saturation curve must end iDiihin the prism, in a second 
quinary invariant point. At this invariant point one of 
the three remaining simple salts BD, AE, or CE must appear 
as a fourth solid phase ; of these, we may exclude the salt BDy 
since it occurs in equilibrium with the salt triad 4,^t the first 
invariant point X ; the salt CE must also be excluded, since 

it is incompatible with the salt AD in the quaternary system 

+ + - - 
W-^A, CHD, E). The saturation curve Z7, of the salt 

triad 4, ends, therefore, in a second invariant point 7, where 

the salt AE appears as a fourth solid phase. The salts in 

equilibrium with a quinary solution at the invariant point 

T are : 

AD + CD + BE + AE 

(Salt triad 4 + AE) 

The following salt triads can be formed from these four salts 
by taking three at a time, and the correspopding saturation 
curves must diverge from the invariant point Y : 

AD + CD + BE . . . . 4. 

AD + CD+AE . . . .6. 

AD+BE+AE . . . . 6. 

CD+BE+AE . . . .7. 

We have already considered the saturation curve TX of the 
salt triad AD + CD + BE (4), and we have seen that it is 
bounded ai each end by a quinary invariant point. The 
curve YT is the saturation curve of the salt triad 

AD + CD + AE (5), 

since it ends on the back face of the prism, in the invariant 
point T, which represents the quaternary solution in equi- 
librium with this salt triad. Similarly, the curve YB is the 
saturation curve of the salt triad AD + BE + AE (6), since 
it ends on the front face of the prism, in the invariant point i2, 
which represents the quaternary solution in equilibrium with 
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these salts. There exists no point on the faces of the prism 
which represents a quaternary solution in equilibrium with 
the salt triad CD + BE + AE (7) ; these salts also contain 
aU five ions, and the corresponding saturation curve must also 
end, at each extremity, in a quinary invariant point. At 
this third invariant point one of the three salts AD^ CE, or BD 
(no one of which is contained by the salt triad 7) must occur as 
a fourth solid phase. Proceeding as before, we find that we 
must exclude the salt AD because it forms the fourth solid 
phase at the invariant point F, and the salt BD because it is 
incompatible with AE in the quaternary system 

W^A, BHD, i). 

The third quinary invariant point Z represents, therefore, 
a solution in equilibrium with the following four salts : 

CD + BE +AE + CE 
(Salt triad 7 + CE). 

The curve YZ is the saturation curve of the salt triad 7, and it 
is bounded by the two quinary invariant points T and Z. 
The saturation curves of the following salt triads must diverge 
from the point Z : 

CD + BE + AE . . . . 7. 

CD + BE + CE . . . .8. 

CD + AE + CE . . . .9. 

BE + AE + CE . . . .10. 

The curve ZW is the saturation curve of the salt triad 
CD + BE + CE (8), since it ends on the base of the prism, 
.in the point TT, which represents the quaternary invariant 
solution in equilibrium with these salts. This curve ZV is 
the saturation curve of the salt triad CD + AE + CE (9), 
since it ends on the back face of the prism, in the quaternary 
invariant point Uy and the curve ZQ is the saturation curve of 
the salt triad BE + AE + CE (10), since it ends on the 
triangular face of the prism, in the quaternary invariant 
point Q. 

We have shown that there are ten quinary saturation 
curves in this simple type of quinary isotherm ; points on 
these curves represent solutions which are in equilibrium with 
three solid phases. The saturation curves bound saturation 
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surfaces the points of which represent solutions which are in 
equilibrium with two solid phases, and the saturation surfaces 
boimd spaces the points of which represent solutions which 
are in equilibrium with one solid phase. The quinary 
saturation surfaces and spaces can be distinguished more 
clearly in Kg. 149, where the quinary isotherm is dissected 
into the various spaces. It can be seen that, to the six comers 
of the prism, which represent the binary solutions saturated 
with each of the six simple salts at the temperature of the 
isotherm, there correspond six saturation spaces ; the points 
in these spaces represent the quinary solutions saturated 
with each of the six simple salts at the temperature of the 
isotherm. 

We will suppose that, in the isotherm of Fig. 148, a plane is 
laid through the comers AD^ CD, and BE, as shown in that 
figure. It will be found, on examination, that this plane inter- 
sects only the quinary saturation spaces of AD, CD, and 
BE, These three are, therefore, the only salts which can occur 
as solid phases in the system W-AD-CD-BE, and this system 
is a true quaternary system ; it will be possible to express the 
composition of aU phases which result on mixing water and 
the three salts AD, CD, and BE in terms of these four sub- 
stances. It is to be observed, nevertheless, that the three 
salts AD, CD, and BE contain all the five ions of the quin- 
ary system ; of the six salts which can be formed from the 
five ions, the only ones which can occur as solid phases in the 
system W-AD-^D-BE are the three salts AD, CD, BE them- 
selves. The isotherm in this quaternary system is given by 
the intersection of the plane AD,CD,BE with the quin- 
ary saturation spaces, surfaces and curves. It is represented, 
in the figure, by the quaternary invariant point e, in which 
the plane AD,CD,BE intersects the quinary saturation 
ciurve XY of AD + CD + BE, and by the quaternary 
saturation curves e6, eg, and eO, in which the plane intersects 
the quinary saturation surfaces of AD + BE, CD + BE, 
and AD + CD respectively. 

It will be foimd, in the same way, that a plane which is 
laid through the comers AE, CD, BE of the prism intersects 
only the saturation spaces of these three salts. The system 
W-AE-CD-BE is, therefore, also a true quaternary system, 
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despite the fact that the three salts again contain all the 
five ions of the quinary system. The point / in Pig. 148 
is the quaternary invariant point, and the curves /A, fy, fj 
the quaternary saturation curves, in this system. 

We see that these two plane sections of the quinary 
isotherm (AD,CD,BE and AE,CD,BE) represent the con- 
ditions of equilibrium in two systems of a lower order, namely, 
in two quaternary systems. The quinary isotherm is 
divided by the two planes, into three parts, which give the 
isothermal relations in three quinary systems of the simplest 
type, namely that discussed in § 79 and illustrated in Fig. 
143. This can be seen clearly from Fig. 150, where the prism 
of Fig. 148 is dissected into three tetrahedra. The isotherm 
in the quinary system W-AD-BD-GD-BE is represented 
in Fig. 150, within the tetrahedron AD, BD, CD, BE ; it 
is strictly comparable with the isotherm of Fig. 143, and 
contains only one quinary invariant point ; the face 
ADyOD,BE of this tetrahedron contains the isotherm in the 
quaternary system W-AD-CD-BE, an isotherm which, as 
we have seen, is obt€dned as a plane section of the quinary 
isotherm in Fig. 148. Similarly, the quinary systems 
W-AD-AE-CD-BE and W-AE-OD-BE-CE are represented 
within the corresponding tetrahedra of Fig. 150, and they also 
show the simplest isothermal type. 

We saw (§ 74) that the isotherm in a quaternary system 

of the type W-{A,B)-{D,E)y can sometimes be divided by 
a Unear section, into the isotherms in two simpler quaternary 
systems ; this is only possible when the two quaternary in- 
variant points represent congruently saturated solutions. 

In the same way, the isotherm in the quinary system 

+ + + - - 
W-{Ay -B, C)-(D, E) can be divided, by plane sections, into 

the isotherms in three simpler quinary systems, only 

when the three quinary invariant points represent 

congruently saturated solutions. The point X (Fig. 150) 

represents, for example, the invariant solution which is 

saturated with the four salts AD + BD + OD + BE ; and 

since the point lies within the tetrahedron AD, BD, CD, BE, 

the solution is congruently saturated. If the point X lay 

outside the tetrahedron AD, BD, CD, BE, the solution X 
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would be incongruently saturated, and it would then be 
impossible to divide the isotherm of Mg. 148 into three simpler 
isotherms, as we have done in Fig. 150. 

Each of the saturation spaces contained within the three 
tetrahedra of Fig. 150 can be projected upon a face of the 
containing tetrahedron, as described in § 79 for the simplest 
quinary isothermal type ; the nine projections obtained 
in this way (three for each tetrahedron) will give a plane repre- 
sentation of the quinary isotherm of Fig. 148. 

§ 82. The only published investigations of the conditions of 
heterogeneous equilibria in systems of five independent com- 
ponents are to be found in van't Hofi's works on the oceanic 
salt deposits.^ The chief salt constituents of sea water are the 
four metals sodium, .magnesium, potassium, and calcium in 
the form of their chlorides and sulphates. The average com- 
position of sea water, expressed in equivalents, and by 
Janecke's method, is approximately the following 

(180,600HaO), (VT-ONaj, 17-9Mg, 3-5Ca, l-eKj), (90-8Clj, 9-2S04). 

The system formed by water, these four positive, and two nega- 
tive ions is clearly one of six independent components. We 
shall briefly consider two of the quinary systems which 
are of fundamental importance for the study of this six 
component system. The solutions of the oceanic salts form 
an exceedingly complicated system owing to the large number 
of binary and ternary compounds which can occur as solid 
phases ; the investigation of this system, in so far as it is 
necessary for the study of the oceanic salt deposits, is simplified, 
however, by the following considerations. It can be seen 
that, of the total positive ions present in sea water, 77 per cent, 
is formed by sodium, and, of the total negative ions, 90«8 per 
cent, is formed by chlorine. The first salt to separate when 
sea water is concentrated is, therefore, sodium chloride, and 
it is clear that any salt which has been deposited by the 
evaporation of water from the ocean must have been deposited 
in the presence of sodium chloride as a solid phase ; for the 
purpose of this study it is, in other words, only necessary to 
consider the saturation space of sodium chloride in a quin- 
ary isotherm, the saturation surfaces which bound this 

^ An account of these inveetigatioxis is given by van't HoS in his book ** Zur 
Bildung der Ozeanischen Salzablagerungen. " « 
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space, and the curves and points in which these surfaces 
meet. The problem is still further simplified by the fortunate 
fact that sodium chloride forms no binary or ternary compound 
with any of the other salts ; the projection of the saturation 
space of sodium chloride in a quinary isotherm will have, 
therefore, the same form as the quaternary isotherm in the 
system formed by water and the salts witJunU sodium chloride 
(cf. § 79). 
The isotherm in the quinary system 

HaO-NaCl-MgCl,-KCl-CaCl, 

may be represented within a tetrahedron the comers of which 
represent the binary saturated solutions of the four salts 
NaCl, MgClj, KCl and CaClj ; these salts all contain, namely, 
the common chlorine ion, and the system is of the type dis- 
cussed in § 79. In order to secure a clear picture, the four 
triangular faces of this tetrahedron are shown, in Fig. 151, 
in the same plane, and slightly separated from each other. 
The tetrahedron could be constructed from this plane figure 
if the three outside triangles were cut out from the paper, 
along the sides which meet in the three NaCl vertices ; it 
would then only be necessary to bend these three triangles 
out of the plane of the paper, by folding them along the three 
sides which they have in common with the inner triangle, in 
order to make the three NaCl vertices coincide in one point — 
the vertex of the regular tetrahedron whose base is the inner 
triangle CaCl^, KCl, MgCl,. 

The conditions of equilibrium which are represented dia- 
grammatically in Fig. 151 are those which obtain at 25°. We 
will consider first the quaternary isotherms which are to be 
found on the faces of the tetrahedron. The quaternary 
system H20-NaCl-KCl--CaCl2 is represented at 25® in the 
triangle NaCl, KCl, CaClg of Fig. 151. It is of the simplest 
type, and can be compared with Fig. 82 of the previous chapter ; 
the only solid phases which occur in this system are the two 
simple salts NaCl, KCl, and the simple salt hydrate CaCl^-SHjO. 

The isotherm in the quaternary system HjO-NaCl-MgClj-KCl 
is represented within the triangle NaCl, MgClj, KCl, and it 
shows the saturation surface of the hydrated double salt 
camallite (KCl.MgClj.BHgO), in addition to those of the simple 
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salts NaCl, KGl, and the simple salt hydrate MgCl^^eH^O ; 
this isotherm has already been discussed in § 76, and repre- 
sented in Fig. 135. 

The isotherm in the quaternary system HsO-NaCl-MgOl^- 
CaClj is represented within the triangle NaGl> MgCl,, CaCl,. It 
also shows the saturation surface of a ternary compound — 
tachhydrite, CaCl2.2MgCl2.12H20, which occurs as a solid 
phase in the ternary system HsO-OaCIa-MgCl, ; the double 
salt tachhydrite is strictly comparable with camallitej the 
compound which occurs in the ternary system HjO-KOl-MgCl^y 
as will be seen more readily if the formula of camallite is 
written 2K01.2MgCl2.12H2O. In the quaternary system 
HjO-NaCl-MgClj-CaClj at 26°, there occurs also a very small 
saturation surface of the tetrahydrate of calcium chloride 
Cadj.iHsO, but, for simplicity, this is not represented in 
Fig. 161. 

The three quaternary isotherms . which we have briefly 
described aU contain a sodium chloride saturation surface. In 
the quinary isotherm, these surfaces must form the 
boundaries, in the faces of the tetrahedron, of the quinary 
saturation space of sodium chloride. We have already ex- 
plained that this space with its bounding surfaces and curves 
is the only* part of the quinary isotherm which is of 
importance for the study of the oceanic salt deposits. Its 
projection upon the base of the tetrahedron is shown in the 
inner triangle CaClj, KCl, MgClg of Fig. 151. The sides of 
this triangle represent the projections of the saturation curves 
which bound the quaternary saturation surfaces of sodium 
chloride. Thus, in the quaternary system HgO-NaCl-KCl- 
OaClgCrepresented in the triangle NaClg, KCl, CaCl^) the satura- 
tion surface of NaCl is boimded by the saturation curve 
AD of NaCl -I- KCl, and the saturation curve AB of 
NaCl + CaClj.BHgO. The projections of these curves upon 
the base are given by the two sections of the base line KCl,Jtf' 
and Jf ,CaCl2, whilst the point M is the projection, through the 
NaCl vertex, of the quaternary invariant point Ay which 
represents the quaternary solution in equilibrium with 
NaCl + KCl + CaClj.eHaO. The Une KCl,Jtf in the inner 
triangle (the projection of the quinary saturation space of 
sodium chloride) bounds, therefore, the quinacy si^turation 
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surface of NaCl + KCl ; the line MyGaCl^ bounds that of 
NaOl + CaOlg.BHsO ; and the point M forms the starting 
point of the quinary saturation curve of NaCl + KCl + 
CaCla.eH^O. 

Since we are representing in the inner triangle only the 
saturation surfaces and curves which bound the [quinary 
saturation space of sodium chloride, it is to be understood that 
every point in it represents a solution in equilibrium with this 
solid phase, and we have marked only the additional solid 
phases with which solutions are saturated. Thus, the surface 
KGl,MSN, which is bounded by the projection KCl,-8f of 
the quaternary saturation curve AD, is the quinary 
saturation surface of NaCl + KCl although it is only marked 
with the solid phase KCl in the figure. Similarly, points on 
the surface GaCl^fMSUR represent solutions saturated with 
CaClj.BHgO in the presence of solid sodium chloride, and points 
on the curve MS solutions saturated with KCl + CaCl2.6H20, 
also in the presence of sodium chloride as a third solid phase. 

The saturation curves which bound the saturation surfaces 
of sodium chloride in the two remaining quaternary isotherms 
^ are projected in the same way upon the side of the triangle 
opposite to the NaCl vertex. Thus the sections KCl,jy ; 
NP ; P,MgCl2, of the side KCljMgClg, are the projections of 
the saturation curves of KCl + NaCl, Camallite + NaCl, and 
MgClg.BHjO + NaCl, respectively, in the quaternary system 
HgO-NaCl-KCl-MgClg. They bound the quinary satura- 
tion surfaces KC^MSN, of KCl + NaCl, NSUVP, of 
Camallite + NaCl, and PF^Mgag, of MgClj.eHjO + NaCl. 
The sections MgCls.Q ; QR ; and i2,CaCl2, of the side 
MgClgjCaClj, are the projections of the saturation curves of 
MgCla-GHgO + NaCl, Tachhydrite + NaCl, and CaCl,.6HjO + 
NaCl, in the quaternary system HgO-NaCl-MgClj-CaClj. They 
bound the quinary saturation surfaces the points of which 
represent quinary solutions saturated with MgCl2.6H20, 
tachhydrite, and CaClj.BHjO respectively, in addition to sodium 
chloride as a second solid phase. 

There are seven quinary saturation curves which bound 
the quinary saturation space of sodium chloride, and these 
are represented by MS, NS, PV, QV, RU, SU, and VV. 
They intersect^ by groups of three, in the three quinary 
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invariant points S, U, and F, which represent solutions in 
equilibrium with four solid phases. The point S represents a 
solution saturated with 

KCl + CaClj.eHjO + CamaUite + NaCl ; 

the point U a solution saturated with 

CaClj.eHjO + CamaUite + Tachhydrite + NaQ ; 

and the point V a solution saturated with 

MgClji.eHjO + CamaUite + Tachhydrite + NaCl. 

We have represented in the inner triangle of Fig. 151 the 
projection of the quinary saturation space of sodium 
chloride. In the tetrahedron which represents the com- 
plete quinary isotherm (and not only the saturation space 
of sodium chloride), this triangle miust contain the isotherm 
in the quaternary system HjO-CaClg-KCl-MgClj. We have 
not considered this system in our previous discussion, for, 
since it contains no sodium chloride, it cannot yield solutions 
which are saturated with this salt ; the quinary saturation 
space of sodium chloride cannot, in other words, extend into 
the base of the tetrahedron. It foUows, however, from the 
conclusions of § 79, that, since sodium chloride forms no com- 
pounds with either of the remaining three salts KCl, CaCl^y 
or MgClj, the projection of the quinary saturation space of 
sodium chloride is identical in form with the quinary 
isotherm in the system HjO-KCl-CaCla-MgCl,. Since Fig. 
151 is only diagrammatic, the inner triangle can, therefore, 
represent equaUy weU either the boundary of the quinary 
saturation space of sodium chloride or the isotherm in the 
quaternary system HgO-KCl-CaClg-MgClj. Thus, the point 
S may be taken to represent either a quinary invariant 
solution saturated with the four salts 

KCl + CaClj.eHjO + CamaUite + NaCl, 

or a qu4itemary invariant solution saturated with the three 
salts 

KCl + CaCla.6H,0 + CamaUite, 

sodium chloride being absent. In a picture which represented 
the true quantitative relations (not merely a diagrammatic 
figure), the actual positions of the points S, U, and V would 
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depend upon whether these points represented quaternary or 
quinary invariant solutions ; the form of the picture would^ 
however, remain the same. 

The following considerations will, perhaps, make this clearer. 
It is seen that three saturation curves intersect in each of the 
invariant points S, U, and F of Fig. 151. If these points 
represent quinary invariant soluticms, a fourth saturation 
curve must radiate from each. Since this curve is not one of 
those which bound the saturation space of sodium chloride, 
it is not represented in Fig. 161. For example, from the quin- 
ary invariant point 8 a fourth saturation curve must 
diverge, namely, a curve the points of which represent 
quinary solutions saturated with the three salts 

KCl + CaCJa.eHaO + CamaUite, 

which do not include sodium chloride. This curve must 
end in a corresponding quaternary invariant point S' on the 
base of the tetrahedron, but since we have projected the satura- 
tion space of sodium chloride upon this base, we cannot repre- 
sent the point S' in Fig. 161 without sacrificing the clarity 
of the figure. Similarly, there corresponds with the quin- 
ary invariant point U a quaternary invariant point U' 
on the base of the tetrahedron, which represents a quaternary 
solution saturated with 

CaCl^.eHaO + Camallite + Tachhydrite, 

and a quinary saturation curve VU', the points of which 
represent quinary solutions saturated with these three 
salts ; to the quinary invariant point V there corresponds 
a quaternary invariant point F' which represents a quaternary 
solution saturated with 

MgClg-BHaO -f CamaUite + Tachhydrite, 

and a quinary saturation curve VV\ the points of which 
represent quinary solutions saturated with these three 
salts. 

The complete quinary isotherm is represented within 
the tetrahedron NaCl,CaCl2,KCl,.MgCl2 in Fig. 162; the 
tetrahedron is viewed from above, and the NaCl vertex is to be 
considered as lying above the plane of the paper, which con- 
tains the base OaCl2,KCl,MgCl2 of the tetrahedron. The quin- 
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nary saturation ourves are drawn in heavy line, and the 
dotted lines are the quaternary saturation curves in the 
system HjO-KCl-GaCl^-MgCI), whioh is represented on the 
base. The points S', U^ V in this quaternary isotherm are 
the quaternary invariant points discussed above, and the lines 
8S\ UU'y VV' are the quinary saturation curves which do 
not bound the saturation space of sodium chloride. 

We will now consider the conditions of equilibrium in the 
quinary system H20~(Na2,K2,Mg)-(Cl^,S04), which belongs 
to the type discussed in § 81. The six simple salts which can 
occur as solid phases in the system are : NaCl, KCl, MgCl^* 
Na2S04, K2SO4, and MgS04, and the binary saturated solutions 

MgCl^ FT-r— r -^ 7k^9^^A 




Na^O^ 



K^SO^ 



Fio. 153. 



of these salts at 25^ are represented by the comers of a prism 
in Fig. 163 ; the three chlorides are represented on one 
triangular face of the prism, the three sulphates on the other, 
in accordance with the method of representation described in 
§ 81. In that paragraph, we showed that the prism could be 
divided by two triangular sections into three tetrahedra ; for 
example, in the case here considered, by the planes 
MgCl2,KCl,Na2S04, and MgS04,KCl,Na2S04, into the tetrahedra 
NaCl, MgClj, Ka, Na2S04; MgClj, KCl, Na8S04, MgS04 ; and 
MgS04,KCl,Na2S04,K2S04. Further, we have then pointed 
out in § 81 that, in the simplest case, the systems formed 
by water and the groups of four salts represented by the 
comers of such tetrahedra constitute quinary systems of the 
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simplest type ; namely, quinary systems which can be 
represented within the corresponding tetrahedra, and the 
behaviour of which is, therefore, similar to that of systems 
formed by water and four salts with a common ion. If, in 
the present example, the system H20-NaCl-MgCl2-KCl-Na2S04 
were a quinary system of this simple type, the saturation 
space of sodium chloride would be completely confined to the 
tetrahedron NaCl, MgClg, KCl, Na2S04, and the four faces of 
this tetrahedron would represent quaternary systems of simple 
type ; in particular, the system H20-MgCl2-KC!l-Na2S04 
would behave as a true quaternary system, and the correspond- 
ing isotherm would be given by the triangular section of the 
quinary isotherm through the comers MgClgy KCl, and 
Na2S04 of the prism ; finally, this quaternary isotherm would 
be identical in form with the projection of the quin- 
ary saturation space of sodium chloride upon the face 
MgCl2,KCl,Na2S04, of the tetrahedron NaQ, MgCl^, KCl, 
Na2S04. If these relations held, the investigation of the 
quinary saturation space of sodium chloride would be 
no more difficult in the system H20-(Na2,K2,Mg)-(Cl2,S04) 
than in the system H20-(Na2,K2,Mg,Ca)-Cl2, where all salts 
possessed the same negative ion ; it would only be necessary to 
investigate the system H20-MgCl2-KCl-Na2S04 (supposed 
quaternary), and then to redetermine the various saturation 
curves and points in this system, in the presence of such an 
excess of the fifth component, sodium chloride, as to insure 
its existence as a solid phase in equilibrium with all solutions. 
The relations are, however, not of this simple nature, as we 
shall see from a consideration of Fig. 153. On corresponding 
faces of the prism in this figure there are shown the isotherms 
in the three quaternary systems H20-(Na2,K,J!Hg)-Cl2,H20- 
(Na2,Mg)-(Cl2,S04), and H20-(Na2,K2HCl2,S04). These quater- 
nary isotherms have been discussed in the previous chapter, and 
they have already been represented in Figs. 135, 142, and 139, 
to which the reader should refer. The isotherm in the quater- 
nary system H20-(Na2,Mg)-(Cl2,S04) is represented on the 
back face of the prism, and it is divided by the diagonal MgClf, 
Na2S04 into two parts NaCl,MgCl2,Na2S04 and MgS04,MgCl2, 
Na2S04, of which the first forms a face of the tetrahedron 
NaCl, Mgaj, KCl, Na2S04. 
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The two parts into which this quaternary isotherm is divided 
by the diagonal do not represent, however, the isotherms in 
two simpler quaternary systems ; the two systems 

HaO-NaCa-Mga,-Na^04 and HjO-MgS04-MgC!lj-.Na^04 

cannot, namely, be considered as quaternary systems of a simple 
type, since, for example, the quaternary saturation surface of 
sodium chloride is not confined to the triangle, NaCl, MgClg, 
Na2S04, but extends into the triangle MgSO^, MgCls, Na2S04 ; 
this results from the fact that the invariant solutions are in- 
congruently saturated, as we saw when discussing quaternary 
systems of this type. Now since the quaternary satura- 
tion space of sodium chloride extends outside the triangle 
NaCl, MgCls, Na2S04, which forms one of the faces of the tetra* 
hedron NaCl, MgCls, KCl, Na2S04, it follows that the quinary 
saturation space of sodium chloride, which is bounded by this 
surface, must also extend outside the tetrahedron. The plane 
MgClj, KCl, Na2S04 must, in fact, intersect the saturation 
space of soditun chloride, and this salt can, therefore, occur 
as a solid phase in the system H20-MgCl2-KCI-Na2S04; this 
system is, in other words, not a quaternary system, for it is not 
possible to express the composition of sodium chloride in terms 
of the three salts, MgCl^, KCl, and Na2S04 alone. 

We see that the system H,0-NaCl-Mga2-KCl-Na2S04 is 
not a quinary system of a type which, like systems formed 
by salts with a common ion, can be represented within a corre- 
sponding tetrahedron ; the saturation space of sodium chloride 
intersects the face MgCl2,KCl,Na2S04 of the tetrahedron NaCl, 
MgCl2, KCl, Na2S04, and the system H20-MgCl2-KCl-Na2S04 
is not, therefore, a quaternary system. We may, however, 
still obtain a representation of the saturation space of sodium 
chloride in one plane, by projecting it upon the face 
MgCl2,KCl,Na2S04, opposite to the sodium chloride vertex, but 
the resulting figure will no longer resemble, in form, a quaternary 
isotherm ; further, since the saturation space of sodium chloride 
extends on both sides of the plane MgCl2,KCl,Na2S04, it will 
be necessary to project some parts of the space from the side 
nearer the sodium chloride vertex on to this plane, and some 
parts from the side farther from the sodium chloride vertex. 

Fig. 154 shows the four faces of the tetrahedron 

Y 
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NaCl, MgClg, KCl, NaaSO^ bent into one plane, in the way 
which we described for the tetrahedron NaCl, KCl, MgCl,, CaCl, 
earlier in this paragraph. The inner triangle of this figure is 
the section MgClg, KCl, Na2S04 of the prism in Pig. 153 ; the 
triangle NaCl, KCl, MgCla represents the side face of this 
prism ; the two remaining triangles represent parts of those 
two square faces of the prism which meet in the sodium 
chloride comer, namely, those parts which form the two re- 
maining faces of the tetrahedron NaCl, MgCls, KCl, Na2S04. 
This tetrahedron is, as a matter of fact, not regular, and the tri- 
angles which form its faces are not all equilateral. We have, 
however, so represented them in Fig. 164 for the sake of sym- 
metry. In the three outer triangles of this figure, there are 
shown only those saturation curves which bound the satura- 
tion surfaces of sodium chloride in the three quaternary 
systems H20-(Na2,K2,Mg)-Cl2, H20-(Na2,Mg)-(S04,a2), and 
H20-(Na2,K2HS04,Cl2) (c/. Pigs. 136, 142, and 139). We 
have already seen that the saturation surface of sodium chloride 
in the quaternary system H20-(Na2,Mg)-(S04,Cl2) is not con- 
fined to the triangle NaCl, MgCl^, Na2S04 but extends outside 
it, as shown in Pig. 164. 

The projection of the surfaces and curves which boimd the 
quinary saturation space of sodium chloride are repre- 
sented within the inner triangle MgClj, KCl, Na2S04. We will 
consider first the sides of this triangle. They contain the 
projections, through the soditun chloride vertex, of the satura- 
tion curves which are contained in the outer triangles, and 
which bound the quaternary saturation surfaces of sodium 
chloride. Thus the part AB of the side MgCljjKCl is the 
projection of the quaternary saturation curve of Camallite + 
NaCl in the system H20-(Na2,K2,Mg)-Cl2 ; the part CD of the 
side KCl,Na2S04 is the projection of the quaternary satura- 
tion curve of Glaserite + NaCl in the system HjO-^NajjKj)- 
(S04,Cl2) ; the parts EF, FO, OH, HJ of the side NajSO^, 
MgCl2 are the projections of the quaternary saturation curves of 
Astrakanite-f NaCl, MgS04.7H20 + NaCl, MgS04.6H20 -f NaCl 
and MgS04.HaO + NaCl, respectively, in the system HjO- 
(Na2,MgHS04,Cl2). 

To each of these quaternary saturation curves there corre- 
sponds, within the inner triangle, a quinary saturation sur* 
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face. For example, the quaternary saturation curve AB^ of Car- 
nallite + NaCl bounds the quinary saturation surface (IV) 
of Camallite + NaCl, as shown in the figure ; the quaternary 
saturation curve CD of Glaserite + NaCl bounds the quin- 
ary saturation surface (V) of this salt pair, and so with the 
remaining quaternary saturation curves. There can be seen, 
however, in the inner triangle of Fig, 154, the saturation sur- 
faces (X, XI, XII) of three salts which cannot occur in either 
of the three fundamental quaternary systems. These salts are : 
Schonite, (MgS04JS:2S04.6H20), Leonite (MgSO4.K2SO4.4H2O) 
and Cainite (MgSO4.KCl.3H2O); and the quinary saturation 
surfaces of Schonite +NaCl, Leonite +NaCl, and Cainite -fNaCl 
lie wholly within the triangle MgClg, KCl, Na2S04. The 
saturation space of sodium chloride, if represented within the 
prism of Fig. 153, would, therefore, be bounded in parts by 
saturation surfaces which do not intersect any face of the tetra- 
hedron NaCl, MgCls, KCl, Na2S04. The three double salts 
schonite, leonite, and cainite occur as solid phases in the 
quaternary system H20-(K2,Mg)-(S04,Cl2), which we have 
discussed in the previous chapter and depicted in Fig. 141. 
This system would be represented on the front face of 
the prism in Fig. 153 — a face which lies completely outside 
the tetrahedron NaCl, MgClg, KCl, Na2S04. The quinary 
saturation spaces of schonite, leonite, and cainite must, there- 
fore, be bounded by quaternary saturation surfaces in this 
front face, but within (he prism they must meet the saturation 
space of sodium chloride in the three quinary saturation 
surfaces of Fig. 154. We see, again, that the behaviour of 
the system HaO-NaCl-MgCl2-KCl-Na2S04 is not that of the 
simple quinary system formed by water and four salts 
with a common ion. The composition of none of these three 
double salts can be expressed in positive terms of NaCl, MgCla, 
KCl, and Na2S04; in each case a negative value must be 
assigned to the concentration of sodium chloride ; thus, for 
cainite (MgSO4.KCl.3H2O) we must write : 

(MgCl2+ KCl + Na2S04 - 2NaCl).3H20, 

and for schonite (MgSO4.K2SO4.6H2O), and leonite (MgS04. 
.K2SO4.4H2O) : 

(Mga2+ 2KC1 + 2Na2S04- 4NaCl)aq. 

Y 2 
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The saturation space of sodium chloride with its bounding 
surfaces and curves is represented in Fig. 155 as a space 
figure within the prism. This figure should be compared with 
the inner triangle of Fig. 154, which is the projection of Fig. 155 
upon the plane MgClg, KCl, Na^SO^. 

It is clear that a graphical representation of the quinary 
isotherm is of little value for exhibiting the actual quantitative 
relations in the system. A plane representation, such as the 
projection of Fig. 154, can, for example, only be obtained by 
neglecting the concentrations both of water and of sodium 
chloride in the various saturated solutions. A picture which, 
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whilst abandoning all attempts to represent quantitative 
relations, shows the true relative positions of the various satura- 
tion surfaces is of almost equal value for practical purposes. Such 
a picture is given in Fig. 156, which has been obtained from the 
projection of the saturation space of sodium chloride (Fig. 154) 
in the following way. The triangle MgClg, KOI, Na2S04 of 
Fig. 154 has been replaced by a square in Fig. 156, the MgCl^ 
vertex of the triangle being expanded into the upper side 
of the square. The various quinary saturation surfaces 
of Fig. 154 have been replaced in Fig. 156 by rectangular 
areas which possess no quantitative significance, but which 
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occupy the same positions in relation to one another as do the 
saturation surfaces in the projection. This can readily be 
seen from a comparison of the two figures ; it will be found, 
for example, that the saturation surface of cainite in both 
figures is bounded by those of KCl, camallite, MgS04.H20, 
MgSO^.eHjO, MgS04.7H20, and leonite, in order. The utility 
of Fig. 166 lies in the fact that it shows all the possible salts 
and combinations of salts which may exist at 25^ in equiUbrium 
with solid sodium chloride and saturated solutions. It shows, 
for example, that the combination astrakanite-cainite is not 
possible at 25^, since the saturation surfaces of these two salts 
are completely separated from each other by those of leonite 
and MgS04.7H20 ; the salts are, in other words, incompatible, 
and it has been proved experimentally that when they are 
brought into contact with each other in the presence of a 
suitable liquid phase they react to form the compatible pair 
Leonite + MgS04.7H20. 

Diagrams similar to that given in Fig. 156 were used by 
van't Hoff for the qualitative representation of his results, and 
they were called by him " Paragenese.^* Van't Hoff was able 
to construct a series of these diagrams which showed the salts 
and the salt combinations that could exist in equilibrium with 
solid sodium chloride and saturated solutions, at all tempera- 
tures between 0® and 83° in the quinary system which we 
have just considered at 25°. The results are very complicated 
owing to the large number of double salts which exist in the 
system and the large number of transition points which occur 
within this temperature range ; an exhaustive discussion would 
occupy a book in itself, and the reader must consult van't 
HofF's original publications for further information. 



CHAPTER V 

OBAPHIOAL MBTHODS. THE PHASE BEAOTIONS IN EQXTILIBBrcrM 

AT THE INVAEIANT POINT 

§ 83. We have often seen in the foregoing chapters that the 
reactions which occur when heat is added to, or abstracted 
from, a heterogeneous system in invariant equilibrium, depend, 
in any particular case, upon the relations existing between 
the compositions of the various phases which participate in 
the equilibrium. As a simple example, we refer to the invariant 
equilibrium discussed in §§ 16, 17, 18 — ^that which occurs when 
an anhydrous salt S and its hydrate H are both in equilibrium 
with a saturated solution in the binary system WS, The 
composition of this saturated solution will generally be ex- 
pressed in terms of the two components W and S ; it may or 
may not be possible to express its composition in positive terms 
of H and S, the two soUds with which the liquid is in equi- 
hbrium. Let us suppose that the hydrate £f is a monohydrate 
of the formula SJI2O, and that the composition of the invariant 
solution, given in molecular percentages, is 

X Moles 8, (100 - x) Moles HjO. 

We can express the (100 — a;) moles of water as (100 — a;) moles 
of the hydrate jS^.HgO, thus accounting also for (100 — a;) moles 
of the anhydrous salt 8, and still leaving a; — (100 — x) or 
2x — 100 moles to be represented : 

{2x - 100) Moles 8, (100 - x) Moles SSfi. 

The quantity (2a? — 100) may be positive or negative ; i.e., 
it may be possible to express the composition of the liquid in 
positivQ terms of 8 and /S.HgO, or it may be necessary to use a 
negative value for the concentration of 8. The quantity 

326 
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(2x — 100) will be positive if x is greater than 60, or, in other 
"words, if the molecular percentage of anhydrous salt in the 
invariant solution is greater than the molecular percentage of 
salt in the monohydrate. In this case, the separation or disso- 
lution of both anhydrous and hydrated salt in the proportion 
of {2x - 100) moles of 8 to (100 - z) moles of SMfi will 
clearly leave the composition of the liquid unaltered ; these 
are, therefore, the phase reactions whicli must occur when 
heat is added to, or removed from, the invariant system in 
equilibrium. 

On the other hand, the quantity {2x — 100) will be negative 
if a; is less than 60 ; let us then denote it by — y ; the composi- 
tion of the invariant liquid must now be written : 

-y Moles 8, (100 - x) Moles /S.H^O. 

If, by the separation of the hydrate, the (100 — z) Moles which 
are contained by the solution are reduced, for example, to 

S A P B T 

* * » T • 
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Fia. 167. 

J (100 — z) Moles, then the composition of the liquid will 
remain constant only if the —y moles of S are changed to 
— \y moles ; this can only result from the dissolution of 
+ \y moles of the anhydrous salt, and the phase reactions 
must in this case consist of the separation of the hydrate and 
the simultaneous dissolution of anhydrous salt, or the reverse 
reaction. 

Other examples in which the phase reactions occurring at 
an invariant point — and therefore the polythermal and iso- 
thermal types— are dependent upon the compositions of the 
phases have been noticed in §§ 44 and 68. If these composi- 
tions are given in a particular case, the problem of determining 
the phase reactions which occur is purely mathematical, and 
it can be solved most readily by the graphical methods which 
we shall describe in this chapter. 

§ 84. Let us suppose that the two points A and B of, Kg. 167 
represent the compositions of two phases. We have shown 
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in an earlier chapter (§ 23) that, if these are ternary phases the 
compositions of which are defined by the positions of the points 
in an equilateral triangle, the composition of a third phase 
(or complex) formed by mixing these two in a particular pro- 
portion is represented by a certain point which lies on the 
straight line AB between the two points A and B ; the com- 
position of this third phase is represented, namely, by a point 
which divides the line AB into two sections the lengths of 
which bear to each other the same proportion as do the weights 
of the two phases A and B which have formed the mixture. 
The point P of Fig. 167 represents, for example, a mixture 
of the phase A with the phase B in the proportion by weight 
of m to n, where the lengths jBP, PA are equal to m and n 
respectively. It is important to notice that the weight of 
the phase A contained by the mixture P is proportional to 
the length of that section {BP) of the line AB which lies further 
from the point A ; and that the weight of the phase B is 
proportional tp the length of that section (PA) which lies 
further from the point B. 

This is a purely mathematical deduction, and it can be shown, 
by geometrical methods, to be independent of the number of 
components which are assumed for the phases A and B, and 
of the axes by means of which the positions of the points 
A and B are defined. It is true whether the phases are binary, 
ternary, quaternary, etc., and whether their compositions are 
defined by reference to the sides of a rectangle or of a triangle 
(equilateral or irregular), or to the faces of a space figure. 
The point P of Fig. 167 represents, in all of these cases, a 
mixture of the two phases A and B, the amount of either 
phase contained in the mixture being proportional to that 
section of the line AB which lies further from the point repre- 
senting the phase considered. We can express these con- 
clusions by the following equation : 

mA + nB = (tn -f- >^)jP, 

which must be read : The mixture of m parts by weight of the 
phase the composition of wliich is represented by A with n parts 
by weight of the phase the composition of which is represented 
by B results in the formation of (m -f- n) parts by weight of 
the phase the composition of which is represented by P. When 
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the point P approaches indefinitely close to A^ the length m 
becomes very large compared with n, and the proportion m/n 
ultimately becomes infinitely large when P coincides with A. 
When the point P approaches indefinitely close to B, the 
length m becomes very small compared with n, and the pro- 
portion m/n ultimately becomes infibaitely small when P 
coincides with B. Between these two limiting positions of 
the point P, the fraction m/n. assumes all possible positive 
values, from to + <x> ; all possible phases or complexes which 
can result from the mixture of the phases A and B are, there- 
fore, represented by points lying between A and B on the 
straight line AB. 

Let us now consider the relation which exists between the 
compositions of the phases A and B, and that of a phase repre- 
sented by the point 8, which lies on the straight line AB^ but 
not between A and B. Since the point A now lies between 8 
and B, the phase the composition of which is represented by A 
can, in accordance with our previous conclusion, be formed by 
miTiTig the two phases the compositions of which are repre- 
sented by 8 and B. We can write 

q8 +rB^{q + r)A, 

where the lengths BA^ A8 are equal to q and r respectively. 
Hence 

qS = {q + r)A - rB. 

We see, therefore, that the phase 8 cannot be considered as a 
mixture of positive amounts of the two phases A and B, It 
can never actually result from a simple physical mixture of 
A and £, though it may be considered mathematically €U9 a 
mixture of these two in a negative proportion. This proportion 
is 

_l+r,or-«-l. 
r r 

When 8 lies very close to -4, the length r is very small compared 
with q ; the value of the fraction — g/r — 1 is negative and in 
this limiting case infinitely large. If 8 lies far from A in the 
direction j5 to ^, the length r is very large compared with q ; 
the fraction — qjr — 1 is, in this limiting case, equal to — 1. 
Thus, as the point 8 moves from A to an infinitely remote 
distance along the line, in the direction jB to -4, it will represent 
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successively the compositions of all phapses which can be con- 
sidered mathematically as containing the two phases in negative 
proportions between — oo and -- 1. 

The composition of the ph^e represented by the point jT, 
which lies on the opposite side of the length AB^ can similarly 
be expressed in terms of those represented by A and B. Since 
now the point B lies between A and T, we have 

qT + vA = (g + v)B 
or qT =^{q + v)B-vAy 

where the length BT is equal to v. The proportion of the two 
phases A and B contained in the phase T is, therefore, again 
negative, and equal to 

? + v* 
When T coincides with By v is equal to zero, and the fraction 

— , is also equal to zero. When T lies infinitely far from 

B in the direction A to B^q is infinitely small compared with t;, 
and the value of the fraction is — 1. If we include the case 
represented by the point 8 and that represented by the point T 
in one statement, we can say, therefore, that points which lie 
on the line AB but not between A and B, represent the com- 
positions of phases which can be considered mathematically as 
mixtures of the two phases A and B in all possible negative 
proportions, from — oo to (from — oo to — 1 on the side 
remote from B, and from — 1 to on the side remote from A). 

Every point on the line ABy produced indefinitely at both 
ends, represents, then, a phase or complex the total composi- 
tion of which can be expressed mathematically in terms of the 
compositions of the two phases A and B, If this third phase 
is represented by a point between A and £, its composition 
can be expressed in positive terms of these two. Physically, 
this means that the third phase results from a mixture of the 
phases A and B. If, on the other hand, the third phase is 
represented by a point outside the length AB, its composition 
cannot be expressed in positive terms of the other two, and it 
cannot be obtained by a simple physical mixture of the phases 
A and B. 

We will now suppose that the points H and S of Kg. 158 
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represent the compositions of two solid phases which, under 
certain conditions, can be in invariant equilibrium with a 
binary liquid phase, and we will suppose, in the first place, that 
the composition of this liquid phase is represented by a point 
L^ which lies between H and 8. Now the point L^ represents, 
as we have seen, a phase the composition of which can 
be expressed in terms of positive quantities of the two phases 
H and 8. It follows that the composition of the liquid phase Xr^ 
can be maintained constant by the separation or dissolution 
of the two solid phases H and 8^ in a definite proportion : 
namely, the proportion 8LJL1H, in which the phase L^ contains 
the two phases H and 8, when its composition is expressed 
in terms of these. The phase reactions which occur when heat 

L, H L^ s 

Fio. 158. 

is added to, or abstracted from, the invariant system in equi- 
librium are, therefore, the following : 

H + 8 zi^L^. 

The upper arrow of the equiUbrium sign will again be used to 
show the reaction which occurs when heat is added to the 
invariant system ; the lower arrow, that which occurs when 
heat is abstracted from the system. On the addition of heat, 
the following reaction will occur, then, at constant tempera- 
ture : 

H + 8-^ L^. 

This will result eventually in the disappearance of one of the 
solid phases H or 8, and the formation of one of the following 
monovariant systems : 

8 + Liquid. 

H + Liquid. 

These systems are stable, therefore, at temperatures above the 
invariant temperature. On the removal of heat from the 
invariant system, the following reaction will occur at constant 
temperature : 

Li — JI + iSf. 

This reaction will lead ultimately to the total disappearance 
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of the liquid phase, and the formation of the following mono- 
variant system, which is stable at temperatures below that 
of the invariant equilibrium : 

H +8. 

We shall represent the conditions of equilibrium which exist 
at, and in the neighbourhood of, the invariant temperature 
by the notation 

S + Liquid 
H + Liquid. 



H + 8 



Here, the monovariant systems which are stable immediately 
above and immediately below the invariant temperature are 
written beneath the phase reactions which are in equilibrium 
at the invariant temperature itself ; monovariant systentis 
stable at lower temperatures are written to the left of the 
upright line, those stable at higher temperatures to the right 
of that line. Since the only monovariant system to the left 
of the upright line, in the case we have considered, is the 
completely soUd system H + 8^ it is clear that the invariant 
point is a lower temperature limit to the existence of the liquid 
phase ; we have already described an invariant point of this 
nature as a eutectic point. 

We will next suppose that the composition of the liquid 
phase which is in equilibrium with the two solid phases H and 8 
is represented by the point L^ of Pig. 158. This point lies 
outside the length 118^ and the composition of the liquid phase 
cannot, therefore, be expressed in positive terms of the two 
solids. The point H lies, however, between the two points 
L^ and /S, and the composition of the solid phase H can, there- 
fore, be expressed in terms of positive quantities of the liquid 
phase L^ and the second solid phase 8. In other words, the 
solid phase H can be formed by the union of the liquid phase L^ 
with the solid phase /S, in a definite proportion, namely, the 
proportion 8HIHL^ ; this reaction will only affect the weights 
of the three phases in equilibrium, and it will leave their 
compositions unaltered. Similarly, the solid phase H may 
break down into the liquid phase L^ and the solid phase 8^ 
without altering the composition of any phase. The equilibria 



8 + Liquid. 
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existing at, and in the neighbourhood of, the invariant tempera- 
ture are, therefore, 

H + Liquid 
H + 8 

Among the monovariant systems which are stable below the 
invariant temperature we find the system formed by the solid 
phase E in equilibrium with a liquid phase. The invariant 
point does not mark, in this case, a lower temperature limit 
to the existence of the liquid phase ; we have described an 
invariant point of this kind as a transition point. 

§ 86. We will suppose that the three points, A, B, and C of 
Fig. 159 represent the compositions of any three phases. We 
shall prove that the composition of a fourth phase, formed by 




mixing these three, is represented by a point within the 
triangle ABC. 

The point D (Pig. 169) represents, aa we have seen in the 
previous paragraph, a phase or complex which can be formed 
by mixing the two phases A and B in the proportion min. 
Further, a point E, on the line (7Z>, represents a mixture of 
the two phases G and Z> in the proportion q/r. If the point E 
moves along the line CD from (7 to D, the proportion g/r will 
assume successively all possible positive values, and points on 
this line represent, therefore, all possible mixtures of the three 
phases A, B, and C which contain A and B in the fixed propor- 
tion m/n. If, now, the point D moves along the line AB from 
A to B^ the fi action m/n will assimie successively all possible 
positive values, and the line CD will generate the triangular 
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B^reekABC ; points in this area give, therefore, the compositioDS 
of all phases and complexes which can be formed by mixing 
the three phases A, B, and C in any positive proportion. 

In perfect analogy to the deductions which dealt with the 
mixtures of two phases, it will be found that any point in the 
plane of the triangle ABC^ but lying outside this triangle, 
represents a phase or complex the composition of which can 
still be expressed in terms of the phases A^ B, and (7, if we admit 
the use of negative concentration values. Two cases must, 
however, be distinguished. We will consider first the case 
represented in Pig. 160. The composition of the phfwe repre- 
sented by the point F in this figure cannot be expressed in 
positive terms of the phases A, j5, and G, since the point F 
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does not lie within the triangle ABC. By joining FA and FC, 
we see, however, that the composition of the phase B can be 
expressed in positive terms of the phases jP, A, and C, since 
the point B lies within the triangle FAG, We can express 
this fact by the following equation : 

B =pF + qA +rG, 

where p, g, and r are positive numbers determined by the 
position of the point B in the triangle FAG. We then have 
the following relation, which gives the composition of the phase 
F in terms of the phases A^ B^ and C : 

pF ^B -qA — rC. 

We see that a phase such as F can never result from a simple 
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physical mixture of the phases A, B, and C, Mathematically, 
it can be considered, however, as a mixture of these three in 
which the concentrations of two, in this case A and (7, possess 
negative values. 

The second case is that of a phase the composition of which 
is represented by a point such as & in Fig. 161. This point 
also lies outside the triangle ABC, and the composition of the 
corresponding phase cannot, therefore, be expressed in positive 
terms of the phases A, B, and C. At the same time, it is 
impossible, by joining the points representing any three of the 
phases, to construct a triangle which shall include the fourth 
pointy as we did in the previous case. The present case can 
only arise when the line which joins the points representing 
two of the phases intersects the Une which joins the points 
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representing the other two phases. Thus, in Fig. 161 the 
line OA intersects the line BC in the point K, This point of 
intersection represents a phase the composition of which can 
be expressed in two ways. Since the point K lies on the line 
OA, we can express the composition of the phase K in positive 
terms of the phases A and O, thus : 

K==pA+ qO, 

where p and q are positive numbers determined by the position 
of the point K on the line OA . Since K lies also on the line fiC, 
we can express the composition of the phase K in positive terms 
of the phases B and C, thus 

K =rB +8C, 

where r and s are positive numbers determined by the position 
of the point K on the line BC. These two expressions, both 
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giving the composition of the phase Ky must be identical, and 
we have, therefore, the following equation which relates the 
compositions of the four phases A, B^ Cy and O : 

pA+qO=rB + aO 
or qO =rB +8G — pA. 

Thus, the phase represented by the point O can still be regarded 
mathematically as a mixture of the phases A^ B, and 0, if we 
admit a negative value for the concentration of one of these 
phases in the mixture — ^in this case, the phase A. 

We will summarise these deductions. 

Every point in the plane containing the triangle ABC can 
be considered mathematically as representing the composition 




Fia. 162. 



of a mixture of the three phases denoted by -4, B, and C. 
Points within the triangle ABC represent mixtures of the 
three in all possible positive proportions, and are, therefore, 
to be considered as giving the compositions of all possible 
physical mixtures of the phases A, 5, and C. Points outside 
the triangle ABC represent mixtures in which the concentra- 
tion of one, or of two, of the phases -4 , 5, (7 is negative ; a 
particular example of this case is afforded by a point (7, which 
is so situated with respect to the triangle ABC that the line AO 
intersects the line BC ; the relation which then exists between 
the compositions of the four phases represented by the points 
Ay By Cy and (7 is of the form 

pA +qO = rB + sCy 
where p, q, r, and 8 are all positive numbers. 
We will suppose that the three points S^, /Sg, and H of Mg. 162 
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represent the compositions of three solid phases which are in 
invariant equilibrium with the ternary liquid the composition 
of which is represented by the point L^, Since the point L^ 
lies inside the triangle HS182, the composition of the liquid 
phase can be expressed in positive terms of the three solids. 
The compositions of all phases can, therefore, be kept constant 
by the separation or dissolution of the three solids in some 
definite proportion, namely, the proportion in which they are 
contained by the liquid phase when its composition is expressed 
in terms of them. The equilibria which exist at, and in the 
neighbourhood of, the invariant temperature are, therefore, 
the following : 

5 + iSi+ ^a ^^ "^1 

£r + 5i+ Liquid 

H+8^+82 £r + 52+ Liquid 

»!+ 5,+ Liquid 

Since the only monovariant system which can exist below the 
invariant temperature is the completely solid system 

this case represents the relations which exist at a ternary 
eutectic point. 

If now the composition of the liquid phase which is in in- 
variant equilibrium with the three solid phases H, 81, 8^ is 
represented by the point L^, it can no longer be expressed in 
positive terms of these solid phases. The composition of the 
solid phase H can, however, be expressed in positive terms of 
the liquid phase and the two solid phases 8^ and 8^, since 
the point H lies within the triangle L^i82- The compositions 
of phases can, therefore, be maintained constant by the de- 
composition of the solid phase H into the liquid phase and the 
two solid phases 81 and ^^2' ^^ ^y ^^^ union of these to form 
the solid phase H ; in either of these cases, the proportions in 
which the three ph^es L^, 8^, and 8^ take part in the reaction 
must be the same as that in which they are contained by H 
when its composition is expressed in terms of them. 
The equilibria are 

H ^ 8^+ 82 + L2 

H +8^+ Liquid 

H +82+ Liquid 8^+ 8 2+ Liquid 

H + 8^+82 
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The case here described in clearly that of a ternary transition 
point, since the liquid phase can exist at temperatures below 
the invariant temperature. 

Finally, let ns suppose that the composition of the liquid 
phase in equilibrium with the three solids is represented by 
the point Xrg. In this case, there exists no one phase the 
composition of which can be expressed in positive terms of 
the other three. The composition of a complex of the two 
phases H and 8^ in the definite proportion 8^/KH, represented 
by the point K^ can, however, be expressed in positive terms 
of a certain complex of the two phases Si and L^ ; the complex 
which contains the two phases in the proportion L^K/KSi. 
The transformation of the one phase complex into the other 
will leave, therefore, the compositions of phases unaltered ; 
the equilibria at, and in the neighbourhood of, the invariant 
point are 

H + S^^ 8i+ Xfj 

H + 8^+ Liquid H + 8^+ Liquid 
H + 8^+ 8i 8^+ 5i+ Liquid 

Here again the case is that of a ternary transition point. 

§ 86. We defined a eutectic point in § 17 as an invariant 
point which marked a lower temperature limit to the existence 
of the liquid phase ; a transition point as an invariant point 
which was not so characterised. We have now seen that a 
eutectic point occurs when the composition of the invariant 
liquid phase can be expressed in positive terms of the solids 
with which it is in equilibrium ; a transition point, when the 
composition of the Invariant liquid phase cannot be so expressed. 

If the composition of a certain phase can be expressed in 
positive terms of a number of other phases, the given phase 
is said to be conffruent with respect to these. If the com- 
position of a phase can be expressed in terms of a number of 
other phases only by admitting negative terms, the given phase 
is said to be incongruent with respect to these. Thus, at a 
eutectic point, the invariant solution is congruent with respect 
to the solid phases with which it is in equilibrium. It is 
therefore said to be congnienUy saturated. At a transition point, 
the invariant solution is incongruent with respect to the solid 
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phases with which it is in equilibrium. It is said to be 
incongruentty saturcUed,^ 

The terms eutectic point and transition point are reserved 
for the characterisation of system invariant points. We may 
also classify isothermal invariant points according to whether 
they represent congruently or incongruently saturated solu- 
tions, and the distinction between these two classes is funda- 
mentally the same as that between eutectic and transition 
points. It will not, however, be generally possible to express 
the composition of an isothermal invariant solution either in 
positive or in negative terjns of those soUds alone with which 
it is in equilibrium. The ternary isothermal invariant solu- 
tion is, for example, in equilibrium with two solid phases only, 
and these will not suffice to express the composition of the 
solution. A third phase must be arbitrarily chosen for this 
purpose. Let uis consider the invariant point C in the ternary 
isotherm of Fig. 21. This point represents a solution in 
equilibrium with the simple salt 8^ and the anhydrous double 
salt denoted by the point D. It is clearly impossible to express 
the composition of the solution C in terms of the two solid 
phases S^ and D alone ; we have shown in § 84 that the only 
phases the compositions of which can be so expressed are those 
which are represented by points on the Une S^D, In addition 
to the two solid phases 8^ and D, we shall choose water as the 
third phase in terms of which the composition of the solution 
is to be expressed. An isothermal invariant solution will 
then be described as congruently or incongruently saturated 
when it is congruent or incongruent with respect to vxiter and 
the solid "phases with which it is in equilibrium. The point C 
lies outside the triangle WSy^D, and it is, therefore, impossible 
to express the composition of the solution C in positive terms 
of water and the two solids 8^ and D, with which it is in equi- 
librium ; the solution is incongruent with respect to these 
phases, and is therefore described as incongruently saturated. 
The line 8^C of Fig. 21 intersects the Une DW, and a certain 
complex (J) of the solution C with the salt 8^ can therefore 
be expressed mathematically as a complex of water and the 
double salt D : 

i8fi+ Solution G ==D + W. 

^ We have already introduced these terms (§ 30), but we are now able to 
give them more precise definition. 

Z 2 
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It must be carefully observed that the above relation is purely 
mathematical, and does not represent reactions in equilibrium 
at the isothermal invariant point C ; the third phase W is, 
in this case, arbitrarily chosen, and does not actually partake 
in the equilibrium. If, however, water is withdrawn from the 
invariant system at constant temperature, the equilibrium will 
be disturbed, since the water content of the liquid phase will 
be diminished. A phase reaction must, therefore, immediately 
set in which, whilst removing water, retains the original 
invariant composition of the solution. This reaction is : 

iSfi+ Solution (7 — > jD.+ W (removed) ; 

it alters the proportions which the weights of the separate 
phases bear to each other, but does not alter their actual 
compositions. The effect of the evaporation of water from 
the isothermal invariant system in equilibrium at the point C 
of Fig. 21 is, therefore, to cause the dissolution of the salt 8^ 
and the separation of the salt D ; we have already deduced 
this behaviour in § 30. 

As another example, we will consider the ternary system 
represented in Fig. 23. At the temperature of this isotherm, 
the hydrate ^i, which is the stable solid phase in the binary 
system TF-zS^, suffers dehydration by certain ternary solutions; 
the isothermal invariant point E represents the solution in 
equilibrium with the hydrate, denoted by the point H^, and 
the anhydrous salt, denoted by the point S-^. Here, again, it 
is clearly impossible to express the composition of the solution 
E in terms of the two solid phases H^ and 8^ alone. Nor can 
we choose water as the third phase for this purpose, since the 
point W itself lies on the straight line H^8^, The solution E 
cannot, therefore, be described either as congruently or as 
incongruently saturated, in the sense of our definition of these 
terms ; the composition of the solution E cannot be expressed 
either in positive or negative terms of water and the solids 
with which it is in equilibrium. Since the point E lies outside 
the triangle SJI^S^, we may say, however, that the solution E 
is incongruent with respect to the three phases 8^^ -ETj, and jSj. 
The line ^2^1 intersects the line 8-^Ey and the relation between 
the composition of the four phases is, therefore, of the form : 

8^+H^=^8^+ Solution E. 
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riuB is, again, a mathematical relation, and not a phase equi- 
Ubrium ; the salt S^ does not actually form one of the solid 
pbasee in equilibrium with the invariant solution E. If the 
salt /Sj is added to this invariant system, it must, on the contrary, 
dissolve, since the solution is not saturated with respect to 8^. 
This will, however, alter the composition of the liquid phcbse, 
and a phase reaction must set in which, whilst dissolving 8^, 
retains the invariant composition of the solution. This 
reaction is : 

5, (Dissolved) + H^-^8^+ Solution E. 

The added salt 8^ dissolves, together with some of the hydrate 
present in equilibrium with the solution, and the anhydrous 
salt 8-1 separates, a behaviour which we had already predicted 
in §32. 

§ 87. In order to illustrate further the principles developed 
in the foregoing paragraphs, we shall now reconsider the poly- 
therms in the binary system TT-iSfi, and the ternary system 
W-8-^-8^^ for the case in which a salt hydrate H^ can occur as 
a solid phase. 

The polythermal relations in the ternary system can be 
represented, completely by means of a space figure referred 
to a triangular prism (§ 36), incompletely by means of a plane 
projection of that figure upon the triangular base of the prism 
(§ 37) or upon the rectangular face T8-yS^ (Janecke's method, 
§ 38). Of the two plane representations, the first is incomplete 
because the temperature corresponding with a given point 
in the figure is not expressed by the figure, whilst the second, 
although it gives direct expression to the temperature, does 
not represent the water content of solutions. In Chapter II, 
we have always used Janecke's method for representing the 
polythermal conditions of ternary equilibria because it readily 
lends itself to the deduction of isothermal types. In this 
paragraph we shall use the projection upon the base of the 
prism. 

The polythermal conditions of equilibrium in the ternary 
system W-8-^-8^y when the simple salt hydrate H-^ can occur a^ 
a solid phase, are represented within the triangle WS^S^, in 
Pigs. 163 and 164. The binary system TT-Sj is represented on 
the side W8y^ of the triangle, and, since the hydrate occurs as 



ffj+Ice 
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a solid phase in this system, the latter possesses two system 
invariant points, D and E. At the temperature corresponding 
with the point D, an invariant liquid is in equilibriimi with 
the two solid phases -ffi+ Icq, and at that corresponding with 
the point E^ an invariant liquid is in equilibrium with the two 
solid phases H^+ S^. In both Fig. 163 and Fig. 164 the point D 
lies between the points Hi and TT, which represent, respectively, 
the hydrate Hi and ice ; these are the solid phases in equi- 
librium with the solution D, the composition of which can, 
therefore, be expressed in terms of them. The equilibria 
which exist at, and in the neighbourhood of, this invariant 
temperature are 

Hi+ Ice ::z!: Solution D 
Ice + Solution 
Hi + Solution. 

The point D represents a congruently saturated solution, and 
it ia, therefore, a binary eutectic point. The two monovariant 
systems Ice + Solution and Hi+ Solution are both stable at 
temperatures above that of the invariant point, and the two 
saturation curves which diverge from the point D (those of 
ice and Hi) both do so in the direction of rising temperature. 
These two binary saturation curves are contained by the side 
WSit and t&ey are represented by the parts DW and DE ; the 
direction of temperature change on these curves is shown by 
the arrow-heads, which point in the direction of rising tempera- 
ture, and which are directed, therefore, both along DW and 
DE, away from the point D. 

The binary eutectic point D forms the starting point of a 
ternary saturation curve DO, that of Hi+ Ice. Every point 
on this curve represents a ternary solution which is in equi- 
librium at a definite, though imexpressed, temperature with 
the two solid phases Hi+ Ice ; the curve may be considered 
as the locus, with varying temperature, of the isothermal 
invariant point which represents a ternary solution in equi- 
librium with these two phases. 

The curve DO ends in a ternary invariant point O, at which 
the salt 82 appears as a third soUd phase. The point O repre- 
sents an invariant solution which is in equilibrium with the 
three solid phases denoted by the points Hi, W, and 8^, and, 
since it lies within the triangle HiW8^, the composition of the 



Ice + H^+ 8^ 
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solution O can be expressed in positive terms of the solids 
H^t ice, and 8^, with which it is in equilibrium ; the equilibria 
at, and in the neighbourhood of, this invariant point are : 

Ice + Hj^+S2-:^ Solution G, 

Ice + Hi+ Solution 
Ice + ^2+ Solution 
Hi+ ^2+ Solution 
The solution O is congruently saturated, and the point O is 
a ternary eutectic point. The three monovariant systems 
Ice + Hi+ Solution, Ice + /S2+ Solution, Hi+ 5,+ Solution 
are all stable at temperatures above that of the point O. The 
three corresponding saturation curves OD, GfC^ OM diverge 
from the point O in the direction of rising temperature ; the 
arrow-heads on these curves are all directed away from 0, thus 
characterising it as a temperature minimum. 

The curve OD is the ternary saturation curve of Ice + ff^, 
which we have already discussed ; it ends in the binary eutectic 
point D, at which ice and the hydrate are in equilibrium with 
a binary invariant solution. 

The curve OC is the saturation curve of Ice + 8^, and it 
also ends in a binary invariant point ; the point (7, at which 
Ice + 82 are in equilibrium with an invariant liquid in the 
system TF-jSj. This system is represented on the side WS^ 
of the triangle, and it is of the simplest type, since the only 
solid phases which can occur are the solid components ice 
and iSg. The invariant point C, which represents the solution 
in equilibrium with both these solids, is clearly a eutectic 
point : 

Ice + /S2 ^^ Solution G 

Ice + Solution 
iSfa+ Solution 

The two corresponding binary saturation curves (of ice and 8^ 
are contained by the side W82, and are represented by the 
parts GW and GS^ ; the arrow-heads on these curves are directed 
away from the point C 

The curve GM — ^the third which diverges from the ternary 
eutectic point O — ^is the ternary saturation curve of H^-^- 82', 
before we discuss this curve we must consider the second 
invariant point -E, in the binary system PF-jSi — ^that which 



Ice -f 8. 
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represents a solution in equilibrium with the two solid phases 
-ff 1 and ^1 5 *^d here we must distinguish between the two 
cases represented in Figs. 163 and 164. The point E in 
Fig. 163 lies between the two points Hi and S^, which represent 
the solid phases in equilibrium with the solution E. The 
composition of this solution can, therefore, be expressed in 
positive terms of the solids Hi and Si, and the equilibria 
existing at, and in the neighbourhood of, the invariant point 
are 

Hi + Si:^ Solution E 

Hi + Solution 

8i + Solution 



H, + S, 



The point E is, in this case, a eutectio point, and the binary 
system W-8i is of the type which we discussed in detail in § 16. 
The two saturation curves which diverge from the point E are 
represented by the parts ED and E8i of the side of the triangle, 
and the direction of temperature change is shown by the arrow- 
heads. We have seen already that the other extremity of the 
binary saturation curve ED, of the hydrate, is formed by the 
eutectic point D. This curve diverges from both eutectic 
points E and D in the direction of rising temperature, as the 
converging arrow-heads show ; it must, therefore, attain a 
temperature maximum. We have shown in § 16 that this 
maximum occurs at the melting point of the hydrate, where 
the liquid phase has the same composition as the solid hydrate. 
The point Hi itself represents, therefore, the point of maximum 
temperature on the saturation curve ED of Fig. 163, 

In Fig. 164 the point E does not lie between the two points 
Hi and 8i, which represent the compositions of the soHd phases 
in equilibrium with the invariant solution ; this solution is, 
in other words, incongruently saturated. Since, however, the 
point Hi lies between the points 8i and E, the composition of 
the hydrate can be expressed in positive terms of the anhydrous 
salt and the invariant solution. The eqmUbria at, and in the 
neighbourhood of, this invariant point are 

Hi :::r Si+ Solution 
Hi+ Solution 



Hi+8i 



8i+ Solution 



The point E is, in this figure, a transition point, and the binary 
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system W-S^ is of the type which we discussed in detail in 
§ 17. The monovariant system 8^+ Solution is stable at 
temperatures above that of the invariant point ; the corre- 
sponding saturation curve ES^ diverges from the point E in 
the direction of rising temperature. The monovariant system 
Hi+ Solution is sta(>le at temperatures below that of the 
invariant point, and the corresponding saturation curve JSfD, 
of H^y diverges from the point E in the direction of falling 
temperature ; since this curve diverges from the eutectic point 
D in the direction of rising temperature, it does not pass through 
a temperature maximum. 

We will consider first the conditions of equilibrium repre- 
sented by Fig. 163. The point E is here a binary eutectic 
point representing the invariant solution in equiUbrium with 
the two solids H^ and 8^^ and it forms the starting point of a 
ternary saturation curve : EM that of Hi+ S^. This curve 
ends in the ternary invariant point JIf , a point which repre- 
sents a ternary solution in equilibrium, not only with Hi+ 8^^ 
but also with the third solid phase 8^. The point M lies within 
the triangle the vertices of which. Hi, 8^, and 8^, represent the 
three solid phases in equilibrium with the invariant solution Jf . 
The equilibria at, and in the neighbourhood of, the invariant 
temperature are, therefore, 

H^+ 8^+ 8^::::i Solution M. 

H^+8i+ Solution 
S1+82+ Solution 
H^+8^+ Solution 

The point JIf is a second ternary eutectic point, and all satura- 
tion curves which diverge from it do so in the direction of rising 
temperature, as the arrow-heads show in the figure. 

The curve ME is the saturation curve of Hi+ 8^, which 
ends in the binary eutectic point E. The curve MF is the 
saturation curve of 8^+ Sg, and it also ends in a binary eutectic 
point : namely, the invariant point F in the system 81-8^, 
which is of the same simple type as the system W-82. 

The curve MO is the saturation curve of Hi+ 82, and we 
have seen earlier in this paragraph that its other extremity 
is formed by the ternary eutectic point O ; from both eutectic 
points M and O it diverges in the direction of rising tempera- 



H^+ 8^+ 82 
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ture, and it must, therefore, pass through a temperature 
maximum between the two. 

The ternary saturation curve MO, of H^ + fi^i, can be com* 
pared with the binary saturation curve ED, of -ff^. Both 
curves are terminated at each end by eutectic points, and both 
pass through a temperature maximum ; this is shown graphi- 
cally by the fact that, on each curve, the arrow-heads are 
directed towards each other. 

Let us consider the ternary saturated solutions which contain 
the two components W and 8^ in the same proportion as that 
in which they unite to form the hydrate H^. The composi- 
tions of these solutions can clearly be expressed in terms of 
the hydrate H^ and the salt 8^, and they must, therefore, be 
represented by points on the straight line H-^8^ of Fig. 163. 
The only ternary saturation surfaces which this line traverses 
are those of H^ and 8^, and the only ternary saturation curve 
which it intersects is MO, that of H^ + 8^. The only solid 
phases which can be in equilibrium with solutions the composi- 
tions of which can be expressed in terms of H^ and 8^ cJone 
are, therefore, H^ and 8^, The system -ffi-zS, is, in other words, 
a true binary system, and it is represented on the straight 
line H^8^, just as the binary system W-8^ is represented on 
the line W8^. That part {K8^) of the line W8^ which lies on 
the ternary saturation surface of 8^ represents the binary satura- 
tion curve of 8^ in the system H^-82 ; and the part KH^, which 
lies on the saturation surface of jffj, represents the binary 
saturation curve of H^, in this system. The point K represents 
an invariant solution in the binary system H^-8^, namely 
the invariant solution which is in equilibrium with the two 
solid phases -ffi+ /Sg- I^cm the position of the point K on 
the line H^8^y and between the points H^ and 8^, it follows 
that the equilibria existing at, and in the neighbourhood of, 
this binary invariant point are 

JJi-hiSf,:;^: Solutions 
^1+ /S2 ffi+ Solution 
^2+ Solution 
The point -K is a binary eutectic point, and the two saturation 
curves which diverge from it do so in the direction of rising 
temperature ; this is indicated by the arrow-heads on the lines 
KH-i and KS^^ which represent these saturation curves. 
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It is clear that Pig. 163 is divided by the straight line H^S^ 
into two parts, and these can be considered as giving the 
polythermal conditions of equilibrium in two independent 
ternary systems of the simplest type — systems in which only 
the components appear as solid phases. The polytherm in 
the system Hi-Si-S^ is represented within the triangle HiSiS^, 
and it can be compared with the simple type depicted in Fig. 42 
of § 37. It shoiurs three polythermal saturation curves : 

ME is the saturation curve of -ffi+ Si 
MF „ „ „ 8i+S^ 

MK „ „ „ Bi-\- S^. 

The saturation curve ME, of Hi+ jS^, diverges in the direc- 
tion of rising temperature from the ternary eutectic point M, 
and reaches its temperature maximum in the binary eutectic 
point E ; this latter point represents the binary invariant 
solution which is also saturated with Hi+ 8^. The saturation 
curve MF, of 8^+ 82, diverges in the direction of rising tem- 
perature from the ternary eutectic point M, and re€k)hes its 
temperature maximum in the binary eutectic point F — a 
point which represents the binary invariant solution also 
saturated with 8^+ 82. Similarly, the ternary saturation 
curve MK, of Hi+ 8^, must reach its temperature maximum 
in the point which represents a binary invariant solution 
saturated with these two solids. This is the point K, which 
we have shown to be the eutectic point in the binary system 

The polytherm in the system W-H^-S^ is represented within 
the triangle WH^S^y and it also shows only three saturation 
curves. The curve OD is the saturation curve of Ice + j^^, 
and it reaches its temperature maximum in the point Z), 
which represents the binary eutectic solution in equilibrium 
with Ice + H^, The curve OC is the saturation curve of 
Ice -f ^2' ^'^^ ^^ reaches its temperature maximum at the 
corresponding binary invariant point C The curve OK is 
the saturation curve of Hi+ 82 in this system ; it, like the 
saturation curve MK in the system Hi-81-829 reaches its 
temperature maximum at the binary eutectic point K. 

We saw earlier in this paragraph, when considering the 
system W-S^-S^ as a whole, that the saturation curve OM, 
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of Hi+ 82, must pass through a temperature maximmn, 
since it ends, on both sides, in a ternary eutectic point. We 
have now seen that this point of maximum temperature lies 
at the intersection Jf , of the curve, with the straight line Jf liSg- 
In the same way, for example, the saturation curve MF^ of 
Si+ 82, reaches its temperature maximum in the point jP, 
where it intersects the straight line /Si/Sj > ^^e saturation curve 
ME, of Hi + iSi, reaches its temperature maximum in the 
point Ey where it intersects the straight line i?i/Si, etc. 
We can say, quite generally, that a curve the points of which 
/ represent the compositions of ternary solutions in equilibrium 
I with the two solid phases X and T must attain a temperature 
j maximum at the point where it intersects the straight line XT. 
The law upon which this graphical deduction is based may be 
stated : A ternary polythermal saturation curve which represents 
solutions in equilibrium with the two soUd phases X and Y 
reaches its temperature maximum in the point which represents 
a binary invariant solution in equilibrium with the same two 
solid phases. All binary mixtures of the two phases X and Y, 
and therefore also the binary invariant solution, must, however, 
be represented by points on the straight line XT. Hence we 
arrive at the graphical deduction stated above : the satura- 
tion curve ot X + T reaches its temperature maximum on 
the straight line XT. 

We shall now consider the case which is represented in 
Pig. 164. The point E is here a binary transition point ; it 
represents an incongruently saturated invariant solution in 
equilibrium with the hydrate Hi and the anhydrous salt S^. 
As before, the point E forms the starting point of the ternary 
saturation curve of Hi+ 8^, and this curve ends in the ternary 
invariant point M, where the second salt 82 appears as a third 
solid phase. The point M represents a ternary invariant solu- 
tion in equilibrium with the three solid phases denoted by the 
points J7i, 81, and 82^ but it does not lie within the triangle 
H18182, and the invariant solution is, therefore, incongruently 
saturated. The line joining the points M and 8^^ intersects 
that which joins the points H^ and Sg. We have shown in 
§ 85 that, in this case, the composition of a certain phase 
complex formed by the solution M and the 9olid 81 can be 
expressed in terms of a complex formed by the two solids H^ 
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and S^. The phase reactions which occur at, and in the neigh- 
bourhood of, the invariant point are 

H^+ S^:^ S^+ Solution M 



Hi+ ^2+ Solution 
^1+ S^+ S^ 



Hi+S^+ Solution 
^2+ ^^1+ Solution. 



The monovariant system Hi+ 8^+ Solution is now stable 
at temperatures below that of the invariant point, and the 
corresponding saturation curve MO (Fig. 164) diverges from 
the point M in the direction of falling temperature. Since it 
diverges from the eutectic point O in the direction of rising 
temperature, it does not pass through a temperature maximum 
between these points. This saturation curve must, as we have 
already seen, attain its temperature maximum at its point 
of intersection with the straight line H1S2. It does not, 
however, intersect this line in stable regions ; a solution which 
is in equilibrium with H^+ S^, and the composition of which 
can be expressed in terms of H^ and S^ alone, is represented by 
the point K, in which the metastable prolongation of the 
saturation curve OM intersects the Une H^S^. This point would 
be a point of maximum temperature on the saturation curve 
OM, but the system formed by the solution K in equilibrium 
with the two solid phases Hi and 82 is, actually, metastable ; 
since the point K lies on the saturation surface of 8^, such a 
solution would be supersaturated with respect to this 
salt. 

The point if is a ternary transition point, just as the point E 
is a binary transition point. The binary saturation curve, DE, 
of the hydrate, does not attain its temperature maximum in 
stable regions, i.e., the hydrate has no stable melting point ; 
in the same way, the ternary saturation curve OM^ of Hi+ 8^9 
does not attain its temperature maximum in stable regions, 
i.e., there exists no stable binary invariant system formed by 
the two solids H^ and 82 in equilibriimi with a binary solution. 
It can be seen from Fig. 164 that the system Hi-jS^ does not, 
in fact, behave as a binary system. The straight line -ffi^Sj 
intersects the saturation surface of 81, and this salt can, there- 
fore, be in equilibrium with solutions the compositions of which 
can be expressed in terms of H^ and 8^ alone ; the composition 
of the anhydrous salt 8^ cannot, however, be so expressed, and 
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the system Hf-S^ is not binary. The figure is not divided into 
two simpler ternary polytherms by the line HiSj. 

§ 88. The two typical ternary polytherms of Figs. 163 and 
164 are characterised by the fact that, in the first, the binary 
invariant point E and the ternary invariant point M are both 
eutectic points or temperature minima ; in the second, both 
binary and ternary invariant points are transition points. 
The two polytherms of Figs. 163 and 164 are represented by 
Janecke's method in Figs. 165 and 166 respectively. The 
same lettering has been used, and a comparison will show that 
Fig. 166 corresponds strictly with Fig. 163, Fig. 166 with Fig. 
164. Considering first Fig. 166, we see that the two ternary 
invariant points O and M are both eutectic points ; both 
points are temperature minima, and all saturation curves 
which diverge from them do so in the direction of rising 
temperature. The saturation curve of J?i+ S^, which joins 
the two ternary eutectic points, passes through a temperature 
maximum at the point K; we have already seen that this 
point is a eutectic point in the binary system Hj-S^. In 
Fig. 166, the point ilf is a transition point ; it is not a tempera- 
ture minimum, since the saturation curve of H^+ 8^ diverges 
from it in the direction of falling temperature, and does not 
pass through a maximum. 

The ternary polytherm which we discussed in § 44 of Chapter 
II. (c/. Fig. 63) was of the type illustrated in Fig. 166. We 
shaU now consider some isothermal types which may be derived 
from the polytherm of Fig. 166. This figure can be considered 
as built up from the polytherms in two simpler systems. The 
invariant point O represents the eutectic solution in equilibrium 
with the three solid phases, ice. Hi, and S^, From it, there 
rise three saturation curves : OD is the saturation curve of 
Ice + Hi, and it ends at the eutectic point D in the binary 
system W-Si ; OC is the saturation curve of Ice + 8^ and it 
ends at the eutectic point C in the binary system WS^ ; 
OK is the saturation curve of Hi+ S^y and it ends at the point 
K, which we have seen to be the eutectic point in the binary 
system JJi-jSj. These three saturation curves can be con- 
sidered as forming a simple ternary polytherm similar to that 
shown in Fig. 43 ; it is the polytherm in the system W-Hi-S^. 
Similarly, the invariant point M represents the eutectic solu- 
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tion in equilibrium with the three solid phases ^S^^, Hu and S^^ 
and the saturation curves which rise from it end at the corres- 
ponding binary eutectic points E, Jf , and F. They form the 
polytherm in the simple ternary system Si-Hi-S^- The 
isotherms in each of these two systems will pass, within different 
temperature ranges, through the various isothermal types 
which we have discussed in detail in § 34, and the possible 
combinations of the separate types in one picture will represent 
the isothermal relations in the system PF-jSi-jSj for the case 
here considered. 

If we represent the isotherm in the system W-Si-S^, within 
the triangle WS^S^ (Pig. 167), that portion of it which lies 
within the triangle WH182 will represent the isotherm in the 
simple ternary system W-H^-S^^ and that portion which lies 
within the triangle S^H^S^ the isotherm in the simple ternary 
system S^-H^-S^^ at the same temperature. At a temperature 
Tj^y sufficiently low, the constant temperature line in the 
polytherm (Pig. 165) cuts only the saturation surfaces of H-^ 
and of iSfj, and the saturation curve of Hi+Sj* "^ *^® system 
W-H^-8^. The isothermal type is of the simple form shown 
in Pig. 167. The curves TV and ZV are the isothermal satura- 
tion curves of Hi and jS^, respectively, in the system W-Hi-S^s 
All mixtures in the system Si-iTi-iSa are, as yet, completely 
solid, for the constant temperature line in Pig. 165 lies below 
the eutectic point M of this system ; no saturation curves 
can extend, therefore, into the triangle S^HiS^ of the isotherm 
shown in Pig. 167. 

If the temperature is raised to Tg, that of the eutectic point 
M, one solution can exist in the system Hi-Si-S^, namely, the 
eutectic solution itself. The corresponding isothermal transi- 
tion form is given by Pig. 168, where the point M represents 
the eutectic solution saturated with the three solids Hi+ 8^ + 
82, in the system Hi-81-82 ; it is the only point in the triangle 
H18182 which represents a saturated solution. The system 
W-Hi-82 still shows the isothermal saturation curves YO and 
ZOf of H^ and 8^^ given by the intersection of the constant 
temperature line in the polytherm, with the corresponding 
saturation surfaces. 

At a temperature T^^ slightly above that of the eutectic 
point M, the constant temperature line of the polytherm cuts 
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all three saturation curves in the system Si-Hi-S^^ and the 
isotherm is then given by Fig. 169. The system invariant 
point M in the transition type of Fig. 168 is replaced, at slightly 
higher temperatures, by three isothermal invariant points— 
the points J, B, and L, in which the constant temperature 
line intersects the polythermal saturation curves ME, MF, 
and MK of Fig. 165. The isothermal type which exists at a 
temperature immediately above that of a ternary eutectic 
point has already been deduced in § 34, and illustrated in 
Fig. 34. A comparison of the isotherm represented within 
the triangle SyH^S^ of Fig. 169, with that represented within 
the triangle WS^S^ of Fig. 34, will show that these two belong 
to the same isothermal type. The present case is complicated 
by the fact that the triangle WS^S^ of Fig. 169 contains a 
second isotherm — ^the isotherm in the system W-H^S^f 
which is represented within the triangle WH^S^. This 
isotherm belongs to a different type from that shown by the 
system Si-H^S^ ; it belongs to the type represented in 
Fig. 28 of § 34, and the isotherm in the system TT-^j-^j, 
regarded as a whole, is a combination of two simple types. 
In Fig. 169 there are two isothermal saturation curves of 
Hi {YA and LJ), and two of 82 {ZA and LB), namely, one 
in each of the systems W-H^-S^ and Si-Hi-S^. Further, 
there are two isothermal invariant points {A and L) which both 
represent solutions in equilibrium with the two solid phases 
Hi and S29 again one in each of the two simpler isotherms. 
The existence of these two isothermal invariant points is due 
to the fact that the constant temperature line in the poly- 
therm (Fig. 166) intersects the saturation curve OKM, of 
Hi+ S^i in two points, one on each side of the maximum. 

It can be seen from the polytherm that, when the tempera- 
ture is raised above T^, the two points A and L approach one 
another, and finally coincide in the maximum K, We have 
shown that this point represents the eutectic point in the 
binary system Hi-Sz* The isothermal transition form at this 
binary eutectic temperature T^ is therefore given by Fig. 170. 
The two isothermal invariant points A and L of Fig. 169, 
which represent solutions saturated with Hi+ 8^9 coincide 
at the temperature T^, in the point K, on the line HiS^- The 
discontinuity in the saturation curves of Hi and of /S„ repre- 
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sented by the gap AL of Fig. 169, has disappeared, and the 
two curves touch one another in the point K. 

At a temperature T^, slightly above T^, solid H-i^ and solid 8^ 
cannot exist together in equilibrium with solutions, since the 
constant temperature line in the polytherm does not now 
intersect the saturation curve OKM, of H^-{- S^. The isother- 
mal type is therefore given by Fig. 171, in which the saturation 
curves of H^ and 8^ are entirely separated from each other. 
Here again, the isotherms in the systems W-Hi-S^ and 
H^-^^S^ show typea which have already been deduced for the 
simple ternary system (Figs. 37 and 32). 

The next isothermal transition form occurs at the tempera- 
ture of the binary eutectic point E in Fig. 165. At this 
temperature the two solids Hi and 8^ can exist in equilibrium 
with a solution in the binary system W-8i. The isothermal 
invariant point Q of Fig. 171, which represents the solution 
saturated with Hi+ 8i, must therefore fall on the line WSi 
at the temperature of the point E, and the corresponding 
isothermal transition form ia given by Fig. 172. 

At a temperature immediately above that of the point E, 
the two solids H^ and 8^ cannot exist together in equilibrium 
with a solution, since a constant temperature line in Fig. 165 
no longer intersects the polythermal saturation curve of Hi + 8i. 
The isothermal type is now given by Fig. 173, in which the 
saturation curves of Hi and 8i are completely separated from 
each other ; this isotherm can again be considered as built 
up from two simpler types (Figs. 29 and 37). 

The isothermal saturation curve of the hydrate is given by 
a curve TUX, surrounding the point H^, and bounded on each 
side by the side W8i. 

In order to understand how* the saturation curve of the 
hydrate obtains the form shown by the isothermal type of 
Fig. 173, we must consider the complete space polytherm, of 
which Figs. 163 and 165 are plane projections. A part of this 
space figure, namely, the saturation surface of the hydrate, 
is represented within the triangular prism of Fig. 174. The 
ternary saturation surface of the hydrate rises from the two 
ternary eutectic points O and Jlf , and it is bounded, in the face 
of the prism, by the binary saturation curve DHiE, of the 
hydrate, in the system W-8i. This curve passes through a 

A A 
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temperature maximum at the point Hi, which represents a 
Uquid phase in equiUbrium with the soUd hydrate, and of 
identical composition with it ; the temperature corresponding 
with the point H^ is, in other words, the melting point of the 
pure hydrate. This is the highest temperature at which 
soUd hydrate can be in equiUbrium with a liquid phase, and the 
saturation surface of the hydrate, after rising from the eutectic 
points and Jf , reaches its highest point, therefore, at the 
point H-^y in the face of the prism which bounds the surface. 
The isotherm at a particular temperature is given by the inter- 
section of a plane parallel to the base of the prism with the 
various saturation surfaces and curves which form the space 
figure. Now it is clear from the shape of the saturation surface of 
the hydrate that, at a temperature slightly below the melting 
point of the hydrate, a plane parallel to the base will intersect 
this surface in a curve which extends, without interruption, 
from one point on the side WS-^ of the triangular section to 
another point on the same side. The isothermal saturation 
curve of the hydrate will then have the form shown by the 
curve YUX in the polytherm of Mg. 174, and in the isotherm 
of Fig. 173. As the temperature falls, the curve YUX (Fig. 
174) will increase in size until the temperature of the point E 
is reached. A section of the- saturation surface at a tempera- 
ture below this is bounded by the ternary saturation curve EM^ 
which Ues within the prism ; the isothermal saturation curve 
of the hydrate will then no longer be bounded on both sides by 
the face WS^^ and, with falling temperature, the isotherm 
will pass through the series of types which we have akeady 
deduced. If, however, the temperature is raised, the curve 
Y UX will diminish in size, the two points Y and X will approach 
each other, and the saturation curve YUX will disappear 
entirely when these points coincide in the highest point of the 
saturation surface. At the melting point of the hydrate, the 
saturation curve of the hydrate shrinks, therefore, into the 
point Hj^. At still higher temperatures, the two anhydrous 
salts Sj^ and S^ can alone occur as solid phases, and the iso- 
therm is of the simple type which shows only two saturation 
curves. 

We can now summarise the isothermal types which may 
occur in the system Tr-zS^-zSj, in which the hycbate H^ appears 
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as a solid phase ; we assume that the binary solution in equi- 
librium with £^1+ &Yy and the ternary solution in equilibrium 
with £fi+ /Si+ /S,, are both congruently saturated, i.e., the 
two correspondiag system invariant points are eutectiq points. 
The saturation curve of the hydrate appears and disappears 
in the point H^^ at the melting temperature of the hydrate. 
At a temperature shghtly below this, it is given by a curve 
surrounding the point H-^^ and bounded at each end by the side 
W8^ of the triangle (Fig. 173). As the temperature falls, the 
saturation curve of the hydrate expands, and may intersect 
first the saturation curve of S-^ (Fig. 171). Later, it may 
touch and then intersect the saturation curve of 8f^ also (Figs. 
170 and 169). The two saturation curves, of S^ and JETj, then 
become interrupted, and the two systems W-Hi-S^ and 
iSi-ffi-zS, can be considered as entirely independent. The 
former shows three isothermal invariant points (Fig. 169), 
which approach one another and finally coincide in the eutectio 
point Jf, at the corresponding eutectic temperature (Fig. 168). 
If the temperature is still further lowered, only completely 
solid phases or complexes can exist in the system S^-H^-'829 
whilst an ice saturation curve must make its appearance in the 
system W-H^S^ below 0°. This system then passes through 
identically the same changes of isothermal type as did the 
other system at higher temperatures, the saturation curves 
of the three components ice, H^ and S^ shrinking finally into 
the second ternary eutectic point O. 

We have not, even now, exhausted all the possibilities, 
since we have assumed in Fig. 165 that the temperature of the 
eutectic point K in the binary system Hi-S^ is lower than that 
of the eutectic point E in the binary system Hj-Sj^, If the 
contrary is the case, then, as the temperature is lowered below 
the melting point of the hydrate, the isothermal saturation 
curve of the hydrate wiU intersect first the saturation curve 
of S^fSkud afterwards that of Si ; we shall leave the corresponding 
isothermal types to be deduced by the reader. 

§ 89. We will discuss briefly the polythermal relations in 

the ternary system in which a ternary compound (the hydrated 

double salt) can exist as a solid phase. We shall not treat 

this case exhaustively, since the number of different types 

which may occur is very large. 

A A 2 
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We will suppose that, within a certain range of temperature, 
the hydrated double salt D cannot exist in equilibrium with 
solutions, but that it breaks down at these temperatures, 
into tha two simple salt hydrates Hy^ and H^ ; within another 
temperature range, the two simple hydrates cannot both exist 
in equilibrium with solutions, but unite to form the double 
salt hydrate. We must then study the invariant phase 
equilibrium which exists when Hy^ H^t and D are aU in stable 
contact with a saturated solution. 

It must always be possible to express the composition of 
the hydrated double salt in terms of water and the two hydrated 
simple salts. We can distinguish the three following possi- 
bilities. 

1. The hydrated double salt may be formed by the direct 
union of the two simple hydrates, without either absorption 
or elimination of water. We can then write 

In this case, the composition of the salt D can be expressed 
in terms of H^^ and H^ alone, and the point representing this 
salt must lie on the line joining fT^ to H^^ as represented in 
Pig. 176. 

2. The formation of the hydrated double salt may require 
more water than can be supplied by the two hydrates ; we can 
then write 

pHy^+ qH^+ rW = D. 

In this case, the composition of the double salt can be expressed 
in positive terms of water and the two hydrates, and the 
point representing the double salt must Ue within the triangle 
WHyH^, as in Kg. 176. 

3. The double salt may be formed by the union of the two 
simple hydrates with the simultaneous elimination of water ; 
we can then write 

l)jffi+ qH^ ^rD + sW. 

In this case, the point representing the double salt must be 
so situated that the line HJI^ intersects the line WD^ as 
shown in Kg. 177. 

We will limit our discussion to the case represented in 
Fig. 176 where the hydrated double salt can be formed by 
the direct union of water and the two simple hydrates. Since, 
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in this case, the de- 
composition of the 
double salt hydrate 
into the two simple 
salt hydrates is ac- 
comi>anied by the 
Uberation of a certain 
amount of water, the 
system formed by the 
two simple hydrates 
in equiUbrium with 
solutions will be stable 
at comparatively 
higher temperatures, 
and that formed by the 
double salt hydrate in 
equiUbrium with solu- 
tions will be stable 
at comparatively lower 
temperatures. A par- 
ticular example of this 
case will occur when 
the double salt hydrate 
breaks down, not into 
two simple hydrates, 
but into the two anhy- 
drous salts 8i and 82* 

The polytherm in th^ 
system W-81-82 is 
represented in Figs. 
178, 180, and 183, 
again as a projection 
of the space figure 
upon the base of the 
prism. We will first 
consider Fig. 178. 
Since, at low tempera- 
tures, the two hydrates 
Hi and H2 cannot both 
exist in equilibrium 
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with saturated solutions, the two satiu*ation curves AG and 
BE^ of Ice + jffi and of Ice + H^ respectively, are separated 
by a third saturation curve CE — ^that of Ice + D. The two 
points C and E represent eutectic solutions in equilibrium 
with Ice + Hy^-{- D and Ice -^ H^+ I) respectively, for it is 
clear from the positions of these points that the phase equilibria 
existing at the corresponding temperatures are : 

loQ +H^+D:^ Solution C. 
Igb +H^+D:^ Solution E. 

The saturation curve CE^ of Ice + D, attains a temperature 
maximum at the point F where it intersects the straight line 
WD, This point represents a binary eutectic solution in equili- 
brium with Ice + 2) in the system W-D, This system is not 
actually a binary system since the line WD intersects, not only 
the saturation surfaces of ice and of D, but also that of H^, It 
can, however, be considered as a binary system within a 
certain temperature range, namely, below the temperatures 
corresponding with the point V ; in particular, the solution D, 
the composition of which can be expressed in positive terms 
of W and D, is in equiUbrium with Ice + D, and it is, therefore, 
correctly described as a binary eutectic solution. 

From each of the ternary eutectic points C and E three 
saturation curves diverge in the direction of rising temperature. 
The curve CU \& the saturation curve of n^+ Dy EU that of 
H2+ D, and they intersect in the point ?7, which represents 
the invariant solution in equilibrium with the three solid 
phases Hi+ H2+ D. From this point, a third saturation 
curve UO, that of Hj^+ H^y diverges, and at higher tempera- 
tures the saturation curves and surfaces of the anhydrous 
salts /Sj and 8^ must appear. Fig. 178 shows only a part of 
the polytherm, namely the part WHJI^ ; the dehydration of 
the simple salt hydrates may occur in any of the ways which 
we have described in the previous paragraph, and we are 
concerned here only with the invariant equilibrium existing 
at the point J7. The solution CT^ is in equilibrium with the 
three soUd phases JET^, H^^ D and it is incongruently saturated 
since the point U does not lie within the triangle H^Hfi, 
Since, however, the point D lies within the triangle UHJI^, 
the composition of the double salt can be expressed in positive 
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terms of the two edmple hydrates and the solution U ; the 
equilibria existing at, and in the neighbourhood of, the in- 
variant temperature are 

Dz^H^+H^+ Solution U 
D + H^+ Solution 

D + JJ J + Solution Hj,+ H^+ Solution 
D + H^ + H^ 

Two saturation curves, those of D + H^y and D + JJj, diverge 
from the point U in the direction of falling temperature, the 
third, that of Hi+ H^^ in the direction of rising temperature. 

All these relations are correctly represented by the directions 
of the arrow-heads in Fig. 178, and by Janecke's method in 
Fig. 179. This is the simplest case. The Janecke polytherm 
is identical in type with that which represents a system in 
which an anhydrous double salt occurs (c/. Fig. 45) ; the iso- 
thermal types are correspondingly simple. 

We will next suppose that the solution U is still incon- 
gruently saturated, but that the point which represents it is 
situated, with respect to the points H^^^ H^, D, as shown in 
Fig. 180. The point D does not, as in the previous case, lie 
within the triangle UH^H^^ but the Une UH^ intersects the 
line DH-^. The equilibria existing at, and in the neighbourhood 
of, the invariant temperature are now : 

D + H^^H^+ Solution U. 



D +H^+ Solution 



Hi+ Jyi+ Solution 
D +H^+ Solution 



Only one saturation curve, that of 2) + jff j, diverges from 
the point U in the direction of falling temperature ; the two 
others, those of H^ + H^ and D + H^, do so in the direction 
of rising temperature. These relationships are correctly 
represented by the arrow-heads in Fig. 180, and by Janecke's 
method in Fig. 181. The saturation curve VE, ol D + H^^ 
diverges from both invariant points U and E in the direction 
of rising temperature, and it must, therefore, pass through a 
temperature maximum between the two ; the point K repre- 
sents this maximum, and in Fig. 180 it is given by the 
intersection of the saturation curve UE^ of H2+ D, with the 
straight line Hfi produced. It represents, in other words, a 
solution which is in equihbrium with both solid £^2 ^^^ ^oVid 
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2), and the composition of which can be expressed in terms of 
H^ and D alone ; it is a true binary invariant point. Since, 
however, the point K does not lie between the points H^ and 
Z>, the composition of the solution K cannot be expressed in 
positive terms of JJ, *^d D. The point K is not a binary 
eutectic point, but a binary transition point, and the phase 
reactions in equilibrium at the transition temperature are 

D:;=rjff2+ Solution Z. 

An isotherm which is derived from the polythermal type of 
Figs. 180 and 181 is shown in Fig. 182. The constant tem- 
perature line T^ in the Janecke polytherm (Fig. 181), can be 
seen to cut the following saturation surfaces in order : those 
of -£?!, H^y D, H^i and the isotherm shows the corresponding 
saturation curves in the same order. The saturation curve 
of H2 is interrupted by that of 2), and there are two isothermal 
invariant points M and N both representing solutions saturated 
at this temperature with H2+ D* The isothermal saturation 
curve MNy of the hydrated double salt, is bounded at each 
end by that of H^y whilst in the more usual case it is bounded 
(like the saturation curve of the anhydrous double salt) at 
one end by the saturation curve of one simple salt or simple 
salt hydrate, and at the other end by that of the second simple 
salt or hydrate. 

Finally, we must consider the case in which the solution U 
is congruently saturated with the three solid phases H^^ H^, 
and 2). The point U then Ues within the triangle H^HJO^ 
&A in Fig. 183, and the equilibria existing at, and in the neigh- 
bourhood of, the invariant temperature are 

H^+H^+D:^ Solution U 

H^+D + Solution 
jffi-f 2) -f Solution 
H^+H2+ Solution. 

The point 27 is, in this case, a ternary eutectic point, and the 
three saturation curves of H^^ D^ H^'\- D and H^+ JJ,, which 
diverge from it, all do so in the direction of rising temperature. 
The three invariant points (7, E and U of Fig. 183, are now all 
eutectic points, and the arrow heads on the saturation curves 
in the neighbourhood of any one invariant point, are all 
directed away from that point. It is clear that both the 
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saturation curves UC and UE^ of H^+ D and H^+ D must 
now pass through temperature maxima at the points L and 
Ky in which they iatersect the straight lines HJ) and HJD 
respectively. The Janecke polytherm for this case is given 
in Fig. 184. A number of new isothermal types can be deduced 
from this polytherm, but we shaU not discuss them in detail. 
The point i), which represents the hydrated double salt in 
Fig. 183, Ues on the saturation surface of that salt. This 
means that a solution of the same composition as the hydrated 
double salt can exist in equilibrium with the soUd double 
salt, or, in other words, that the latter has a stable melting 
point. If we imagine the space figure of which Fig. 183 is a 
projection (the temperature being measured vertically upwards, 
parallel to the edges of a triangular prism), we shall see that 
the saturation surface CEU^ of the double salt, must attain 
a maximum within the prism, at the melting point of this salt ; 
for the highest temperature at which soUd double salt can 
exist in equilibrium with a Uquid is the meltuig point of the 
pure salt, and the addition of another component must lower 
the temperature at which this equilibrium is possible. Since, 
then, this surface attains a maximum within the prism, an 
isothermal section of the space figure at a temperature slightly 
below the melting point of the hydrated double salt must inter- 
sect the sm^ace in a closed curve which does not cut any face 
of the prism. The isothermal saturation curve of the hydrated 
double salt first appears, therefore, at the melting point of 
this salt, and it is represented 'n an isotherm slightly below 
this temperature, by a closed curve surrounding the point Z). 
As the temperature falls, the saturation surface of the double 
salt in the polytherm will naturally intersect other surfaces, 
and the isothermal saturation curve will then cease to be a 
closed ciurve. 

§ 90. We have seen in Chapter 11. that the ternary iso- 
thermal saturation curve of a component (e.^., that of ice) 
appears and disappears in the vertex which represents that 
component, at the melting temperature of the pure component. 
At a temperature slightly below the melting point, where the 
saturation curve as yet intersects no other curves, it is bounded 
by two sides of the triangle as, for example, is the curve AB 
of Fig 185. The corresponding conjugation lines include an 
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angle of 60^. In the same way, we have seen (§ 88) tHat, if 
a binary compound such as a simple salt hydrate has a stable 
melting point, the isothermal saturation curve of that binary 
compound appears and disappears at the melting temperature, 
in the point which represents the compound. At a temperature 
slightly below the melting point, where the saturation curve 
as yet intersects no other curves, it is bounded by one side of 
the triangle as is, for example, the curve CEF of Fig. 186^ 
The corresponding conjugation lines include an angle of 180°. 

The isothermal saturation curve of a ternary compound, 
such as hydrated double salt, likewise appears and disappears 

at the melting point 
of that compound, 
when this point has 
a stable existence. At 
a temperature slightly 
below the melting point 
the isothermal satura- 
tion curve of the ter- 
nary compound is a 
closed curve which does 
not intersect any side 
of the triangle, and 
which completely sur- 
rounds the point repre- 
senting the compound ; 
such a curve is, for 
example, the curve OKL of Fig. 185, and the corresponding 
conjugation lines include an angle of 360°. 

§ 91. The graphical deductions which deal with mixtures 
of two and of three phases can easily be extended to the case 
of quaternary mixtures. The four points A, B, C, D ot Fig. 
186 are supposed to be situated in space, and to represent 
the compositions of four phases, by reference to any three 
axes in space. We shall prove that a phase or complex which 
can be formed by mixing these four in any proportion, and 
the composition of which can, therefore, be expressed in 
positive terms of the four, is represented by a point within 
the tetrahedron A BCD, It follows from the deductions of 
the previous paragraphs that the point E, on the line BC ^ 
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represents a mixture in the positive proportion GE/EB, of 
the two phases B and C. Points in the triangle ADE represent, 
therefore, all mixtures of the phases A^ D^ By and C which 
contain the two latter in the fixed proportion represented by 
the point E. If the point E traverses the line BC^ starting 
from B and ending at (7, the proportion CE/EB will pass suc- 
cessively through all positive values, from + ^ to 0, and the 
triangle ADE wiQ generate the space included by the tetra- 
hedron ABCD ; all mixtures of the four phases A,B,Cy and 2), 
in any positive propor- 
tion, are represented, 
therefore, by points 
within the tetrahedron 
ABCD. 

We shall now show 
that any |point in 
space represents a 
phase or complex the 
composition of which 
can be expressed in 
terms of the four phases 
A, B, C, and A but 
that those points which 
Ue outside the tetra- 
hedron ABCD repre- 
sent phases the com- 
positions of which can 
be expressed in terms 
of A, B, C, and D 
only by the use of 
negative concentration 

values. Here, as with incongruent ternary phases, we must 
distinguish more than one case. The point O of Fig. 187, 
since it lies outside the tetrahedron ABCD^ represents a 
phase or complex the composition of which cannot be expressed 
in positive terms of the four phases A, B, C, and D. When, 
however, the points O and jB, O and C, O and D are joined by 
straight lines, it is found that the point A lies within the 
tetrahedron OBCDy and the composition of the phase A can, 
therefore, be expressed in positive terms of the four phases 
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O, Bf C, and 2>. We oan represent this relation by the equa- 
tion : 

A =pO +qB +rG + 8D, 

where ^, g, r, and 8 are positive numbers depending upon the 
position of the point A in the tetrahedron OBCD. 
It follows that : 

pO = A ^qB —rG — sD, 

and we see that the composition of the phase O can only be 
expressed in terms of the phases A, B^ O^ and D by assigning 
negative values to the concentrations of the ffiree phases 
jB,. C, and D. 

The point H (Fig. 187) also lies outside the tetrahedron 
ABCD, and also represents a phase which is incongruent with 
respect to the four phases A, B^ O, and D. Further, it is 
impossible to construct a tetrahedron which shall contain the 
fifth point, by joining any four of the five points -4, B, (7, 2), H. 
The incongruence of the phase i7 is of a different kind from 
that of the phase O. The straight line BH intersects the face 
ACD of the tetrahedron ABCD, and the point of intersection 
K represents a phase or complex the composition of which 
oan be expressed in two ways. Since the point K lies on the 
straight line BHy the composition of the phase K can be ex- 
pressed in positive terms of the two phases B and H : 

K^pB + qH, 

where p and q are positive numbers dependent upon the 
position of the point K on the line BH. Since this point also 
lies in the triangle ACD, it represents a phase the composition 
of which can be expressed in positive terms of the three phases 
A, C, and D : 

K ^rA +sC + tD, 

where r, 8, and t are positive numbers dependent upon the 
position of the point K in the triangle ACD, 

These two expressions for the composition of the phase K 
must be identical, and we obtain the following expression 
which relates the compositions of the five phases A, B, 0, D, 
and H\ 

pB +qH ^rA +80 + tD 
or qH :=rA +8C + tD - pB. 
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We see that the oomposition of the phase H can be expressed 
in terms of the phases A, B^ C,flg^ D by assigning a negative 
valne to the conoentration of one phase, that of the phase JB. 

There is a third case, which is exemplified by the point J 
of Fig. 187 ; both the lines J A and JD are. supposed to lie 
wholly outside the tetrahedron ABCD, and they do not, there- 
fore, intersect any tetrahedral face. In this case, the plane 
triangle JAD intersects the side BG of the tetrahedron, 
and the point of intersection M represents a phase or complex 
the composition of which can be expressed in two ways ; 
since the point M lies on the straight line BC, we can write : 

M =^ pB + qC, 

and since it also lies in the triangle JAD^ 

M ^rJ +8A + W. 

We have, therefore, the following expression, which relates 
the compositions of the five phases A, B, C, D, and J 

pB +qG ==rJ + 8A + tD 
or rJ =pB +qG — sA " tD 

The point J represents, then, a phase or complex the composi- 
tion of which can be expressed in terms of the four phases 
A^ B,G, and D by assigning a negative value to the concentra- 
tions of two of them, namely A and D. 

It is clear that, if the points A, B, G, and P represent the 
compositions of four solid phases, and the points jP of Fig. 186, 
O, Hy and J of Fig. 187, the compositions of liquid phases in 
invariant equilibrium with these, the phase reactions which 
occur, in each of the four cases, when heat is added to, or 
removed from, the mvariant system, are 

^+5 + <7+2)z:r Solution jF 

il:^5 + C+i)+ Solution O 

A +G + Dz^B '\- Solution H 

and B -\' G:^A + D + Solution J, respectively. 

The point F will be a quaternary eutectic point ; the points 0, 
J7, and J, which represent incongruently saturated invariant 
solutions, will be quaternary transition points. 

§ 92. As an example of the graphical methods described 
in the previous paragraph, we will first consider the relations 
existing at the quaternary isothermal invariant point. For 
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this purpoBe, we will refer to Fig. 116 of Chapter HI. This 

figure represents an isotherm in the quaternary system formed 

+ + - - 
by water and the reciprocal salt pairs {A, C)-{B, D), and it 

may be considered as the projection of a space figure referred 

to a pyramid W ,AD,AB,BCyCD, the vertex W of which 

represents pure water and lies above the plane of the paper 

(the pyramid of Fig. 1 10). The point p represents an isothermal 

invariant solution which is in equilibrium with the three solid 

salts AB, AD, and CD, and this solution is congruently 

saturated if its composition can be expressed in positive terms 

of water and these three salts (we have described an isothermal 

invariant solution as being congruently saturated when it is 

congruent with respect to vxUer and the solid phases with whioh 

it is in equilibrium (§ 86) ). Since the point p of Fig. 116 lies 

within the triangle AB, AD, CD, it is clear that the point of 

which p is the projection must lie within the tetrahedron 

TT, AB, AD, CD in the space figure of which Fig. 116 is the 

projection. The solution p is, therefore, congruently saturated, 

and we can write : 

Solution p = mAB + nAD + sCD + tW. 

This expression is merely a mathematical relation between the 
compositions of the five phases p, AB, AD, CD, W, It ac- 
quires a physical significance if we suppose water to be removed 
from the invariant system, for in this case a phase reaction 
must occur which maintains the constant composition of the 
solution, and this reaction is 

Solution p-^AB+AD+CD + W (removed). 

If the removal of water is continued, the reaction will proceed 
until the Uquid phase has disappeared, and there will remain 
only the completely solid system : AB + AD + CD. The 
point p is, therefore, a drying-up point. 

The point q represents the isothermal invariant solution 
which is in equilibrium with the three salts AB, BC, and CD, 
but since it lies outside the triangle AB, BC, CD, the solution q 
is incongruently saturated. It is clear that, in the space 
figure of which Fig. 116 is a projection, the point which corres* 
ponds to q must be so situated with respect to the tetrahedron 
W, AB, BC, CD that the straight line q,BC intersects the 
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face W^ABfiD. The relation between the compositions of 
the five ph€b8es g, AB^ BC, CD, W is, therefore, of the form 

(§91). 

Solution q + mBC = nAB + sCD + tW, 

and if water is removed from the invariant system, the 

composition of the liquid phase can only be maintained 

constant by the following phase reaction : 

Solution q + BC-* AB +CD + W (removed). 

We see that when water ia evaporated from the isothermal 
invariant system Solu- 
tion q + BG +AB + 
CD, the two salts AB 
and CD are alone 
deposited from ^ the 
solution, whilst the 
third salt BC is dis- 
solved by it. In the 
presence of sufficient 
of the liquid phase, 
this reaction will ulti- 
mately lead to the 
complete disappear- 
ance of the soUd 
phase BC, and the 
formation of the iso- 
thermal monovariant 
system: Solution + 

AB + CD. The continued removal of water will therefore 
cause the point which represents the composition of the 
solution to move from q, along the saturation curve qp, of 
AB + CD ; the point j is, in other words, not a drying-up 
point. We have already deduced this behaviour in § 74. 

The various quaternary polythermal types which may arise, 
when a biz^'or te^^compound oTutb as a solid phas^ 
in the system, can be studied, and the possible quaternary 
isothermal types can be deduced, by means of these graphical 
methods. 

We have seen that, when a simple salt hydrate occurs as a 
solid phase, the possible isothermal types in the ternary system 
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are very numerous, and they are greatly increased in the 
quaternary system. We can do no more than indicate the 
way in which these t3^pes can be deduced. The isotherm in 
the quaternary system WSi-S^-S^ can be represented within 
the tetrahedron WS^S^^ of Fig. 188. A hydrate H^ occurs 
in the binary system W-Si, and its composition is represented 
by the point H^ on the side WSi of the tetrahedron. At a 
temperature sufficiently low, the anhydrous salt S^ will be 
incapable of existing as a soUd phase in the system, and the 
only soUd phases which can occur (excluding ice) are the two 
anhydrous salts 82 and S^, and the hydrate H^. If the tem- 
perature is gradually raised, a point will be reached at which 
dehydration of the hydrate begins, and this point will be the 
quaternary system invariant point at which the four phases 
iSj + 5j + ffj + Si are all in equilibrium with a quaternary 
invariant solution. We will suppose that the point U of 
Fig. 188 represents the composition of the invariant solution 
which is in equilibrium with the four solid phases represented 
by the points 82, 8 2, H^, and 8^. The straight line US^ 
. intersects the face J^jiS^fi^s of the tetrahedron H1818282, and 
the equilibria existing at, and in the neighbourhood of, the 
invariant temperature are (§ 91). 

^1+ ^2+ ^z — ^1+ Solution U 



Hi+ 82+ 82 + Solution 
^1+ 82+ 82+ 81 



H1+82+81+ Solution 
H1+82+81+ Solution 
^2+^8+^1+ Solution 



The point 17 is a quatenxary transition point — the transition 
point of the hydrate in the quaternary system. We have 
already discussed this case, and the corresponding isothermal 
types, in § 68. One polythermal saturation curve — ^that of 
Hi+ 82+ 58""~^verges from the transition point in the 
direction of falling temperature, and isotherms at temperatures 
immediately below that of the transition point v^ show, 
therefore, one isothermal invariant point, namely, a point 
which represents a solution saturated with the three solids 
Hi+ 82+ 82; this isothermal type was illustrated in Fig. 86 
of § 58. Three polythermal saturation curves diverge from 
the transition point in the direction of rising temperature, 
namely, those of Hi+ 82+ 8^, Hi+ 5,+ 8^ and 5,+ 82+ 8^. 
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The isotherm at temperatures immediately above the transition 
point will contain, therefore, the three corresponding isothermal 
invariant points, and these are shown by Fig. 88 of § 58 ; 
the saturation surface of the anhydrous salt S^, when it first 
appears, cuts the three remaining saturation surfaces around 
their common point of intersection* 

We will next suppose that the point 17, which represents 
the quaternary invariant solution in equilibrium with the 
four soUd phases H^, jS^, 82, S^j Ues within the tetrahedron 
H ^81828 2, as shown in Fig. 189. The equilibria existing at, 
and in the neighbourhood of, the invariant temperature are, 
in this case 



^1+ ^1+ ^2+ ^8 = Solution U 

^1+^1+^2+ Solution 
ffi+ /Si+ i8,+ Solution 
^1+^2+^58+ Solution 
S1+82+82+ Solution 



J?i+ 8^+ 82+ 82 



(1). 
(2). 
(3). 

(4). 



The point {/ is a qua- 
ternary eutectic point, 
and we shall find that 
the relations which 
exist in this case are 
strictly analogous to 
those which exist in 
the ternary system dis- 
cussed in § 88, in which 
the invariant system 
E^+8^+82+ [Solution 
characterised a ternary 
eutectic point. Four 
polythermal saturation 
curves diverge from the 
point 17, all in the 
direction of rising tem- 
perature, and at a tem- 
perature immediately above this eutectic point, an isotherm 
must contain the four isothermal invariant points which 
correspond with the monovariant systems 1, 2, 3, and 4. 
Since ice can also appear as a soUd phase, the quaternary 

B B 
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system must possess a second eutectic point at some lower 
temperature. The anhydrous salt 8-^ will be incapable of 
existing' at this low temperature, and the four solid phases 
in equilibrium with the invariant liquid (which we will call 
Solution X) at this second eutectic point will therefore be 
ice, J?!, 829 8^ ; the equilibria existing at, and in the neigh- 
bourhood of, the eutectic temperature will be 

Ice + H^+ 82+ /8fj ■:^ Solution X 

Ice + J7i+ S2+ Solution . (6). 
Ice +H^+8^+ Solution . (6). 
Ice+ 82+8^+ Solution . (7). 
^1 +^2 + ^8 + Solution . (8) . 
It can be seen that the monovariant system 

11^+82+8^ + Solution 

(3 and 8) exists at temperatures immediately above 
both eutectic points X and U. The polythermal saturation 
curve of Hi+ 82+ 8 2 must diverge, therefore, both from the 
invariant point X and the invariant point U in the direction 
of rising temperature, and between the two it must pass 
through a temperature maximum. A plane of constant 
temperature in a polytherm represented, for example, by the 
method described in § 57 must cut the saturation curve of 
11^+82+ 829 at a temperature immediately above that of 
the higher eutectic point {7, in two points — one on each side 
of the maximum. The isotherm will then contain in addition 
to the isothermal invariant points which correspond to the 
monovariant systems 1, 2, and 4, ttoo invariant points which 
represent solutions in equilibrium with H^+ 82+ 5s, and 
which correspond to the monovariant systems 3 and 8. 

The maximum in the polythermal saturation curve of 
£[^+82+ 82 must be given by a point which represents a 
solution the composition of which can be expressed in terms of 
H^, 829 82 alone, i.e., by an invariant point in the ternary system 
H 1-82-8 2» The isotherm in this ternary system would be repre- 
sented, not in any of the faces of the tetrahedron in Eig. 189, 
but in the plane triangular section H18282 of this figure, and we 
can consider the quaternary system ^^--81-82-82, in the case 
we are considering, e^a built up of the two independent and sim- 
pler systems fr-Ifi-^,-<S, and 8^-H^-82-82 ; each of these 
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sjBtems possesses one eutectio point only — ^the points X and U 
respectively — ^which represent solutions in equilibrium with 
the four solid components lce+H^-{- 8^+ S^ and /8i+ J?i+ 
S^ + 8^. The isotherms in the two simpler systems will be 
represented within the tetrahedra WHiS^S^ and HyS^S^^, 
which together form the tetrahedron W8i8^^ of Fig. 189. 

For the discussion of the isothermal types, we shall here use 
a projection of the space isotherm upon a plane parallel to the 
pair of opposite tetrahedral edges W8i and S^S^, as shown in 
Fig. 190 (c/. § 64). This figure represents the isotherm at a 
temperature above the melting point of ice, and below the 
temperature of the eutectic point U in the system -ff j-iSj-^Sj-iS j. 
All nuxtures in this system must therefore be completely 
soUd, and no saturation surface can extend into the tetra- 
hedron 8^Hj8^^ of Fig. 190. The system W-Ht-8^-8^ is of 
simple type, and shows only the saturation surfaces of Hi^ 82^ 
and 8^ (since the temperature is above the melting point of 
ice, this solid phase cannot appear). The three saturation 
surfaces intersect in the isothermal invariant point A, which 
represents a solution saturated with all three sold phases 
^1+ 82+ 5,. 

When the temperature is raised, the isothermal type will 
remain unaltered until the temperature of the eutectic point 
U is reached. At this temperature, one solution can exist 
in the system 8i-Hi-82'~^^^ namely, the invariant solution 
in equiUbrium with the four solid components 8^+ Hi+ 8^+8^. 
At a slightly higher temperature, this system invariant point 
will be replaced by four isothermal saturation surfaces, the 
saturation surfaces of the separate components 81, H^, 8^, 8^ ; 
in the same way, for example, the ternary eutectic point M 
of Fig. 168 was replaced in Fig. 169 by the three isothermal 
saturation curves of the separate components. 

The quaternary isotherm at the temperature of the eutectic 
point V is represented in Fig. 191, and at a slightly higher 
temperature in Fig. 192. The system invariant point U of 
Fig. 190 has expanded in Fig. 192, into a tetrahedron BODE, 
the faces of which are the saturation surfaces of the separate 
components /81, ffj, Sj* *J^d 5,. We can compare these figures 
with the corresponding ternary isotherms (Figs. 168 and 169), 
in which the system invariant point M expands into the 

B B 2 
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triangle LJBy whose sides are the saturatioti curves of the 
separate components. 

The isothermal type of Fig. 192 contains the five isothermal 
invariant points the existence of which, at a temperature 
slightly above that of the eutectic point U^ has been already 
deduced. Both the isothermal invariant points A and B 
of this figure represent solutions in equilibrium with the three 
solids H-^-^- 82+ S^, and we have seen that their presence is 
due to the existence of a temperature maximum in the poly- 
thermal saturation curve of Hi+ 82+ iS,. As the temperature 
is still further raised, the two points A and B must approach 
one another and eventually coincide at the temperature of 
this maximum point. The latter represents, as we have seen, 
a ternary invariant point in the system H'^-82'^z» ^^d the points 
A and B of Fig. 192 must, therefore, reach coincidence at a 
point in the plane triangle H18282 ; the corresponding isother- 
mal transition form may be represented by Fig. 193. The 
point K lies in the plane of the triangle H^8^iy and represents 
the eutectic point in the ternary system jETi-^Sj-flf,. The 
surfaces TNAP and BDG in Fig. 192, are the quaternary 
saturation surfaces of the hydrate in the systems W-H^2'^t 
and iSi-jETi-iSg-^s respectively ; in the transition form (Fig. 
193), these two surfaces have met, and they now form one 
continuous saturation surface TNKDCKP. Similarly, the 
saturation surfaces RNAM and BDE^ of 8^ in Fig. 192, are 
replaced by the continuous surface RNKDEKM in Fig. 193, 
the saturation surfaces QPAM and BGE^ of /S,, are replaced 
by the continuous surface QPKCEKM. 

The temperature of the eutectic point in the ternary system 
'^i~~^2~^8 ^ ^^^ highest temperature at which the three solids 
Hi, 8^9 and 8^ can exist in equiUbrium with a solution. At 
temperatures above that which correspends to Fig. 193, the 
saturation surfaces of H^, 82, and 8^ can have, therefore, no 
common point of intersection. The isothermal type is then 
given by Fig. 194, and the intersection JJTFZ, of the quaternary 
saturation surfaces with the plane H18282, gives the isotherm 
in the ternary system ^T^-^s'^s ^^ ^^ temperature. 

As the temperature is further raised, the isothermal invariant 
points D and C will approach the faces W81S2 and W8i8^, 
of the tetrahedron. They will reach these faces at the oorres- 
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ponding invariant temperatures in the ternary systems 
PF-^i-zSj and W-S^r-Sz (the temperatures at which H^+ 8^^+ 8^ 
and Hi+ 8i+ 8^ can exist in equilibrium with ternary invariant 
solutions). We have assumed that the eutectio temperature 
in the ternary system Hi-82-^z ^ lower than either of these, 
for it is only in this case that the point B of Fig. 192 will reach 
the triangle H^S^^ before either of the points D or G reach 
the faces of the tetrahedron. Other isothermal types will 
occur at temperatures above those of the ternary invariant 
equilibria 

H^+8^+ 8^+ Ternary Solution 
and Hi^+ 8i+ 8^+ Ternary Solution. 

We leave these to be deduced by the reader. 

§ 93. The ternary system HjO-HCl-FeCla^ offers examples 
of some of the polythermal and isothermiJ types which we 
discussed in §§ 87 and 88. The polytherm in this system is 
represented diagrammatically, in Fig. 195, as a projection of 
the space figure upon the triangular base of the prism. A 
part only of the triangle HgO, HCl, FeCl, is shown in this 
figure, and those polythermal saturation curves which have 
been experimentally determined are drawn in full line, whilst 
the dotted saturation curves are hypothetical. 

The binary system H|0-HC1 is represented on the side 
H2O.HOI of the triangle, and the three hydrates HCl.SHjO, 
HCI.2H2O, and HCI.H2O occur as solid phases ; they will be 
denoted by the symbols H^, H^y and H-^ respectively, and their 
compositions are given by the points J?,, H^^ H^ on the side of 
the triangle in Fig. 195. The point B represents the binary 
eutectic solution which is in equilibrium with ice and the 
trihydrate H^. The part JSO, of the side of the triangle, repre- 
sents the binary saturation curve of this hydrate, and the 
point jETj, since it lies on this curve, represents a liquid of the 
same composition as the trihydrate in equilibrium with the 
solid hydrate. The trihydrate possesrf'in other words, a stable 
melting point represented by the pomt H^ ; and the point (7, 
which represents the binary invariant solution in equilibrium 
with both the trihydrate and the dihydrate, is, therefore, a 
eutectic point. The dihydrate also possesses a stable melting 
point, represented by the point H^ ; and the point P, which 

^ Roozeboom and Schreinemakers, Zeiisch* pJnyaikcU, Ohem,, 1894, 16* 588. 
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represents the invariant solution in equilibrium with both 
the dihydrate and the monohydrate H^y forms a third binary 
eutectic point. These invariant equilibria and the corro- 
sponding invariant temperatures are given below : 

At the stable melting point : 

H^ SoUd JSTs — liquid J?, .... - 24-9** 
ff, SoUd H^ z:^ Liquid J?, .... - IT-?** 

At the binary eutectio point : 

B Ice + H, :;:!: Solution B . . - 86^ 

C Hj^+H^nz Solution C . . . . - 36^ 

P H^+H^:^ Solution P .... - 20^. 

The binary system HaO-FeCls is represented on the side 
HsOjFeCla of the triangle, and several hydrates appear in 
this system. Besides ice, the following solid phases can occur : 

FejjC!le.l2HjO denoted by Fe^j 
FejCle-THaO „ Fe^ 

V^fi\.SB.jd „ Fe^ 

Fe,Cle.4H,0 „ Fe^ 

Fe,ae » Feo. 

It can be seen from the figure that each of these hydrates 
possesses a stable melting point, and every invariant point in 
this binary system is, therefore, a eutectic point. The phase 
equilibria etisting at these invariant points, and the corre- 
sponding invariant temperatures, are the following : 
At the stable melting point 

Fe^a Solid Fe^j :;=:: Liquid Fe^g 

Fe^ Solid Fe^ z^ Liquid Fe^ 

Fcg Solid Fcg z^ Liquid Fcg 

Fe^ Solid Fe^ :^ Liquid Fe^ 

At the binary eutectic point 

E Ice + Fei2 :^ Solution E 

Q Fei2 + Fe^ :^ Solution O 

J Fe7+ Feg -i^ Solution J 

K Feg+Fe^ — Solution Z 

R Fe^+Feo = Solution i2 

The ternary saturation surfaces of ice, the hydrates of 
hydrochloric acid, and the hydrates of ferric chloride are 
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marked with the corresponding symbols in Eig. 195. Besides 
these, there are three ternary compomids which can occur as 
solid phases in the system ; they are : 

Fe2Cle.2HCa.l2HaO denoted by D^^ 
Fe,ae-2HC1.8H80 „ Dg 

FejCle,2Ha.4H20 , D^, 

and their compositions are given by the points D^, Dg, and D^ 
in the figure. The saturation surfaces of these compounds 
are restricted to the interior of the triangle, and they are also 
marked with the corresponding sjmibols. 

It can be seen that the point Dg, which represents the solid 
compound Fe2Cle.2HCl.8H2O, lies on the saturation surface of 
the compound, and it therefore possesses a stable melting 
point, at which it is in equiUbrium with a Uquid phase of 
identical composition with it : 

Solid Dg ^ Liquid Dg - 3^ 

The point D12 does not lie on the saturation surface of 2>i2» 
nor the point D^ on the saturation surface of D^, and these 
two ternary compounds do not, therefore, possess stable 
melting points. 

The polythermal saturation surfaces are bounded by poly- 
thermal saturation curves, the significance of which can be 
read from the figure. The curve 7^F is the saturation curve 
of Fe22+ i)i2> ft^d, sJQce it intersects the straight Une Fe^gj^ia 
produced, it passes through a temperature maximum. The 
point of intersection X Hes on this straight line, and repre- 
sents, therefore, a solution the composition of which can be 
expressed in terms of Fe^2 ^^^ ^12 &lone. It is clearly a binary 
invariant point, but since it does not lie between the points 
Fe^g ftiid Di2f it is a transition point, and not a eutectio point ; 
it is the point of maximum temperature on the curve TV. 
From the positions of the points Fe-^^y ^ie» ^^^ ^y ^^ follows that 
the phase reactions in equilibrium at this binary transition 
point are 

Di2:^Fei2+ Solution Z .... -12-5° 

If the solid ternary compound FeaClg.2HC1.12H20 is heated, it 
will, therefore, break down at a temperature of — 12«5°, into, 
the binary compound Fe2Cle.l2H20 and a liquid phase of the 
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composition represented by the point X. This behaviour is 
to be contrasted with that of the ternary compound Dg, which 
possesses a stable melting point ; when the solid Dg is heated 
it melts at a temperature of — 3^, to a liquid of identical 
composition with it. 

It will be seen that the saturation curves VL, LM, and SZ, 
of Dg+E©iaj -D8+F©7, and D^+ D^ respectively, all pass 
through temperature maxima, which represent, in these cases, 
binary eutectic points. It be will found from the figure that 
the phase equilibria existing at these invariant points are the 
following : 

At the binary eutectic point : 

Y Dg + Pei8 z;:! Solution Y 

U I>8+ Pe^ :^ Solution U . . . - 46^ 

A Dg+ 1)4 ;;:^ Solution^ . . . -26-6^ 

The system formed by the two compounds Dg and Fe7 behaves 
as a true binary system, for the straight line D^e^ intersects 
only the saturation surfaces of Dg and Fe^, and the saturation 
curve of Dg+ Fe^. The melting point of the pure substance 
Dg is — 3*^, that of the pure substance Fe^, 32-6®, whilst the 
temperature of the binary eutectic point U, i.e., the common 
melting point of Dg and Fe^, is — 4-6*'. The system Dg— Fcj, 
is, similarly, a true binary system, but the system Dg-D^ 
does not behave as a binary system through the whole tempera- 
ture range, since a small part of the straight line D^^ lies on 
the saturation surface of Fcq. 

It can be seen that the saturation curves MN, NS, and 80 
do not attain their temperature maxima in stable regions. 

The polythermal saturation curves run together, in groups 
of three, in the ternary invariant points. The point L repre- 
sents the ternary invariant solution in equilibrium with the 
three solid phases Dg, Ve^^t and Fe7, and from its position 
within the triangle Dg, Fe^s, Fe7, it follows that the phase 
reactions in equilibrium are : 

Dg + Fe„ + Fe7 z^ Solution L . . - 7* 6°. 

The point L is, therefore, a ternary eutectic point. The point S 
is a second ternary eutectic point, for the phase reactions in 
equilibrium are : 

D4+ Dg+Fe^:;:! Solution iSf. . . - 27•6^ 
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The remaming ternary invariant points which have been 
experimentally determined are all transition points, and the 
phase reactions which are in equilibrium at these points can 
be readily determined from the figmre. They are given below, 
together with the corresponding transition temperatures : 
At the ternary transition point 

F Dg + jDm :^ Fcja + Solution V . . - 1 3**. 

M Dg+Fe5^Fe7+ Solution Jf . . -7-3°. 

N D8+Pe4^Fe5+ Solutionis . . - 16^ 

1)4+ Fe^z^FcoH- Solution© . . 29°. 

We have seen that the simple salt hydrate 

Fe,Cae.l2HgO (Ee^) 

which occurs as a soUd phase in this system, possesses a stable 
melting point at 37°. Between this temperature and 27-4°, 
the ternary saturation curve of this hydrate, in the system 
HjO-HCl-FeCl,, possesses the form which we deduced in § 88 
for the ternary saturation curve of a simple hydrate, at a 
temperature immediately below its melting point. It is given 
by the curve ABODE F of Fig. 196, which surrounds the 
point Fei2> ^^^ ^ bounded at each end, by the side H^OyFeCl, 
of the triangle. Every point on this saturation curve may be 
joined by a conjugation line to the point Fe^g, which gives 
the composition of the soUd phase in equilibrium with saturated 
solutions represented by points on the curve. Every point 
in the area generated by the conjugation lines then represents 
a phase complex of the solid hydrate Fe^g with a saturated 
solution. The point E lies on this saturation curve, and 
represents, therefore, a solution just saturated with the hydrate 
Fi2' If. A small amount of water is added to this solution, 
the composition of the resulting mixture will be represented 
by a point such as O, which lies in the complex area 
FcigH- Solution. The point O represents a phase complex of 
the soUd hydrate Fe^s and the saturated solution D. If still 
more water is added, the composition of the mixture may be 
represented by the point J, and the mixture itself will then 
form a complex of the solid hydrate and the saturated solution 
G. When so much water has been elided that the composition 
of the resulting mixture is given by the point J?, there will 
again be formed a solution which is just saturated with the 
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hydrate, and the further addition of water will yield unsatu- 
rated solutions represented by points on the line H^O J3. We 
see that when water is added in increasing amounts to the 
saturated solution E, the solid hydrate Fe2C!l0.12H2O is first 
precipitated. The point representing the composition of the 
solution traverses the saturation curve from E to B, and a 
second solution is eventually obtained which is also just satu- 
rated with the hydrate. 

The ternary compound Fe2Cle.2HCl.8H2O (JDg) has a stable 
melting point at — 3^, and its saturation curve in the ternary 
system H20-Ha-Fea8, between - 3° and - 4-6°, has the 
form which we deduced in § 89 for the saturation curve of a 
ternary compound at a temperature immediately below its 
melting point. It is given by the closed curve KMLN of 
Fig. 196, which completely surrounds the point Dg. The 
straight lines HjO^f, and HjO^L are the tangents to this 
curve, from the point H2O, and it is clear that if water is added 
to a solution represented by a point on the part KML of the 
saturation curve, an unsaturated solution will immediately 
result. If, on the other hand, water is added to a solution 
represented by a point on the part KNL, a phase complex of 
the soUd compound with a saturated solution will first be 
be formed. As more water is added, the point representing 
the composition of the solution in this phase complex will 
traverse a part of the saturation curve, and a second solution 
just saturated with the compound will be obtained before the 
point enters the area of unsaturated solutions. The behaviour 
of the solution iV^ is peculiar. On the addition of water to 
this solution, the soUd compound Dg will be precipitated, and 
the point representing the composition of the resulting complex 
will traverse the line NDg. The actual composition of the solu- 
tion will therefore remain unaltered at the value represented by 
the point N ; the amount of the soUd phase will increase at 
the expense of that of the liquid phase (the composition of 
which remains constant), until, when so much water has been 
added that the composition of the mixture is represented by 
the point Dg itself, the liquid phase will have solidified com- 
pletely to the dry compound Dg. The further addition of 
water will again result in the formation of phase complexes. 
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represented now by points on the line D^M ; they consist of 
solid, Dg in equilibrium with the saturated solution M, The 
composition of the solution remains unaltered as water is added, 
but its amount increases at the expense of that of the solid 
phase, until the latter has disappeared entirely when the 
composition of the mixture is itself represented by the point M. 
The subsequent addition of water will result in the formation 
of unsaturated solutions. 

An example of an isothermal type deduced in § 89 (Fig. 182), 
for the case in which a ternary compound occurs as a solid 
phase, is oflEered by the system HjiO-NaaCHCHsCO)^© at 30^l 
This isotherm is shown in Fig. 197. As solid phases, there 
occur a number of hydrated compounds of sodium oxide and 
acetic anhydride, namely two neutral sodium acetates and two 
acid sodium acetates. The compositions of these compounds 
are given below, and they are represented in Fig. 196, by the 
points Dj, Dg, D,, and D^ ; the abbreviated symbol Acfi is 
used for acetic anhydride. 

Na80.-4c,O.HaO (or CH, COONa. JHjO) is denoted by Dj, 
Na,0.^Cj|0.6Hj|0 (or CH, COONa.SHjO) is denoted by D^, 
Na,0.2^CaO.HaO (or CH, COONa.CH, COOH) is denoted 

Naa0.3^Cj|0.2HjjO (or CH, COONa.2CH3 COOH) is denoted 
by 2)4. 

It can be seen that the saturation curve of the acid acetate D^ 
is interrupted by that of D4. The two branches EF and OJ 
both represent a series of solutions saturated with Z>s, and they 
are completely separated by the curve FO^ the points of which 
represent solutions saturated with D4. The two isothermal 
invariant points F and O both represent solutions saturated 
at 30^, with the two acid scJts D, and D4. 

A somewhat similar behaviour is found in the system 
H20-Li2S04-LiN08 at 36°,* and the isotherm in this system 
is shown in Fig. 198. The stable solid phase in the binary 
system H20-Li2S04 at this temperature is the monohydrate 
Li2S04.H20. The ternary saturation curve of this hydrate is 

^ Dukelski, Zeitsch, phyaikal. Ohem,, 1909, 62, 114. 
a Massink, Zeitach. phyaikod. Chem,, 1917, 92, 357. 
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represented, however, by two branches AB and DE, which 
are completely separated by the saturation curves of two 
hydrated double salts : 

9Li2S04.LiN08.27H20 denoted by Dj, 
and llLi2S04.LiNOa.l7HaO „ D,. 

The simple hydrate Li2S04.H20 can exist, therefore, at the 
saire temperature, in equiUbrium with the ternary compound 
Di and a saturated solution (j5), and with the ternary compound 
Dgy c^d a saturated solution (D). 
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